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Abstract 


This  thesis  studies  the  framework  arising  in  the  algebraic  and  categorical  description  of 
general  (or  “point-set")  topology.  Classically,  a  topological  space  is  a  set  with  structure, 
the  structure  being  its  collection  of  “open"  sets,  which  taken  together  determine  an  abstract 
notion  of  proodmity.  The  collection  of  all  such  open  sets  forms  a  special  kind  of  complete 
lattice,  and  it  is  a  class  of  complete  lattices  (“frames”)  motivated  by  these  examples  that  is 
the  focus  of  algebraic  study— in  short,  one  dispenses  with  the  points  and  studies  the  algebra 
of  open  sets.  This  method  has  had  successes  not  only  in  general  topology,  but  has  also  found 
application  in  such  diverse  areas  as  logic,  topos  theory,  and  even  computer  science. 

It  is  not  these  specific  areas  of  application,  however,  with  which  the  thesis  is  primarily 
concerned;  rather,  it  is  that  part  of  the  theory  which  they  all  share;  the  category  of  frames. 
This  category  has  as  a  subcategory  the  category  of  complete  Boolean  algebras,  and  these 
two  catgories  stand  in  much  the  same  relation  as  do  the  categories  of  topological  spaces  and 
sets.  As  with  sets  and  spaces,  complete  Boolean  algebras  are  in  some  ways  better  behaved 
categoricaUv  than  frames,  and  so  the  former  provides  a  potential  source  of  information 
about  the  latter.  For  the  purpose  of  obtaining  this  information,  a  construction  for  frames, 
called  the  “assembly  tower”  and  present  already  at  the  beginnings  of  the  subject,  is  studied 
sytematically  and  in  this  way  found  to  be  a  key  tool  for  uncovering  both  structural  and 
algebraic  properties  of  frames. 

In  addition  to  the  above  categorical  approach  to  studying  frames,  the  thesis  also  develops 
an  algebraic  approach  using  the  new  notion  of  extensional  operator  and  the  further  notion 
of  regular  operator.  The  theory  of  these  operators  is  again  studied  systematically  and  is 
shown  to  be  closely  related  to,  and  indeed  to  provide  a  framework  for  better  understanding, 
the  well-known  theory  of  “nuclei,"  which  has  been  a  fundamental  part  of  frame  theory  for 
some  time.  A  link  is  also  established  between  regular  operators  and  the  assembly  tower, 
thus  connecting  both  of  the  approaches  considered  in  the  thesis. 

As  applications  of  these  two  theories,  several  open  problems  in  the  frame  theory  liter¬ 
ature  (most  of  a  technical  nature)  are  settled  and  several  natural  questions  concerning  the 
structure  of  the  category  of  frames  are  answered. 
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This  tbaa  studies  the  fiamewotk  arising  in  the  algebraic  and  categorical  descrip¬ 
tion  of  general  (or  “pomt-set”)  topology  la  this  framework— vsnously  called  frame 
theory,  locale  theory,  point-free  topology,  or  even  pointless  topology— the  focus  is  on 
the  algebraic  (lattice-theoretic)  properties  of  the  open  sets  of  spaces  rather  than  the 
points;  thus  “spaces"  ate  defined  by  certain  lattices  of  “open  sets",  and  paints  become 
a  derived  notion.  This  shift  in  viewpoint  often  produces  a  uniformity  not  present  with 
classical  topological  spaces,  and  moreover  enables,  through  the  use  of  topos  theory,  an 
enlargement  of  the  scope  of  application  of  the  general  theory. 

My  interest  in  this  subject,  when  the  thesis  was  begun,  was  more  algehraic  and 
categorical  and  less  topological,  hence  the  topic  and  organization  of  this  work.  Thus, 
although  I  have  gained  through  this  work  an  appreciation  for  the  topological  aspects  of 
frame  theory,  the  reader  coming  to  this  work  for  insights  into  topology  and  topological 
methods  will.  I'm  afraid,  be  disappointed.  On  the  other  hand.  I  hope  that  the  work 
makes  for  interesting  (universal)  algebra  and  category  theory. 

As  indicated  in  the  title,  the  thesis  u  organized  around  the  assembly  tower  construc¬ 
tion  It  should  be  said,  however,  that  this  organization  was  mote  an  act  of  hindsight 
than  a  conscious  guiding  principle  present  from  the  beginning  of  the  work.  The  re¬ 
sults  presented  here  were  developed  in  a  mostly  haphazard  manner,  sometimes  forming 
connections  that  were  more  systematically  explored.  In  fact,  the  very  first  result  dis¬ 
covered  was  the  equation  for  the  fixedpoint  set  of  a  prenucleus  (tee  P.23.1,  which  is  a 
bit  more  general),  and  the  reader  may  enjoy  contemplating  bow  the  test  of  the  thesis 
may  have  arizen  from  this  tingle  point. 

As  tor  physical  organization,  the  thesis  it  divided  into  nine  chapters,  each  with  an 
introducion  oetcribing  its  contents,  and  30  sections,  each  containing  several  subsec¬ 
tions.  The  sections  are  numbered  consecutively  from  the  beginning  of  the  thesis,  and 
chapters  contain  varying  numbers  of  sections  For  each  subsection,  there  is  at  most 
ore  r*cult,  and  references  to  such  results  are  in  the  form  P8.S,  for  the  result  of  the  Sth 
subsection  of  section  98.  Occasionally,  an  additional  level  of  numbering  is  used  to  label 
certain  results  or  other  objects,  for  example  98.S.1.  Equations  (displays)  are  numbered 
individually  within  each  subsection  and  ace  referred  to  as  in  the  notation  S8.8(2). 

At  each  chapter  begins  with  an  introduction,  I  won’t  go  into  any  detailed  description 
of  individual  chapters  here.  However,  the  reader  will  like  to  know  that  in  Chapter  1, 
after  an  intcoductory  section  (Section  1)  describing  frame  theory  in  broad  context  and 
introducing  the  assembly  tower,  the  reader  can  find,  in  Section  2,  a  summary  of  the 
results  of  the  thesis.  Including  all  of  the  main  results  (often  with  the  ideas  of  the  proofs), 
and  with  pointers  to  the  subsections  containing  them.  Thus  Section  2  it  much  like  a 
very  detailed  table  of  contents.  The  bibliograpl^’  at  the  end  of  the  thesis  only  contains 
those  works  actually  cited  in  the  text.  For  more  comprehensive  bibliographies,  see 
those  of  [25]  and  (32j 

The  reader  will  also  find  “Exercises”  scattered  throughout  the  text.  I  do  not  believe 
that  exercises,  as  they  appear  for  example  in  a  textbook,  are  appropriate  muteiial  for 
a  PhD  thesis,  and  so  1  should  explain  that  these  are  here  merely  to  give  me  a  way  of 
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including  interesting  but  tangential  material  into  the  thesis,  without  having  to  devote 
to  them  the  space  necessary  for  a  full  development  Thus,  none  of  the  results  of  the 
exercises  are  used  in  the  mam  text,  though  they  may  be  used  in  other  exercises.  (If. 
having  heard  this,  however,  the  reader  would  like  to  try  some  of  the  “exercises’'  for 
himself  or  herself.  1  would  certainly  not  discourage  it') 

Finally,  I  would  like  to  thank  several  people  who  have  contributed  to  this  thesis  in 
one  way  or  another  First  of  all,  there  is  my  advisor,  Dana  Scott.  Although  1  ventured 
out  into  the  wide  world  of  frame  theory  largely  on  my  own  and  sometimes  against  his 
advice  he  nevertheless  showed  remarkable  patience  and  support:  even  from  a  distance. 
I  was  able  to  learn  many  things,  not  the  least  of  which  was  a  deep  sense  of  what  research 
and  teaching  are  all  about  He  also  made  it  possible  for  me  to  join  him  on  leave  to 
the  Research  Institute  for  Symbolic  CompuMtion  (RISC)  in  Linz,  Austria,  which,  in 
addition  to  being  my  first  stay  outside  of  North  America,  provided  me  with  numerous 
opportunties  to  make  valuable  contacts  in  Europe.  Also  at  Carnegie  Mellon.  1  would 
like  to  thank  my  committee— Steve  Brookes,  Frank  Pfenning,  and  Rick  Siatman — for 
their  confidence  in  me.  and  several  members  of  the  Computer  Science  Department  staff, 
especially  Lydia  Defilippo  (now  retired)  and  Becky  Clark. 

It  IS  also  my  great  honor  to  have  Aled  Pultr,  of  Charles  University  in  Prague,  as 
my  co-advisor  It  was  he  who  awakened  my  interest  in  the  topological  aspects  of  frame 
theory  and,  through  several  long  ditcustions,  made  the  work  meaningful  for  me.  He 
also  gave  me  several  valuable  suggestions  and  criticisms,  which  helped  me  to  write  a 
belter  thesis.  In  connection  with  this,  I  would  also  like  thank  JiHAdamek  for  making 
possible,  through  the  TEMPI’S  project,  several  very  productive  visits  to  Prague. 

At  RISC,  1  would  especially  like  to  thank  Jochen  Pfalzgraf,  who,  on  the  one  hand, 
organized  a  weekly  category/topos  theory  seminar  that  encouraged  work  such  as  mine, 
and.  on  the  other  hand,  made  numerous  arrangements,  through  the  generous  support  of 
the  MEDLAR  project,  fo*  me  to  travel  to  conferences  and  meet  with  other  researchers. 
I  would  like  to  thank  RISC  itself  and  its  director,  Bruno  Buebberger,  for  (at  times, 
hard-earned)  financial  support  and  Karoly  Erdei  for  his  help  and  undentanding.  Also 
at  RISC,  I  would  like  to  thank  my  ofScemates,  Kim  Wagner  (another  student  of  Dana) 
and  Karel  Stokkermans— especially  Kim,  who  lived  through  many  of  the  ups  and  downs 
of  this  work  with  roe. 

Of  my  external  contacts.  I  would  like  to  thank  Pino  Rosolini,  who.  through  much 
correspondence  and  many  discussiona,  wat  able  to  help  me  through  to  the  end,  and 
Harold  Simmona,  whose  own  work  in  frame  theory  provided  a  laatiog  motivation  for  me. 
Most  of  all,  I  would  like  to  acknowledge  my  substantial  debt  to  Peter  Johnstone,  whose 
generosity,  from  hit  initial  encouragement  to  his  long  letters  to  me  on  my  research,  has 
meant  a  great  deal  to  me  as  a  atudent  and  researcher.  The  breadth  and  quality  of  his 
work  has  been  a  constant  inspiration,  and  I  can  only  hope  that,  in  this  thesis,  I  am 
able  to  demonstrate  some  of  that  inSuence. 

On  the  production  side.  I  would  like  to  thank  the  Cornell  Computer  Science  De¬ 
partment  for  the  computing  facilities  with  which  the  final  stages  of  this  thesis  were 
completed,  and  I  would  like  to  thank  Richard  Zippel  and  Robert  Constable  for  their 
patience  while  I  was  finishing  up.  This  document  was  typeset  with  UT^,  using  the 
same  style  of  organization  aa  found  m  the  book  Lecture  Notes  on  Topoi  and  Qauitopoi, 
by  Oswald  Wyler,  and  I  would  like  to  thank  Prof  Wyler  for  interesting  discussions  on 
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this  style  of  layout.  The  diagrams  were  typset  with  the  macro  package  }^pic,  developed 
by  Kristoffer  Rose,  and  I  would  like  to  thank  Kris  for  his  quick  responses  to  several 
urgent  questions  that  I.  as  a  first-time  user,  had  while  preparing  the  final  version  of 
the  manuscript 

On  a  mote  personal  note,  1  would  like  to  thank  Dr.  Henderson  Yeung,  who  was 
responsible,  through  amazingly  tireless  encouragement  over  the  course  of  12  years,  for 
motivating  me  to  pursue  higher  education  at  all  and,  once  I  was  committed  to  getting 
a  PhD,  making  sure  I  made  it  there 

And  lastly,  and  most  importantly.  I  would  like  to  thank  my  wife.  Maty,  without 
whose  constant  support,  understanding,  and  at  times  greater  devotion  to  the  comple¬ 
tion  of  my  research  and  writing  than  I  myself  could  muster,  this  thesis  would  never 
have  been  completed  i  hereby  dedicate  this  thesis  to  her,  with  love. 
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Chapter  1 

INTRODUCTION  AND  SUMMARY  OF  RESULTS 


This  introductory  chapter  begins,  in  Section  1.1,  with  a  look  at  the  background 
and  motivations  of  frame  theory.  Then,  m  Sections  1.2-1. 5,  wediacuse  the  connections 
between  frame  theory  and  universal  algebra,  topos  theory,  logic,  and  the  aemantics 
of  computation.  Since  out  approach  to  the  subject  is  somewhat  untraditionsl,  we 
take  some  space,  starting  from  Section  1.8,  to  discuss  other  approaches.  Then,  in  Sec¬ 
tion  1.11.  we  introduce  the  focus  of  out  research,  the  assembly  tower,  and  in  Section  1.12 
give  some  justification  for  this  choice. 

The  second  section  of  the  chapter  is  a  detailed  summary  of  the  results  we  obtain. 
All  of  the  major  results  ate  included,  with  pointers  to  the  rest  of  the  thesis.  In  many 
cases,  the  ideas  of  proofs  ate  outlined.  Thus,  the  reader  lookmg  for  a  convenient  entry 
point  into  the  thesis,  or  wanting  merely  to  scan  the  results,  should  go  to  Section  2 


1.  Introduction 

1,1.  Point-firae  topology.  Frame  theory  arose  from  the  observation  that  many 
properties  and  constructions  of  topological  spaces  can  be  described  entirely  in  terms  of 
the  lattice  of  open  sets  of  the  space,  without  reference  to  the  points.  The  open  covering 
formulation  of  compactness  is  a  good  .sample.  Other  examples  include  connectedness, 
normality,  regularity,  compactifleations,  and  (Vietorui)  hyperspaoes.  In  many  of  these 
examples,  the  classical  formulations  mention  points  (and  cloeed  sets),  but  equivalent, 
“point-free"  formulations  in  terms  of  open  seta  are  possible.  Morphisms  of  topological 
spaces— the  continuous  fiinctlons— alto  have  a  point-free  aspect,  since  the  inverse  image 
of  a  continuous  function  /  ;  X  — >  K  by  definition  takes  open  sets  of  Y  to  open 
sets  of  X  These  observations  lead  naturally  to  the  replacement  of  the  category  of 
topological  spaces  by  the  category  of  Jocales,  which  I  now  describe. 

A  frame  A  is  a  complete  lattice  satisfying  a  strong  distributive  law, 

aAVS=  (1) 

for  every  element  a  and  subset  5  of  A,  and  a  frame  morphism  /  :  A  ->  £  is  a 
function  that  preserves  ficite  meets  and  arbitrary  joins.  These  constitute  the  category 
IVm  of  frames.  This  is,  of  course,  what  we  have  with  topological  apaces:  if  X  is 
a  space,  then  the  collection  (1(X)  of  open  sets  of  X  forms  a  frame,  and  for  every 
continuous  function  f  •  X  —  Y  between  spaces,  the  inverse  image  restricted  to  open 
sets,  ;  n(}'l  — •  n(X),  is  a  frame  morphism.  Notice,  however,  that  the  continuous 

function  and  the  associated  frame  morphism  go  in  opposite  directions.  For  this  reason, 
it  it  the  opposite  or  dual  category  Loo  =  of  locales  that  serves  as  a  substitute 

for  the  category  of  spaces.  The  step  from  frames  to  locales  is  formally  trivial,  as  it 
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Ainounts  tojust  ‘turning  the  arrows  around  ’,  bat,  as  Johnstone  has  emphasised  [25]', 
It  is  conceptually  very  important 

1.2.  Universal  algebra.  Frames  may  be  described  as  algebraic  objects,  i.e., 
as  sets  with  operations  that  satisfy  equations  However,  they  are  mfinitary  algebras 
in  the  strongest  sense'  one  needs  proper  classes  of  operations  and  equations  for  such 
a  description.  Nevertheless,  frames  share  with  finitary  universal  algebras  a  character¬ 
istic  feature:  the  existence  of  free  objects  on  any  set  of  generators.  The  above  facts, 
summarised  by  saying  that  Ftia  is  monadic  over  Set ,  already  imply  a  considerable 
amount  about  Fte  (and  thus,  by  dually,  Loc).  For  example,  Firm  is  complete 
and  co-complete.  and  it  inherits  both  limits  and  pullback-stable  (regular  epi,  mono)- 
factorirations  from  Set 

One  source  of  interest  in  frames  from  an  algebraic  point  of  view  is  that  they  are  a 
“borderline’’  case  although  Fkm  is  monadic  over  Set ,  certam  small  modifications  of 
frames  no  longer  possess  free  objects.  For  example,  if  we  substitute  countable  meets  for 
finite  meets  in  the  basic  operations  of  a  frame,  but  still  keep  the  same  distributivity  law, 
then  free  objects  over  countably  infinite  sets  no  longer  exist  (see  the  paper  of  Garcia 
and  Nelson  [lO]  for  this  and  other  examples).  Perhaps  the  most  basic  example  of  this 
nature,  and  the  first  to  be  discovered  (independently  by  GaiCmao  (S)  and  Bales  [M];  see 
Solovay  [47]  for  a  simplified  proof),  is  the  case  of  complete  Boolean  algebras  (cBa’s) 
The  category  cBa,  like  the  examples  in  [10],  is  a  hmit-closed  full  subcategory  that, 
because  of  the  non-existence  of  free  algebras,  is  not  reP.ectivs  An  obvious  problem 
here,  called  the  reflection  problem,  is  to  characterise  the  frames  bavuig  reflections  into 
cBa.  This  problem  was  considered  by  Simmons  in  a  series  of  papers  [42, 43, 44, 45, 40] 
but,  despite  several  advances,  has  remained  unsolved  m  general. 

1.3.  Topos  theory.  Toposes  ace  categories  that  were  introduced  by  Grothendieck 
(and  others)  as  a  generalisation  of  the  category  of  sheaves  on  a  topological  space 
to  support  powerful  cohomology  theories  for  use  in  algebraic  geometry.  The  same 
categories  were  models  of  an  elementary  axiomatiration  of  sbeaf  categories  given  by 
Lawvete  and  Tierney,  who  were  interested  instead  in  their  “set-like’’  behavior.  The  first 
line  of  development  culminated  in  Oeligne’s  proof  of  the  hardest  of  the  Weil  conjectures 
(specifically,  an  analog  for  finite  fields  of  the  Riemann  Hypothesis),  and  the  second, 
producing  a  topos-theoretic  proof  of  the  independence  of  the  Continuum  Hypothesis 
by  Lawvere  and  Tierney,  models  of  various  iotuitionistic  theories,  and  other  notable 
results  in  logic  since  then,  continues  to  unfold  (See  the  introduction  to  Johnstone  [20] 
for  more  historical  information,  and  the  epilog  u  Mac  Lane  and  Moecdyk  [30]  for  an 
overview  of  the  literature  of  topos  theory  and  its  many  connections  to  other  areas  of 
mathematics.) 

Since  sheaves  on  a  ropological  space  are  defined  in  terms  of  the  open  sets  of  the 
space.  It  IS  a  simple  matter  to  generalise  the  sheaf  construction  to  locales,  where  it 
however  still  appears  as  a  special  case  of  Grotbendiek’s  construction  of  sheaves  on  a 

I  Thif  paper  is  an  exceUcst  luney  of  locate  (and  frame)  tberry  and  should  be  considered  mandatory 
readins  by  anyone  interested  in  leamms  about  the  subject;  1  will  make  re/ercnce  to  it  often.  In 
particular,  the  reader  should  consult  it  (or  an  account  of  the  relation  between  locale  theory  and 
topolosy  and  why  the  category  of  locales  should  be  considered  a  good  substitute  for  (and  generaitsation 
of)  the  category  of  spaces. 
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site.  Such  loca/ie  toposes,  apart  from  their  motivationai  importance,  ate  basic  to  the 
structure  theory  of  toposes.  For  example,  a  theorem  of  Diaconescu  and  a  theorem  of 
Barr  state  that,  respectively,  every  (Grothendiedi)  topos  is  an  open  quotient  of  a  looalic 
topoe  and  an  ordinary  quotient  of  a  Boolean  localic  topes  (i.e.,  the  sheaves  over  a  cBa); 
a  theorem  of  Joyal  and  Tierney  states  that  every  topos  is  the  topos  of  G-equivariant 
sheaves  for  some  groupoid  C  in  the  category  of  locales. 

1.4.  Logic.  In  addition  to  their  more  elaborate  uses  in  the  form  of  localic  toposes 
as  models  of  intuitionistic  set  theories,  frames  are  themselves,  at  a  more  basic  level, 
the  appropriate  models  of  first-order  intuitionistic  logic.  Every  Bame  has,  along  with 
the  constants  0  (false)  and  1  (true)  and  the  binary  operations  A  (and)  and  V  (or),  a 
binary  operation  -•  (implies)  that  makes  it  into  a  Heyting  algebra— where  we  have 
the  familiar  ailjointnett  relationshin, 

aA6<ciffa<b  —  c,  (2) 

foi  all  elements  a,  i,  e  of  the  frame— and  thus  a  model  of  propositional  intutionistic 
logic.  The  basic  infinitary  operation  V  and  “derived*  operation  A  give  the  structure 
necessary  to  interpret  existential  and  universal  quantification.  In  this  respect.  Bernes 
can  again  be  compared  to  cBa's,  which  ate  the  natural  models  of  first-order  classical 
logic. 


1.5.  Seraantics  of  computation.  The  use  of  topology  in  the  semartics  of 
computation  is  one  of  the  cornerstones  the  subject,  where  it  embodies  the  concept 
of  informational  approximation  and  where  continuity  provides  a  useful  substitute  for 
computability.  Smyth  [46]  has  linked  this  to  the  notion  of  a  semideeidable  property, 
and  Abrsmsky  [1]  has  explained  it  in  terms  of  a  logic  of  finitely  observable  properties,  a 
view  that  it  expanded  in  the  book  of  Vickers  [50],  where  it  it  called  a  logic  of  afilrmab/e 
assertions.  The  idea  is  that  to  observe  (or  afiSrm)  a  conjunction  of  properties  (or  asser¬ 
tions)  it  is  necessary  to  observe  them  all,  wbereu  to  observe  a  disjunction  of  properties 
it  is  only  necessary  to  observe  one  of  them;  thus,  with  finite  resources,  one  can  observe 
finite  conjunctions  and  arbitrary  disjunctions.  And,  like  infinite  conjunctions,  implica¬ 
tions  are  not  finitely  alBrmable,  because  they  always  have  the  chance  of  being  routed 
by  an  observation  beyond  the  finite  number  of  observations  made.  An  example  of 
the  Buitfulness  of  this  view  is  the  paper  of  Abramsky  and  Vickers  [2],  where  process 
semantics  is  treated  in  this  framework— or,  actually,  in  the  more  general  but  quite  sim¬ 
ilar  fiamework  of  quanta/es  [38],  where  conjunction  is  replaced  by  a  non-commutative 
operation  more  appropriate  for  modelling  observations  that  introduce  side-effects. 

1.6.  The  topologpcal  approach.  As  locales  are  intended  to  be  generalized 
spaces,  the  most  common  approach  to  their  study  is  in  terms  of  their  relationship  to 
the  category  of  spaces,  Top.  For  this,  the  notion  of  a  point  of  an  arbitrary  locale  is 
fundamental.  If  *  is  the  one-point  space,  then  a  point  of  a  space  X  is  the  same  thing  as 
a  continuous  map  p ; »  —  AT,  which  gives  a  frame  morphism  p"‘ ;  O(A')  —  (}(*).  We 
therefore  define  a  point  of  a  frame  A  to  be  a  Baroe  morphism  A  —  2,  where  2  =  f2(«) 
it  the  two-element  cBa.  This  is  analogous  to  the  situation  in  the  spectral  theory  of 
distributive  lattices,  except  that  frames  in  general  don’t  have  enough  points,  in  the 
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sense  that  two  different  elements  of  a  frame  (thought  of  as  open  sets)  maj  contain  the 
same  points  If  we  identify  such  pairs  of  elements,  however,  we  get  a  quotient  frame 
that  is  a  topology,  and  this  process  gives  the  object  part  of  a  functor  pt  ■  Loc  —  Top 
that  IS  right  adoint  to  the  functor  H ;  Top  —  Loc .  The  frames  for  which  this  quotient 
morphism  (the  counit  of  the  adjunction)  is  an  isomorphism  ace  called  spatial,  and 
the  spaces  for  which  the  unit  is  a  homeomorphism  are  called  sober— a  “separation 
axiom”  between  To  and  Tj  and  independent  of  Ti .  The  sober  spaces  are  thus  a 
reflective  full  subcategory  of  all  spaces,  and  locales  ate,  strictly  spealcing,  therefore 
only  a  generalisation  of  sober  spaces  (though  this  isn’t  much  of  a  restriction,  see  [25]) 

1.7.  The  categorical  approach.  As  mentioned  in  1.1,  many  topological  notions 
ace  available,  vis  suitable  reformulation  in  terms  of  open  sets,  for  locales.  Another 
method  of  importing  topological  notions  into  locale  theory  is  via  category  theory;  the 
definition  of  “point"  above  is  an  example  of  this.  Another  example  is  localic  products, 
since  Loc  is  complete,  it  has  arbitrary  products,  corresponding  to  coproducts  in  firm. 
Localic  products  isn't  agree  in  general  with  space  products,  even  on  sober  spaces^  — 
but,  notably,  it  is  the  locale  products  that  are  usually  better  behaved  As  one  example 
of  many,  used  here  to  emphasize  also  the  constructive  nature  of  locale  theory,  consider 
Tychonoff's  theorem  that  the  product  of  compact  spaces  is  compact.  For  spaces,  this 
theorem  requires  some  form  of  choice  (in  general,  it  is  equivalent  to  the  Axiom  of 
Choice  (AC),  for  Rausdorff  spaces  it  is  equivalent  to  the  Prime  Ideal  Theorem  (PIT)); 
for  locales,  it  not  only  it  choice-free  but,  as  Johnstone  says,  “viewed  from  the  right 
perspective  it  becomes  a  triviality”  [25,  p87).  It  is  only  if  one  wants  to  show,  m 
the  Rausdorff  case,  that  the  resulting  locale  product  has  enough  points  (and  hence 
recover  the  classical  Tychonoff  Theorem  for  Rausdorff  spaces)  that  one  needs  PIT. 
Such  consttuctiveness  u  not  just  an  aesthetically  pleasing  feature  of  locale  theory;  it 
can  be  crucial  in  applications  of  the  theory  to  “non-classical”  settings— including,  by  a 
change-of-base  result,  classical  fiberwise  topology  (see  [25]  and  especially  [23]  for  more 
discussion  on  this  point) 

1.8.  The  universal  algebra  approach.  Although  studying  frames  as  general¬ 
ized  spaces  may  teem  the  most  natural  approach,  studying  them  as  universal  algebras 
can  also  be  profitable— and,  in  many  cases,  conceptually  more  simple.  As  .Madden  [32. 
p.l09]  points  out,  this  is  reminiscent  of  commutative  algebra:  “Even  though  [it]  has 
been  developed  in  large  measure  to  support  algebraic  geometry,  most  expositions  make 
scant  reference  to  the  geometric  picture.  This  is  simply  a  matter  of  efficiency  ”  1  will 
look  here  at  just  one  example,  the  fundamental  construction  for  universal  algebras 
of  the  complete  lattice  of  congruences.  For  frames  the  situation  with  respect  to  this 
construction  is  especially  nice,  because  the  congruences  on  a  frame  A ,  besides  forming 
a  frame  themselves,  have  three  useful  descriptions  other  than  the  usual  one  as  equiva¬ 
lence  relations  on  A  that  are  simultaneously  subframes  of  A  x  A .  For  the  first  two.  the 
main  observation  is  that  suice  a  congruence  S  respects  joins,  every  equivalence  class 
of  d  has  a  largest  member,  and  $  is  recoverable  both  from  the  operation  taking  an 
element  to  the  largest  member  of  its  class  and  from  the  set  of  such  largest  members 

^  Note,  however,  that  the  product  space  is  alrrays  the  spatial  (co)reflection  of  the  locahc  product; 
thus  they  agree  precisely  when  the  lo^e  product  is  spatial— which  it  the  case,  for  example,  with 
product!  of  compact  Kausdotff  ipacei  or  iiiutc  product!  of  locally  compact  tpacce 
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itself.  In  the  first  case,  the  operations  j  associated  to  congruences  are  exactly  those 
satisfying 


a<ja  =  j(ja)  and  j(aAt)  =  ;oA;i  (o,te^);  (3) 

such  an  operation  is  called  a  nucleus.  In  the  second  case,  the  sets  S  associated  to 
congruences  are  exactly  those  satisfying  the  closure  conditions 

TCS  implies  ^T£S  and  oSA.seS  imply  a ->5 6 5,  (4) 

which  1  call  maxsets  Furthermore  it  is  cleat  (from  its  description  as  the  set  of  the 
largest  representatives  of  each  d-class)  that  5  with  the  order  inherited  from  A  is 
isorraophic  to  the  quotient  A/d  and  that  j  provides  the  quotient  morphism  In  this 
way,  the  frame  of  congruences  on  A  is  isomorphic  to  the  set  of  nuclei  on  A ,  ordered 
pointwise  and  denoted  NA,  as  well  as  to  the  set  of  maxsets  on  A,  when  ordered  by 
reserse  inclusion.  The  frame  NA  is  called  the  assembly  of  A. 

The  third  description  of  the  frame  of  congruences  of  A ,  or  equivalently  now  of  N  A , 
IS  as  the  universal  solution  in  {>m  to  the  problem  of  complementing  the  elements  of  A . 
To  explain  this,  consider  for  any  a  €  A  the  nucleus  c(a)  defined  by  c(n)i  =  a  V  x ;  this 
nucleus  is  associated  with  the  maxset  {x  ;  a  <  x)  and  with  the  smallest  congruence 
identifying  a  and  0  The  assignment  a  c(a)  it  a  frame  morphism  ca  :  A  ->  NA, 
which  is  both  mono  and  epi  in  iVm,  but  is  an  isomotphism  iff  A  is  a  cBa.  For  every 
a  €  A ,  e(a)  is  a  complemented,  or  Boolean  element  of  N  A  (meaning,  of  course,  that 
there  exists  a  necessarily  unique  y  €  NA  with  c(a)  Vy  =  1  and  c(a)  Ay  s  0|  in  fact,  y 
IS  the  nucleus  u(a)  defined  by  u(a)z  =  o  -•  x).  With  these  preliminsties,  the  precise 
universal  property  of  NA  can  now  be  stated;  if  /  ;  A  £  is  a  frame  morphism  such 
that  /(u)  is  Boolean  for  every  a  €  A,  then  there  exists  a  unique  frame  morphism 
7 :  NA  -•  fl  extending  /  (i.e.,  euch  that  f  rsj oca). 

Finally,  let  me  point  out  that  the  assignment  A  •->  NA  can  be  extended  (uniquely, 
by  the  universai  property)  to  an  endofunctor  on  IVsn  so  that  the  morphisms  Ca  i 
A  -•  NA  become  components  of  a  natural  transformation  c ;  /  -•  N  from  the  identity 
functor.  In  terms  of  congruences,  the  morphism  N/  ;  NA  -*  NB  takes  a  congruence 
on  A  to  the  congruence  generated  by  its  image  under  /.  Every  frame  morphism 
h:A~B,  since  it  preservee  arbitrary  joins,  has  a  tight  (ordet-)sdjoint,  h.  ■.  B  —  A-, ^ 
for  N/  this  tight  adjoint,  u  is  the  case  for  universal  algebru  in  general,  is  the  function 
(N/),  ;  N£  -•  NA  that  takes  a  congruence  on  B  to  its  inverse  image  under  /.  The 
same  function,  in  terms  of  maxsets,  takes  a  maxset  of  £  to  its  image  under  /. . 

1.0,  Tba  categorical  structure  of  Ilnzi.  Category  theory,  in  addition  to 
being  useful  in  the  formulation  of  topological  notions  for  locales,  can  also  be  applied 
directly  to  the  study  of  the  category  Ihm  itself.  For  this,  the  “topological”  a^unc- 
tion  t,oc  S  Top  and  the  “algebraic”  adjunction  Set  m  Fna  already  provide  a  great 
deal  of  information  Further  information  can  be  gotten  by  factoring  the  latter  adjunc¬ 
tion  through  various  intermediate  categories,  as  explained  in  [2$]  Thus,  by  factoring 
through  the  category  CSlat  of  complete  join-semilattices  (which  arises  by  “forgetting” 
the  finite  meets),  one  can  deduce  the  following  property  of  IVm.  given  a  (small)  di¬ 
rected  diagram,  all  of  whose  morphisms  are  mono,  the  morphisms  of  the  colimiting 


ADA289360 


1‘  httoduciion  And  tammuy  of  results 


6 


1 11 


cone  of  the  diagram  are  then  also  mono.  Another  property  deducible  using  this  factor¬ 
ization  is  that  coproducts  (and  more  generally  pusbouts)  distribute  over  products,  m 
the  sense  that  the  canonical  morphism 

•il  •(/ 

IS  an  isomorphism,  where  I  hate  written  for  the  coproduct  under  A  (i  e.,  the 
pushout— a  kind  of  tensor  product),  and  where  I  have  supressed  mention  of  the  mor- 
phisms.  See  the  monograph  of  Joyal  and  Tierney  [27j  for  these  and  other  facts  relating 
CSlat  and  Frm,  especially  the  analogies  developed  there  between  frames  and  tings, 
between  complete  semilattices  and  Abelian  groups,  and  between  frame  motphisms  and 
modules,  and  an  explanation  of  my  use  of  the  tensor  Sa  above  And,  it  is  by  factor¬ 
ing  the  same  adjunction  this  time  through  the  category  of  preframes  (which  arises  hy 
forgetting  the  finite  joins,  just  keeping  the  directed  ones)  that  the  localic  Tychonoff 
Theorem  becomes  a  “triviality"  (see  the  Pre®  paper  of  Johnstone  and  Vickers  [26]). 

Yet,  despite  these  sources  of  information  about  the  categorical  structure  of  Fm, 
many  questions  remain  unanswered.  For  example,  although  pusbouts  preserve  prod¬ 
ucts,  they  do  not  preserve  all  limits;  in  particular,  they  do  not  preserve  monomor- 
phisms,  corresponding  to  the  fact  that  pullbacks  in  Loc  do  not  preserve  surjections. 
This  can  be  seen  as  a  defect  of  the  category  of  locales — compared  to  the  situation 
in  spaces,  where  surjections  ate  pullback-stable — and  it  thus  becomes  important  to 
understand  this  discrepency.  Although  several  classes  of  pushout-stable  monos  (here 
called  umveisaf)  in  lYm  ate  known,  one  cannot  even  say,  for  example,  whether  teg¬ 
ular  monos,  or  more  generally  equationa/fy  closed  monos  (see  the  paper  of  Pultr  and 
Tozzi  [37]— these  represent  well,  under  some  additional  separation  conditions,  topo¬ 
logical  quotients)  are  universal.  Universal  monos  ace  alto  closely  connected  to  the 
reflection  problem,  since  a  frame  it  reflective  iff  it  has  a  universal  embedding  into  a 
cBa  Understanding  the  class  of  universal  monos  has  been  one  of  the  main  motivations 
of  this  work. 


1.10.  Tbe  topos-theoretic  connectioo.  I  would  like  to  mention  one  other 
possible  approach  to  studying  frames,  besides  those  of  topology,  universal  algebra,  and 
category  theory,  suggested  by  the  connections  between  frame  theory  and  topoe  theory 
outlined  in  1.3.  Every  locale  A  has  associated  to  it  its  category  of  sheaves,  Sb(A), 
which  is  a  topos.  Now  it  turns  out  that  certain  properties  of  the  locale  ace  reflected 
as  categorical  (or  logical)  properties  of  tbe  topos  and  can  be  studied  as  such.  As 
an  algebraic  example,  a  frame  A  is  a  cBa  (assuming  AC)  iff  every  epimorpbism  of 
Sh(  A )  splits— a  condition  that,  for  the  category  of  sets,  is  itself  equivalent  to  AC.  As 
a  topological  example,  if  a  space  A  is  completely  regular,  first-countable,  and  has  no 
isolated  points,  then,  m  the  (intuitionistic)  set  theory  determined  by  Sh(A),  every 
function  /  '  K  -•  iH  on  the  reals  is  continuous  (see  [46]  for  this  and  some  references  to 
similar  results  going  back  to  tbe  paper  of  Scott  [39]) 

1.11.  Tbe  assembly  tower.  I  can  now  explain  the  assembly  tower,  a  construc¬ 
tion  already  appearing  at  the  beginnmg  of  locale  theory,  a  ’.972  paper  of  Isbell  [15], 
and  around  which  my  work  is  centered.  Since  N  is  an  endofunctoc  on  Firm  natu¬ 
rally  extending  the  identity,  it  can  be  iterated  transfinitely  (using  pointwise  colimits 
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at  limit  ordinals)  to  produce  an  ordinal-indexed  family  of  functors  {N'}  and  natural 
transformations  {cP  ”  ;  N*  —  N*}3<<,.  Thus,  for  every  frame  A  there  is  a  diagram 

where  for  each  q  I  have  written  c  for  cn»  =  cj’”'*'*  N®/4  -•  and  where,  for 

each  limit  ordinal  N^/i  is  the  colimit  of  the  diagram  consisting  of  the  morphisms 
cj’“  :  -•  N^jI  ,  for  all  d  <  o<  A .  This  diagram  is  called  the  assembly  tower  of  A . 

I  will  write  e®  for  the  morphism  c^"  and,  m  general,  leave  off  subscripts  whenvever 
possible.  As  each  of  the  morphisms  c  in  (o)  is  mono,  it  follows  (from  the  general  fact 
about  columts  of  monos  mentioned  before)  that  the  morphisms  c°  are  also  mono.  And 
as  the  morphisms  c  are  also  epi,  it  follows  easily  by  induction  that  the  e®  are  epi  as 
well. 

The  first  thing  to  note  about  the  assembly  tower  is  that  it  gives  a  “solution”  to 
the  reflection  problem,  in  the  following  tense.  Smce  every  element  of  a  cBa  is  comple¬ 
mented,  given  a  frame  morphism  /  .  A  — >  B  to  a  cBa,  there  is  by  induction  and  the 
universal  property  of  N  a  unique  morphism  /®  ■  N“A  -»  B  extending  /  for  every  a. 
If  any  of  these  N®A  is  Boolean,  then  it  clearly  is  the  reflection  of  A  in  cBa.  On  the 
other  hand,  it  can  be  shown  that  if  A  has  a  reflection  in  cBa,  then  it  must  be  N°A 
for  some  a  Thus,  the  reflection  problem  it  reduced  to  finding  conditions  on  A  that 
correspond  to  the  existence  of  such  an  or.  One  interesting  aspect  of  this  problem  is 
that  for  all  known  examples  of  reflective  frames  A,  A  is  already  Boolean  and  that, 
moreover,  for  certain  classes  of  frames  (for  example  the  clast  of  coherent  frames),  this 
bolds  in  general — i.e  ,  for  any  frame  A  in  the  class,  A  is  reflective  iff  N’A  is  Boolean. 

The  construction  A  —  NA  also  hat  a  topological  aspect  For  example,  in  [25] 
the  locale  extensionally  the  tame  as  the  frame  NA  it  called  the  dissoIutioB  of  A  and 
denoted  Ae  I  it  is  likened  (except  for  the  fact  that  it  is  not  idempotent)  to  the  discrete 
modification  of  A.  Despite  this,  the  assembly  tower  construction  as  a  whole  it  really 
orthogonal  to  the  spatial  aspects  of  a  locale,  in  a  sente  made  clear  by  the  previous 
paragraph.  Namely,  since  2  is  Boolean,  it  follows  that  the  frames  A  and  N®A  have 
the  same  points  As  one  consequence  of  this,  it  turns  out  that  the  spatial  reflection  of 
N®A,  for  any  a  >  2,  is  always  the  tame  discrete  space  (which  suggests,  perhaps,  that 
Acs  It  closer  to  being  the  discrete  modification  of  A  than  As ,  whose  spatial  reflection 
can  fail  to  be  discrete).  On  the  other  hand,  the  assembly  tower  can  provide  examples 
of  “large”  frames  with  “few”  points  ’ 

1,12.  Some  philosophy.  Although  the  main  reason  for  focusing  on  the  assembly 
tower  in  this  thesis  is  that  it  underlies  most  of  the  results  obtained,  I  can  say  something 
here  about  why  the  construction  is  likely  to  be  of  some  use.  In  any  algebraic  category 
the  calculation  of  limits  is  trivial,  in  the  sense  that  it  simply  involves  putting  the 
natural  structure  on  the  limit  of  the  underlying  setsi  it  is  really  in  the  colimits  that 
the  algebraicity  of  the  category  makes  itself  known.  For  example,  free  algebras  (given 
the  fact  that  the  “forgetful”  functor  is  representable)  and  quotienu  by  congruences  ate 

t  But  by  no  means  the  beet  eremplee;  for  any  sober  epsee  X .  there  exist  arbitranly  large  frames 
A  with  X  as  facial  reflection;  IlbeU  et  al.  (17)  construct  exsmplei  of  potntleei  localic  groupe,  in  the 
tense  that  they  have  no  peuue  other  than  the  identity.  Since  euch  a  locale  G  hu  exactly  one  point. 
It  foUowe  that  for  any  index  eet  f ,  X  x  .  where  the  product  and  power  are  the  localic  ones,  has  X 
ae  itt  tpatia]  part. 
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easily  described  as  colimits.  conversely,  all  colimits  can  be  described  naturally  in  terms 
of  generators  and  relations  Also,  m  fVm,  the  two  results  about  colimits  of  monos 
and  pushouts  of  products  and  the  questions  about  universal  monos,  directly  concern 
colimits  To  put  it  into  a  slogan— an  apparently  common  aspiration  among  category 
theorists  “Colimits  are  the  Essence  of  Algebra  ” 

Where  the  assembly  tower  fits  in  is  this  Suppose,  for  a  moment,  that  we  extend 
the  category  of  frames  to  include  a  colimit  for  the  assembly  tower  of  each  frame.  Since 
each  of  these  diagrams  is  small-directod,  in  the  sense  that  every  set  of  arrows  has  an 
upper  bound,  this  colimit  could  be  constructed  as  the  union  of  all  the  frames  in  the 
diagram;  it  would  have  a  proper  class  of  elements  in  general  and  would  have  finite 
meets  and  joins  of  all  sub.ccis  of  the  underlying  class  (but  would  not  have  joins  of  all 
subclasses).  Moreover,  being  the  union  of  the  tower,  it  would  be  Boolean,  since  every 
element  appearing  al  level  o  of  the  tower  becomes  complemented  at  level  o  -f  1  In 
this  extended  world,  the  Boolean  objects  thus  obtained  woulu  provide  reflections  for 
all  frames 

Categories  similar  to  the  one  suggested  by  the  above  have  been  considered  before, 
under  the  name  K-ftames.  by  Madden  [32]  A  ic-frame,  for  a  tegular  cardinal  k.  is  a 
partially-ordered  set  that  has  joins  for  all  sets  of  cardinality  <  x  and  has  fimte  meets 
that  distribute,  as  in  (1)  over  all  such  joins  The  main  difference  between  x-frames 
and  ordinary  frames  is  that  x-frames  are  described  by  only  a  set  of  operations  and 
equations,  it  follows  from  this  that  the  category  of  x-cBa’s  (the  Boolean  K-ftames)  is 
a  reflective  subcategory  of  the  category  of  x-frames.  because  the  analog  of  the  assembly 
tower  for  x-ftames  terminates  at  the  xth  level.  Consideration  of  the  categones  of  x- 
cBa’s  goes  back  to  at  least  the  1960'e.  and  much  is  known  about  them  In  particular, 
they  have  nicely  behaved  colimits  For  example,  they  have  the  strong  amajjamation 
property  and  the  congruence  extension  property  (in  particular,  pushouts  of  all  monos 
are  mono)  and.  consequently,  all  epis  are  surjective,  a  property  that  fails  badly  for 
Frm  Oust  look  at  the  assembly  tower). 

The  hypothetical  extension  of  FVm  with  which  I  started  can  now  be  seen  as  pact 
of  the  category  of  x-frames  for  x  equal  to  the  cardinality  of  the  universe  V,  in  some 
extension  of  Set  where  V  becomes  a  set,  as  is  the  case  with  Grothendieck  universes. 
Or,  we  can  assume  the  existence  of  an  inaccessible  cardinal  x  and  redefine  IVm  to  be 
the  category  of  all  small  frames— those  of  cardinality  <  x.,  which  are  then  identical 
to  x-frames  Or,  finally,  we  can  adopt  an  approach  similar  to  the  “monster  model" 
approach  of  model  theorists  working  in  Classification  Theory  in  whatever  your  par¬ 
ticular  application  of  frames,  let  x  be  a  regular  cardinal  larger  than  the  cardinality  of 
any  frame  you  use  Then  all  of  your  frames  are  actually  x-ftames,  and  you  might  as 
well  be  working  m  this  category  This  last  is  related  to  reflection  principles  piopoaed 
for  use  in  category  theory  by  Feferman  (8)  (following  a  suggestion  of  Kreisel). 

The  point  is,  since  the  Boolean  subcategory  is  reflective  and  the  reflection  functor, 
being  a  left  adjoint,  preserves  colimits,  information  about  the  colimits  in  the  larger 
category  can  be  gotten  from  the  better-behaved  colimits  m  the  subcategory  through 
the  use  of  the  reflection,  i  e  ,  the  assembly  tower.  This  is  essentially  the  technique 
Madden  and  Molitor  use  in  (33}  to  chatactetire  frame  epimorpfaisms.  Further  use  of 
this  idea  will  described  in  2  6. 
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2.  Summary  of  results 

Although  the  results  obtained  ate  all  related  in  some  way  to  the  assembly  tower, 
they  divide  naturally  into  several  topics,  each  of  which  is  treated  seperately  below,  in 
the  order  that  they  appear  m  the  thesis.  To  avoid  interruption  in  these  discussions. 
We  will  gather  together  here  most  of  the  prerequisite  material  we  need.  Throught  this 
section,  decimal  numbers  m  parentheses  refer  to  where  the  actual  results  may  be  found 
in  thesis. 


2.1.'  Some  preliminaries.  Recail  first  that  every  frame  A  has  an  operation 
-•  defined  so  as  to  satify  the  adjointness  relation  (2)  with  A,  and  this  -•  makes  A 
into  a  complete  Heyting  algebra  (cRa  for  the  rest  of  this  paragraph).  Conversely  every 
cHa  satisfies  the  distributive  law  (1),  and  so  is  a  frame.  The  cHa  morphisms  are  by 
definition  required  to  preserve  all  meets,  all  joint,  and  arrow;  thus,  every  cHa  morphism 
IS  a  frame  morphism  but  (it  turns  out)  not  conversely.  For  s  €  A,  the  element  a— 0  is 
often  written  -^a  and  called  the  negation  of  a ,  since  it  corresponds  to  logical  negation 
in  a  Heyting  algebra,  where  neither  a  V  ->a  =  1  nor  -'-<o  =  o  holds  in  general. 

For  any  nucleus  j  €  N  A .  we  write  Ay  for  the  quotient  of  A  by  the  congruence 
associated  to  j.  Meets  in  the  frame  NA  are  computed  pointwise.  that  is,  for  any 
y  C  N  A  and  ogA,- 

(A  ;)a=/VOo 

However,  neither  joins  nor  arrow  in  NA  is  computed  pointwise 

In  addition  to  the  previously  mentioned  nuclei  e(a)  and  u(a),  called,  respectively, 
closed  and  open  because  the  quotients  by  these  nuclei  correspond  to  the  closed  and 
open  subepaces  of  a  topological  space,  there  is  for  every  o  €  A  the  quasi-closed  nucleus 
q\a)  defined  by 

q(o)*=!  (»  — o)-.o,  (*6A). 

The  quotient  A,(,)  is  a  cBa,  and,  conversely,  every  cBa  quotient  of  A  has  this  form. 
The  maxset  corresponding  to  j(o)  is  the  set  ji  n  ;  j  6  A) .  Thus,  by  the  second 
closure  condition  of  (4),  this  maxset  is  the  smallest  one  containing  the  element  n;  it 
follows  easily  from  this  that  every  nucleus  j  can  be  written 

J  =  AMo)  :}»  =  !>} ■ 

Since  frame  morphisms  preserve  complements,  every  frame  quotient  of  a  cBa  is  a  cBa. 
And  since,  just  u  with  universal  algebras  in  general,  the  congruence  lattice  of  a  quotient 
Aj  of  A  is  isomorphic  to  the  interval 

tj,l)  =  {*6NA  j<b<l) 

of  the  congruence  lattice  NA  of  A,  it  follows  that  Q  =  {q(a) .  a  C  A}  is  an  up-closed 
subset  of  NA  An  important  quasi-closed  nucleus  is  the  double  negation,  q(0),  so 
called  because  {(0)2  =  -.^2.  An  element  a  €  A  is  called  regular  if  it  it  a  fixedpoint  of 
{(0) ,  i.e.,  if  -‘-’a  =  a .  In  the  frame  n(X) ,  these  are  exactly  the  regulu  open  subsets 
ofX. 
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2.2.  Extensional  operators.  Bj  an  operator  on  a  Heyting  algebra  A  we 
will  mean  any  function  I  A  ~  A  Various  kinds  operators  on  frames,  and  their 
associated  fixedpomt  sets  have  been  studied  before  Nuclei,  arising  as  a  special  case 
of  (Joyal-Tierney)  topologies  on  a  topos,  are  the  most  important  and  widely  studied 
Other  examples  ate  the  prenuclei  of  Banaschewski  [3]  and  the  derivatives  of  Golan  and 
Simmons  [12]. 

Prenuclei  arc  like  nuclei,  except  that  they  may  not  be  idempotent  (a  prenucleus 
IS  idempotent  just  in  case  it's  a  nucleus),  but  for  every  prenucleus  there  is  a  unique 
nucleus  with  the  same  fixedpoints  It  is  for  this  reason  prenuclei  often  arise  natural 
constructions  involving  nuclei  frequently  result  in  operators  that  are  prenuclei  but  are 
not  idempotent;  one  then  only  needs  to  find  the  associated  nucleus,  which  is  often  ac* 
comphshed  by  transfinitely  iterating  the  prenucleus  until  it  “converges”  (13  8).  As  an 
illustration,  the  join  of  two  nuclei  j  and  k  can  be  computed  by  iterating  their  compos, 
ite  J  0  *,  which  is  only  a  prenucleus  Or,  again,  it  was  Johnstone’s  original  choice-free 
proof  [21]  of  the  localic  Tychonoff  theorem — essentially  involving  the  translinite  iter¬ 
ation  of  a  particular  prenucleus— that  eventually  led  to  Banaschewski’s  paper  [3]  and 
the  isolation  of  the  notions  of  prenucleus  and  preframe. 

We  introduce  a  general  class  of  operators  on  Heyting  algebras,  called  extensional, 
which  have  nuclei  and  prenuclei  as  examples.  By  definition,  an  operator  1  is  extensional 
if  it  satisfies 

«  —  (o.heA), 

and,  from  the  point  of  view  of  frames  as  models  of  first-order  intuitionistie  logic  these 
are  perhaps  the  most  natural  class  of  operators  to  consider,  since,  logically,  the  defini¬ 
tion  can  be  interpreted  to  mean  that  1  “ptM'fves  (degree  of)  equality"  the  results  of 
applying  t  ate  as  equal  as  the  arguments  to  which  it  is  applied  The  extensional  oper¬ 
ators  on  A  are  also  exactly  the  operators  that  are  compatible  with  all  Heyting-algebra 
congruences  on  A,  in  the  tense  that  for  any  such  congruence  fi,  o  8  6  implies  lot  Ik. 
and  they  can  be  chsrsctented  in  several  other  ways,  as  well  (9  4)  Extensional  opera¬ 
tors  may  also  be  seen  to  arise  (at  least  when  A  is  complete)  from  the  topos-thaoretic 
connection,  where  the  extensional  operators  on  A  are  in  I-l  correspondence  with  the 
morphisms  fl  —  fl  in  Sh(  A ) ,  and  this  helps  to  explain  why  many  properties  of  ex¬ 
tensions!  operators  ate  equivalent  to  stronger,  “uniform"  (or  “internalized")  versions 
of  these  properties  (as  mentioned  in  9  24) 

Because  of  the  relation  to  congruences,  extensional  operators  provide  a  convenient 
means  of  doing  calculations  in  Heyting  algebras  (9-6)  We  introduce  and  study  several 
classes  of  extensional  operators  (see  9  12  for  a  graphical  summary).  For  example,  we 
find  that  the  prenuclei  of  Banaschewski  are  precisely  the  inflationary  and  monotone 
extensional  operators  (9  10),  and  therefore  that  nuclei  are  precisely  the  extensional 
closure  operators  (9.11)  We  find,  for  every  class  of  e.xtensional  operators  defined, 
what  we  call  the  upper  and  lower  classifiers  for  the  claas  (9.13-18),  and  indicate  how 
these  lead  to  structure  theorems  for  operators  (9.21) 

Finally,  we  find  a  simple  formula  (or  the  set  of  fixedpoints  of  an  inflationary  exten- 
sional  operator  I  (9  22.1) 

fixf  =  {((a  — o)  — 0  •  0  e  A}  (6) 

This  formula  has  potentially  useful  applications  to  prenuclei,  since  it  allows  us  to  get  at 
the  fixedpoints  of  the  prenucleus  without  having  to  go  through  a  translinite  iteration, 
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which  may  be  valuable  m  situations  whete  issues  of  constructiveness  preclude  the  use 
of  ordinal  iterations  (whose  length  may  not  be  bounded  in  advance) 

2.3.  FVame  morphism  aiijoints  aad  ic>framet.  Recall  that  Loc  was  defined 
as  the  formal  dual  of  f^m ,  that  is.  locale  morphism*  ace  just  “turned  around”  versions 
of  frame  morphisms.  Despite  the  abstractness  of  this  definition,  Loc  is  isomorphic  to 
a  concrete  category  in  the  following  way.  Every  frame  morphism  /  :  .4  —  S  has  a 
right  adjoint  /.  :B  — A,  and,  moreover,  these  tight  adjoints  satisfy  the  laws  id,  =  id 
and  (y  o  /).  =  f.  a  g..  Thus,  Loc  it  isomorphic  to  the  category  with  objects  those  of 
I^m  and  with  morphisms  the  functions  /.  for  frame  morphisms  /  and  composition 
ordinary  function  composition. 

In  1973,  Dowker  and  Strauss  (7]  gave  a  characteriration  of  the  functions  g  :  B  —  A 
that  appear  as  tight  adjoints  of  frame  morphisms  A  —  B  This  characterization 
(essentially  the  one  in  10  7)  explicitly  involved  the  left  adjoint,  however,  and,  as  pointed 
out  by  dohnstone  [22.  p  40],  there  still  wasn’t  a  description  in  terms  of  g  alone  We 
give  such  a  description  here  (10.6):  tight  adjoints  to  frame  morphisms  A-’  B  can  be 
^aractenzed  independently  as  those  functions  g'  B  —•  A  satisfying 

•  j(A  5)  =  A{j(^)  •  r  €  5)  for  every  ScB, 

t  g(b)  =  1  implies  i  =  1  for  every  bsB,  and 

•  for  every  i  g  B  and  ni.oj  €  d  with  di  Aaj  S  y(^)i  there  exist  ti,3j  6  B  such 
that  Ol  <  j(4i),  Oj  <  }(4j),  and  4i  Ahj  <  3. 

This  is  a  special  cate  of  a  mote  general  result  (10.3). 

A  ic-frame  is  defined  as  with  a  frame,  except  that  arbitracy  joins  ace  replaced  by 
joins  of  cardinality  strictly  less  than  it,  which  is  assumed  to  be  a  regular  cardinal. 
(Let  us  use  the  terms  K-set,  K-family,  K-product,  etc.,  to  refer  to  objects  similarly 
bounded  in  cardinality  by  k.)  These  were  introduced  and  studied  in  the  paper  of 
Madden  |32).  Among  the  results  proved  there  are  a  construction  of  the  free  functor  Fj^ 
from  A-bames  to  it-fraraes,  where  A  <  «  We  prove,  additionally,  that  f  *  preserves 
all  A-products  of  A-frames  (11.6)  and,  when  A  >  w ,  equalisers  of  A-frame  morphisms 
as  well  (11.8).  Thus  Fi  preserves  all  limits  involving  fewer  than  A  many  morphisms. 
We  also  give  examples  to  show  that  these  results  are  the  best  possible  (11  7  and  11.9). 
We  furthermore  show  that  all  congruences  on  a  x-product  of  x-frames  are  products 
of  congruences  on  the  factors  (Il.lO)  and  conclude  that  all  congruences  on  products  of 
frames  ate  products  of  congruences  (11.11). 

By  looking  at  the  construction  of  ccdiroits  in  frames  and  x-frames,  we  observe  that 
every  colimit  of  frames  becomes  a  colimit  of  x-bames  when  x  is  chosen  large  enough 
(12.4).  This  forms  the  basis  of  one  of  the  main  results  of  Chapter  8  (28.3-6)  Finally, 
we  formulate  the  basic  result  about  directed  coliroits  of  frames  (12.7)  and  use  this  to 
sketch  a  proof  in  the  exercises  that,  in  iVm,  directed  colimits  commute  with  arbitrary 
products  (in  fact  with  a  larger  class  of  limits,  called  «-compatible;see  12.9.1). 

2.4.  Regular  operators.  We  define  a  Jogicai  operator  to  be  an  extensional 
operator  I  that  Is  infistionaty  o  <  fa  for  all  o  e  A.  Regular  operators  ate,  by 
definition,  the  logical  operators  r  satisfying  — -r  =  r.  They  can  be  seen  to  arise 
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from  logical  operators  b\  considerations  involving  fixedpoiDt  sets  Thus,  one  feature 
of  double  negation  of  logical  operators  is  that  Us  associated  congruence  is  the  same 
as  the  equivalence  determined  by  equality  of  iixedpoint  sets.  That  is.  for  all  logical 
operators  I  and  m.  fix  I  =  fix  m  iff  -'->1  =  -■->m  (9.22).  Thus,  regular  operators  are 
completely  determined  by  their  fixedpoint  sets,  and  every  logical  operator  has  the  same 
Rxedpoint  set  as  a  unique  regul.ar  operator,  moreover,  regular  operators  are  idempotent 
(see  below),  so  their  ranges  and  fixedpoint  sets  coincide,  and  this  is  the  origin  of  the 
formula  (6)  for  fixedpoints  of  logical  operators. 

Just  like  any  -■-'-quotient  of  a  frame,  the  collection  of  all  tegular  operators  on  .A, 
denoted  R;4 .  is  a  cBa  Meets  and  arrow  in  RX  are  computed  pointnise  Joins  in  a 
cBa  are  definable  from  meets  and  negation  (by  the  de  Morgan  laws),  and  this  leads  to 
a  simple  formula  for  the  join  in  R  4 .  which  is  also  pointwise  in  a  sense  explained  below 
(along  with  other  properties  of  regular  operators)  once  all  of  the  necessary  notions  have 
been  introduced 

In  order  to  disc uss  some  of  the  properties  of  tegular  operators  (including  the  point- 
wise  description  of  joins  in  R.4  just  mentioned)  and  give  a  characterisation  of  their 
fixedpoint  sets,  we  need  to  introduce  the  regularity  order  and  the  notion  of  stability 
Given  elements  a, i  €  A,  we  say  that  b  is  tegular  over  a,  and  write  b  >  a  or  o  4  b. 
if  b  is  a  regular  element  in  the  interval  [a.l].  This  is  easily  seen  to  be  equivalent  to 
the  equation  (b  -•  e)  —  e  =  b ,  and  to  the  inequality  g(a)  <  q(b)  of  quasi-closed  nuclei 
(20.1).  The  latter  implies  that  <  is  a  partial  order;  other  elementary  properties  of  < 
are,  for  every  a,  b,  c  €  d  (20  2.  20  8) 

•  a  <  b  iff  b  =  *  -•  a  for  some  ei  A. 

a  a  <  b  imples  a  <  b, 

a  a  <  c  and  a  <  b  <  c  imply  b  <  c; 

a  a  <  a  V  b  implies  a  A  b  <  b  (but  not  conversely); 

a  a  2  e  and  b  <  c  imply  a  A  b  2  c 

We  call  a  subset  S  C  A  stable  if  it  hat  a  lower  bound  m  the  regularity  ordering.  It 
then  has  a  greatest  lower  bound,  namely  its  meet  (20.5).  At  an  example  {o.b}  is 
stable  iff  (a  — •  b)  — •  b  =  (b  —  a)  —  a  (20  6).  S'mee  the  partial  order  ( A,  2)  i»  essentially 
the  up-closed  subset  Q  =  {q(a) .  a  €  4)  of  NA  with  the  induced  order,  it  follows  that 
the  regularity  ordering  also  has  joins  for  all  nonempty  sets  5,  which  we  denote  by  ^S. 
For  each  a  £  A,  the  set  {b  :  a  2  b),  being  exactly  fixf(a),  is  a  cBa  under  the  ordering 
2,  and  the  join  V.  rehen  restricted  to  fixq(a),  coincides  with  the  r.Ba  join  (20.13) 

Regular  operators  r  are  “regular”  in  another  way,  namely.in  view  of  (ra—a)— a  = 
ra ,  they  ace  exactly  those  extensional  operators  that  ate  infiationary  in  the  regularity 
ordering.  They  can  also  be  very  usefully  charactemed  as  those  operators  r  satisfying 
r(a  — *  b)  =  a  -•  rb  for  all  a,  b  €  A  (21.1)  We  can  prove  the  following  properties  of 
aribtrary  regular  operators  r,  a  6  RA  for  all  o.b  6  A  and  S  C  A  (21  2.1-8,  21.3); 

•  r(ro)  s  ra  (they  ate  idempotent). 

•  a  2  rb  iff  ra  2  r5  (in  particular  they  ate  2-monotone'  a  2  b  implies  ra  <  rb), 
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•  r(so)  =  (r  V  s)o  =  i(ro)  (any  two  regular  operators  commute,  and  binary  join  is 
composition); 

•  if  S  is  stable,  then  r/\S  =  /{{rs  •  a  6  S)  (they  preserve  stable  meets); 

•  raAr6<  r(aA6),, 

•  if  S  IS  nonempty,  then  r^S  =  i  o  €  S)  (they  preserve  regular  joins); 

•  if  .>i  C  R/l  IS  nonempty,  then  (\/R)a  =  V{rii :  r  6  f?}  (nonempty  joins  in  R.4 
are  pointwise  with  respect  to  V) 

Fixedpoint  sets  of  tegular  operators,  which  as  you  recall  are  the  same  as  the  hxedpoint 
sets  of  logical  operators  in  general,  can  now  be  characterired  (22.6)  as  the  sets  5  C 
satisfying. 


res,  Tstable  implies  A^€S  and  064, s€S  imply  a->46S 

Thus,  they  differ  from  maxsets  (cf.  (4))  only  in  that  they  ate  closed  under  stable  meets, 
as  opposed  to  all  meets  Equivalently,  they  are  characterised  in  terms  of  the  partial 
order  (A,  <)  as  the  subsets  both  up-closed  and  clcaed  under  all  existing  meets;  in  short, 
they  are  the  complete  filters  in  (A,  4) 

Now,  Anite  meets  and  arbitrary  joins  of  both  maxsets  and  complete  Alters  (in 
their  reverse  orderings)  are  computed  the  same  way,  and  so  the  obvious  inclusion  of 
maxsets  into  complete  Alters  induces  a  frame  embedding  ->  Fid  (23  1).  In  terms 
of  operators,  this  embedding  takes  a  nucleus  j  to  the  regular  operator  which  I 
have  been  writing  j  in  this  context.  Thus  the  composite  embedding  4  Nd  -•  Rd 
is  given  by  a  ►-<  c(a) ,  which,  if  we  rewrite  it  ?  i  d  —  Rd  and  simplify  slightly,  is 

c(o)ar  =  (a  — *)  — x  (x  €  d). 

The  right  adjoint  to  the  inclusion  Nd  -•  Rd,-  in  terms  of  Axedpoint  sets,  closes  a 
complete  Alter  up  under  all  meets  to  obtain  a  maxset.  In  terms  of  operators,  the  right 
adjoint,  denoted  r  •-  r* ,  is  readily  teen  (23.2)  to  be  given  by 

r'a=  o)-  (7) 


As  an  application,  we  get  a  formula  for  tbejoinof  an  arbitrary  set  J  of  nuclei  (23.4(1)), 


(V  ;)«=  A((Vjb)-»)-b 

1(1  t>«  ret 


=  A(A 

»>«  leJ 


(0  6d). 


(8) 


This  formula  is  derived  in  a  way  reminiscent  of  that  described  at  the  end  of  1.12 
for  EVm,  by  lifting  J  from  Nd  to  Rd  by  the  embedding  (which  preserves  joins), 
computing  the  join  in  Rd  by  the  pointwiae-V  formula,  and  returning  to  Nd  by  (7). 
Moreover,  it  solves  a  problem  that,  even  for  binary  joins  of  nuclei,  seemed  “quite 
difficult"  [41,  p.242]  An  appUcation  of  (8)  is  given  below  in  2,5.  Finally,  it  should  be 
mentioned  that  the  formula  for  the  arrow  operation  of  Nd  appearing  in  the  proof  of 
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11.2.5  in  Johnstone  (22]  can  also  be  seen  to  arise  in  the  same  way  from  the  pomtwise 
arrow  operation  of  R/1  (23.'4(2)) 

Now,  to  complete  the  picture,  we  shift  from  the  regular  operators  themselves  to 
the  categorical  properties  of  R/1  as  a  frame,  m  particular  its  relation  to  the  assembly 
tower.  By  the  universal  property  of  N .  the  embedding  —  R,4  can  be  extended 
to  a  morphism  —  R.4 .  This  morphism,  it  turns  out,  is  exactly  the  -'-’-quotient 
(23  6]  Thus,  the  elements  of  R,4  can  also  be  seen  as  the  tegular  nuclei  on  (making 
that  a  third  way  in  which  they  are  “tegular”').  At  Q  =  {}(o) :  a  £  i4)  is  an  up-closed 
subset  of  NA.  every  nucleus  J  £  N*A,  being  inflationary,  takes  Q  into  itself  and  thus 
defines  an  operator  J'  on  A  by  the  equation 

Jq{a)  =  q(J‘a)  (a  £  A) 

This  operator  is  regular  and  the  assignment  J  ►-  J*  gives,  in  terms  oi  operators,  the 
-i-i-quotient  N^A  —  R.4  (23  8)  It  also  implies  that  for  any  two  nuclei  J,K  €  N*A,, 
-'-'J  =  -<-'K  iff  J  and  A'  are  equal  when  restricted  to  Q.  A  third  implication  is 
that  on  N’A  preserves  all  meets,  because  meets  are  computed  pointwise  in  both 
RA  (applied  to  an  tlemeni  a  £  A)  and  N*A  (applied  the  corresponding  element 
q(c)  £  Q)  And.  since  --->  preserves  arrow  in  any  Heyting  algebra,  it  follows  that 
is  a  complete  Heyting  algebra  morphism  (23  9),  also  called  an  open  frame  morphism 
since  these  correspond  topologically  to  open  continuous  maps 

The  frame  RA  is  also  the  limit  of  the  Boolean  quotients  of  A  (24  1). 

2.S.  flVee  meets,  frame  morphismsare  required  by  definition  to  preserve  only 
finite  meets,  but  there  are  non-trivial  situations  in  which  meets  of  infinite  sets  are 
preserved  as  well  As  an  example  of  this,  consider  meets  of  open  sets  of  a  space,  easily 
seen  to  be  given  by  the  interior  of  their  intersection  These  meets  aren't  normally 
preseved  by  the  inverse  images  of  continuous  maps,  but  if  the  intersection  is  itself 
open,  then  it  u  preserved  (since  inverse  image  always  preserves  intersections).  As  an 
algebraic  example,  if  every  element  a  £  5  of  a  subset  of  frame  has  a  complement  ->8 
and,  furthermore,  the  join  Vi"'*  :  *  €  S)  is  itself  complemented,  then  AS  =  -’Vi"'*  ' 
8  €  5}  and  so  this  meet  it  preserved  by  every  frame  homomorphism 

Let  us  say  that  a  subset  5  of  a  frame  A  has  a  free  meet  if  /( A  5)  =  Ai/(*)  i »  €  S) 
for  every  frame  morphism  /  A  —  B,  and  that  A  has  free  meets  if  every  subset  of  A 
has  a  free  meet,  i  e  ,  every  frame  morphism  out  of  A  preserves  all  meets. 

The  equality  A5  =  "’Vi"'*  '  “  €  S)  in  the  algebraic  example  above  suggests  a 
way  of  looking  for  subsets  of  A  with  free  meets'  Since  the  embedding  A  -»  N  A  freely 
complements  the  elements  of  A,  and  the  embedding  NA  —  N®A  freely  complements 
all  the  joins  of  those  complements,  we  might  expect  to  find  free  meets  for  subsets  of  A 
by  looking  at  their  images  in  N’ A .  This  is  the  starting  point  of  the  first  result  of  this 
section  (25  3,  25  4)i  For  any  subset  5  of  a  frame  A,  the  following  four  statements  ate 
equivalent: 

1  5  has  a  free  meet  in  A 

2.  c*(AS)  =  A  *^(*)’  where  c*  .  A  — •  N’A  is  the  canonical  injection. 

‘(S 

3.  For  some  o  €  A,;  V  “(*)  =  “(*)  in  NA  (in  fact,  necessarily  a  =  A’J) 
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4  Every  ae  A  greater  than  /\^S  can  be  written  as  the  meet  of  a  stable  subset  of 
the  up-closure  of  5  (see  2.4  for  the  definition  of  stability) 

Notice  that  conditions  2-4  are  conditions  on,  repsectively.  N‘/4,  Nj4,  and  A  itself. 
The  proof  of  the  equivalence  of  condition  4  with  the  others  relies  heavily  on  formula 
(8)  of  2  4  (applied  to  the  join  of  open  nuclei  in  Condition  3). 

This  result  also  gives  a  solution  to  a  problem  first  considered  by  Macnab  in  bis 
thesis  [31]  and  more  recently  by  Niefieid  and  Rosenthal  [36]  (see  also  Section  4.5  of  [38]), 
namely  to  characterize  those  sets  ScA  such  that  S  =  J'*  (1)  for  tome  nucleus  ;  £  Ny4 
or,  equivalently,  such  that  5  =  /“'(I)  for  some  frame  morphism  f  :  A  B.  It  is 
an  easy  consequence  of  the  above  that  these  sets  are  precisely  the  “free  filters"  (filters 
closed  under  free  meets,  see  2S  5) 

Fineily,  the  results  of  this  section  can  be  combined  with  a  result  of  Beazer  and 
Macnab  [3]  to  obtain  the  following  (26.1)'  A  frame  A  has  free  meets  ill  both  of  the 
following  (independent— see  26.2)  conditions  hold' 

•  A  is  a  biftame,  i.e. ,  its  opposite  is  also  a  frame. 

•  NA  IS  a  cBa 


2.6.  Universal  monos.  A  universal  mono  is  a  morphism  u  :  A->  B  such  that 
for  any  morphism  /.  A  —  0,  the  pushout  of  u  along  /  is  mono.  Clearly  such  a  u 
IS  Itself  mono,  since  u  is  the  pushout  of  u  along  the  identity.  Here  are  some  other 
basic  properties  of  universal  monos  (27.2),  valid  in  any  category  with  pushouts  (where 
/ :  A  —  B  and  p  ■  B  —  C  are  morphisms): 

1.  If  /  and  g  are  universal  monos,  then  so  is  p  o  / 

2.  If  p  0  /  is  a  umversal  mono,  then  to  is  /. 

3.  The  pushout  of  a  universal  mono  along  any  morpuisi'n  a  univet»l 

4.  If  p  0  /  is  a  universal  mono  and  /  is  epi,  then  p  is  a  universal  mono. 

These  tell  us  how  to  get  new  universal  monos  from  old  ones;  we  also  need  some 
examples  to  start  with.  A  first  class  of  examples  are  the  open  munoa;  recall  that  a 
frame  morphism  is  open  when  it  is  a  complete  Heyting  algebra  morphism,  i.e.,  when 
it  alao  preserves  arrow  and  all  meets— see  [27]  for  more  on  open  morphisms.  A  sec¬ 
ond  class,  recently  investigated  by  Vermeulen  [49]  are  the  (locidic)  proper  surjections; 
without  the  surjectivity  restnction.  auch  locale  morphisms  p  i  A  —  B  correspond,  by 
the  cbange-of-base  '  esult  mentioned  in  conjunction  with  the  constructivity  of  locale 
theory  in  1.7,  to  compact  locales  in  Sh(B).  A  third  class,  also  universal  in  any  cate¬ 
gory  with  pushouts,  are  the  components  of  natural  monomorphisms  from  the  identity 
functor  (27  3(iv)).  For  l>m,  this  class  includes  all  of  the  morphisms  c“  ;  A  -•  N^A. 
Combining  this  with  condition  2  above,  we  see  that  first  factors  of  the  components  of 
natural  monomorphisms  from  the  identity  are  alto  universal  Interestingly,  this  last 
clast  includes  all  universal  monos  in  Ete:  given  any  such  u  .  A  ->  B,  a  natural 
monomorphism  from  the  identity  can  be  constructed  that  has  u  at  a  first  factor  of  its 
component  at  A  (Exercise  27.4  2) 
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To  explain  the  mam  result  of  this  section,  we  need  a  couple  of  definitions  Let  a 
be  an  ordinal  We  call  a  morphism  f  :  A  —  B  a -mono  if  N"/  is  mono  and  a-epi  if 
the  image  of  N"*/  contains  the  image  of  c“  B  —  H°B  Thus,  for  example,  0-mono 
means  mono  and  0-epi  means  onto  It  is  eas)  to  see  (28  2)  that  if  /  is  o-mono  then 
It  is  ^-mono  for  all  3  <  o  and  that  if  /  is  o-epi  then  it  is  7-epi  for  all  7  >  o .  Note 
also  that  both  of  the  notions  of  o-monoand  o-epi  are  different  for  different  o.  if  /  is 
the  composite  -i-oc^  .■1  —  for  a  non-reflective  frame  A  (such  as  the  free 

frame  on  u),  then  /  is  d-mono  for  all  ^  <  a  but  it  is  not  o-mono;  and  /  is  o-epi 
but  not  ^-epi  for  any  3  <  o  (28  4) 

Now  M^den  and  Molitor  133)  have  shown  that  /  is  an  epimorpbism  iff  it  is  o- 
epi  for  some  o  Their  proof  can  be  simply  explained  using  the  idea,  put  forward  at 
the  end  of  1 12.  of  an  e.\tension  of  EVm  where  the  assembly  tower  of  every  frame  A 
has  a  colimit,  call  it  N°°.4,  which  is  the  union  of  the  frames  in  the  tower  and  gives 
a  reflection  of  A  into  the  subcategory  of  Boolean  objects.  Since  N°°  is  a  faithful  left 
adjoint  it  both  preserves  and  reflects  epic,  i.e.,  ]  is  epi  iff  N“/  is.  But  in  the  category 
of  Boolean  objects  epis  are  surjections,  and  therefoie,  since  is  the  union  of  the 
frames  in  the  tower,  there  must  be  a  stage  or  at  which  all  of  the  elements  of  B  have 
appeared  in  the  range  of  N‘/ ,  completing  the  proof 

The  main  results  of  this  section  are  (28  5,  28  8) 

•  /  is  a  universal  mono  iff  it  is  an  o-mono  for  every  ordinal  o 

•  Conversely,  /  is  an  (a  l)-mono  iff  the  pushout  of  /  along  every  o-epi  is  mono. 

That  a  universal  mono  is  a -mono  for  every  o  follows  easily  from  basic  properties  of 
the  assembly  tower  and  universal  mnnos.  That  a  morphism  /  which  is  o-mono  for 
every  o  is  universal  again  uses  vhe  idea  above.  In  detail,  since  N*/  is  the  union  of  the 
N*/,  which  are  all  mono.  N°°/  is  mono  as  well.  And  if  7  u  a  pushout  of  /,  then  since 
N*  preserves  colimits,  is  a  pushout  of  N"/.  But  in  the  category  of  Boolean 
objects,  all  monos  are  universal,  so  N‘°7  is  mon.v  and  thus  so  is  7  The  second  pact  of 
the  result  uses  similar  ideas,  along  with  a  positive  answer  to  the  (somewhat  technical) 
question  asked  at  the  end  of  (33)  (Lemma  28.6) 

3.7.  Conbiiiatorial  morpbisms.  Because  of  the  way  coproducts  are  computed 
in  Frm.  it  turns  out  that  the  free  extension  A[X]  of  a  frame  A  by  a  set  X  is  the 
subframe  of  the  catesian  power  A^'^  consisting  of  all  the  monotone  functions,  where 
PiX  is  the  set  of  finite  subsets  of  X ,  ordered  by  reverse  inclusion  (29.1)  And  since 
every  X -generated  extension  of  A  is  a  quotient  of  A[2f  ] ,  the  idea  is  that  we  can  study 
frame  morphisms  out  of  A  by  studying  congruences  on  A[2f].  This  generalizes  the 
description  of  singly-generated  frame  extensions  given  by  Bansshewski  [4],  and  many 
results  of  this  section  are  generalizations  of  the  results  obtained  there 

The  easiest  congruences  to  work  with  are  the  restrictions  to  A[X]  of  congruences  on 
A^'^ ,  which  by  a  result  mentioned  in  2.3  must  be  products  of  (PfX)-indexed  families 
of  congruences  on  A  We  call  such  congruences  standard,  and  a  frame  morphism 
isomorphic  to  one  of  the  form  A  ->  A[X\I  fj,  ft  combinatorial . 

It  is  easy  to  see  that  every  congruence  on  A[2fJ  has  a  least  standard  congruence 
greater  than  it,  and  this  congruence  is  given  by  a  simple  formula  (29  4).  The  process 
of  standarization  of  congruences  is  preserved  by  pushout  along  an  atbitrary  morphism 
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(29.7)  A  combinatonal  morphism  /  •  A  -» A[X\I  0,-  is  mono  lif  y\(  9,  =  0 .  and  so  if 
this  family  of  congruences  has  a  free  meet  (equal  to  0)  in  Con  A,  then  /  is  a  universal 
mono  (29.9),  establishing  a  connection  between  free  meets  and  universal  monos  It 
also  shows  that  every  finitely  generated  combinatorial  extension  is  universal  (OroUary 
29.9),  since  every  finite  set  of  congruences  has  a  free  meet. 

In  the  case  that  2f  is  finite,  the  theory  becomes  quite  manageable,  every  congruence 
on  AIX]  IS  standard  (30.3).  To  prove  this,  we  use  a  lemma  about  fimte  subsets  of 
distributive  lattices  (30.2)  that  generalises  the  familiar  result  that  s  A  z  =  a  A  y  and 
a  V  z  =  a  V  y  imply  z  =  y  for  any  three  elements  a,z,y.  As  another  example  of 
the  manageability  of  the  theory,  because  every  congruence  is  standard,  the  process 
of  standardisation  is  trivial,  and  so  pushouts  of  combinatorial  morphisms  have  an 
especially  simple  description  (30.4).  This  allows  us  to  characterite  finitely  generated 
epis  and  finitely  generated  regular  monos  in  terms  of  the  family  of  congruences  (30.5); 
a  finitely  generated  combinatorial  morphism  /  :  A  — >  A[X]I  Si  is  epi  iff  9,  V  9y  =  1 
whenever  >  j ,  and  is  a  regular  mono  iff  it  satisfies  a  “patching  condition  reminiscent 
of  the  definition  of  a  sheaf. 
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Chapter  2 
PRELIMINARIES 


The  reader  of  this  thesis  is  assumed  to  be  familiar  with  the  basic  notions  and  results 
of  set  theory  (sets,  ordinals,  cardinals),  lattice  theory,  universal  algebra,  and  category 
theory.  Of  these  four  subjects,  much  of  what  we  will  need  from  lattice  theory  and 
category  theory  can  already  be  found  in  Chapter  I  of  Johnstone  [22],  another  book  of 
Johnstone  ([24])  contains  much  of  what  we  will  need  from  set  theory  (and  logic).  In  any 
case,  to  establish  our  notations,  terminology,  and  background  results,  we  review  these 
four  subjects  in  separate  (and  rather  dense)  sections  below.  General  references  ate  [19] 
for  set  theory,  [13]  for  lattice  theory  [6]  and  (3S]  for  universal  algebra,  and  [29]  and  [iSj 
for  category  theory  (The  reader  may  also  wish  to  consult  [34],  which  covers  universal 
algebra  from  the  point  of  view  of  category  theory  and,  in  the  hist  chapter,  discusses 
inhnitary  universal  algebra  a  subject  very  important  to  us  here  but  not  mentioned  in 
the  other  references  on  universal  algebra ) 


3.  Sets 

3.1.  Axioms  and  notations.  Although  it  won't  be  necessary  to  specify  precisely 
with  which  theory  of  sets  we  will  work,  the  reader  desiring  such  a  commitment  may 
take  Zermelo-Flaenkel  set  theory  with  the  Axiom  of  Choice  (ZFC)  for  this  purpose  In 
addition  to  sets,  we  will  also  make  use  of  classes  (such  as  the  class  V  of  all  sets,  as  well 
as  more  specific  classes),  but  we  will  consider  a  class  to  be  a  linguistic  objectihcstion 
of  a  formula  (with  one  free  variable)  rather  than  a  fundamental  entity.  Thus,  if  C  is 
a  class  represented  by  the  formula  d(i).  then  y  €  C  simply  means  d(ii)  For  some 
considerations  it  will  be  convenient— though,  as  we  will  see,  not  at  all  necessary— to 
assume  the  existence  of  inaccessible  cardinals,  or  to  likewise  adopt  other  devices  that 
allow  us  to  distinguish  between  “small"  and  “large"  sets.  This  is  explained  in  more 
detail  in  Section  6.6  below 

As  for  specihc  notation,  outs  is  basically  standard  Examples:  set  membership 
(a  €  A),  subset  (A  C  £.  note  that  this  includes  the  possibility  that  A  =  S.'  we  will 
not  need  a  notation  for  proper  subsets),  sets  formed  by  comprehension  or  separation 
((a  e  A  ;  d(a))).  the  empty  set  (0),  6nite5ets({l,2,3)),  union  (AUB.  tJ{A.  i  €  /}, 
U(5/ Ai),  intersection  (An 3,  r\(A,  .»€/).  fie/ A,),  set  ddference  (A  -  B),  power 
set  (PA  =  {Jf  •.  X  C  A}),  ordered  n-tuple$  ({xi,...-. z„)),  binary  cartesian  products 
(A  X  fl),  disjoint  union  (U.e/ A,  =  A,),  relations  itlween  sets  (6  C  A  x  B. 

a  S  k  its  (a,i)  €  6)  and  relations  on  a  set  (p  C  A  x  A),  the  domain  and  range  of  a 
relation  (domJJ  =  {a  3b  a  B  k).  rng/S  =  (6  •  3o  a  B  b)),  the  converse  or  inverse 
of  a  relation  (B"'  =  {(b,a)  ■  (a, 6)  e  B}),  functions  (f  :  A  —  B,  A  —  B,  /(a), 
(j  <=  /)(“)  =  ?(/(“))),  arbitrary  cartesian  products  (n,ej  A,';  elements  of  this  set  ate 
functions  a  ■  /  —  (J,j^  Ai  such  that  a(i)  6  A,  for  all  i  £  /),  and  cartesian  powers 
(A' ,  elements  arc  functions  a  I  A) 


18 
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3.2.  Notations  for  functions.  A  function  f  •  A  —  B  (also  called  a  map)  is 
injective  (or  one-to-one,  or  J-1)  if  /(a)  =  /(i)  implies  s  =  6  for  all  a, 6  €  A:  /  is 
suQective  (or  onto)  if  rnj/  =  B;  /  is  Injective  if  /  is  both  1-1  and  onto.  Note  that  if 
)of  is  1-1,  then  so  is  /,  and  if  go  f  is  onto,  then  so  is  p.  If  5  C  A,  the  restriction 
of  f  to  S  is  /  n  (S  X  B) this  function  S  -•  B  is  denoted  f\s .  Functions  A^  —  A 
ace  called  I -ary  operations  on  A,  when  /  has  0,  1,  or  S  elements,  these  operations 
ace  called  nullary.  unary,  or  binary,  respectively.  VVe  identify  nullary  operations  on  A 
with  elements  of  A  (i  e..  constants),  unary  operations  with  functions  A  — •  A,  binary 
operations  with  functions  A  x  A  —  A,  and  so  on  Unary  functions  are  also  called 
operators,  and  the  action  of  an  operator  f ;  A  -•  A  on  an  element  a  €  A  is  written 
using  juxtaposition:  Is 

Functions  defined  “syntactically”  need  not  always  be  given  a  name,  we  adopt  the 
useful  convention  that  if  p(i)  tepcesents  an  expceseion  involving  a  variable  i,  and  if 
for  evert  o  £  A  the  result,  p(a),  of  “evaluating”  the  expression  with  x  replaced  by  a 
yields  an  element  of  B,  then  the  resulting  function  A  —  B  is  denoted  by  x  i—  p(x)  or 
just  p(-) .  Example  the  (unary)  sguacing  function  on  the  integers  might  be  denoted 
ni—  n*  or  (-)*. 

A  partial  function  /  '  A  —  B  is  a  single-valued  relation  /  C  A  x  B ,  i.e.,  such  that 
a  /  hi  and  a  /  tj  imply  hi  =  6j  for  all  a  €  A  and  4i,6j  6  B.  We  say  that  /(a)  is 
defined  if  a  €  dorn/.  Finally,  a  reiatian-ciass  is  a  class  R  such  that  x  e  R  implies 
that  X  is  an  ordered  pair,  and  a  funetion-dase  it  a  relation-class  that  is  single-valued, 
in  the  sente  defined  above  Much  of  the  notation  and  terminology  for  relations  and 
(partial)  functions  also  applies  to  relation-  and  function-classes. 

3.3.  Potets.  A  partial  order  on  a  set  (or  class)  A  is  a  binary  relation  on  A 
that  is  reflexive  (a  <  a  for  all  a  €  A),  transitive  fa<iand6<e  imply  a  <  e),  and 
antisjTnmetric  (a  <  i  and  i  <  a  imply  a  =  i).  A  linear  order  additionally  has,  for 
every'  a,h€  A,  either  o<iari<s.AtecA  equipped  with  a  partial  order  is  called 
a  poaet  (partially-ordered  set);  a  linearly-ordered  set  it  often  called  a  chain.  When  the 
Older  is  understood,  a  poeet  will  often  be  denoted  simply  by  naming  its  underlying  set 
We  also  use  the  notation  h  >  a  for  a  <  h.  We  write  a  <  6  for  the  conjunction  of  a  <  h 
and  0  pi  6  (and  similarly  with  a  >  i),  and  a  <  h  <  c  for  the  conjunction  of  a  <  i  and 
i  <  c.  A  simple  but  useful  result  about  poeets  is  the  following: 

Proposition  (  Yoneda  Lemma  for  Posets).  If  (A,  <)  is  a  poset,  then  for  every 
a, be  A, 

(a)  a  <  h  if  and  only  if  for  every  r  €  A,  i  <  o  implies  z  <i 

(b)  0  =  4  if  and  only  if  for  every  i  €  A.  i  <  a  and  z  <b  are  equivalent. 

Proof,  (a)  If  a  <  4  and  *  <  a ,  then  r  <  4  by  transitivity.  Conversely,  if  *  <  a 
implies  I  <  4  for  every  z  €  A ,  then  since  a  <  a  by  reflexivity,  putting  x  =  a  we  have 
a  <  4,  proving  (a).  Part  (b)  follows  from  (a)  and  antisymmetry. 

3.4.  Aesociated  coostrucCions.  If  (A,<)  is  a  poset,  then  (.d,  <°^),  where 
a  <°'’  4  iff  4  <  a.  it  also  a  poset,  called  the  dual  of  A  and  denoted  A°’’.  At  a 
consequence,  we  have  a  duality  for  poteu:  every  statement  about  posets  has  a  dual 
statement,  formed  by  replacing  the  order  with  the  dual  order,  and  a  statement  about  a 
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poset  is  true  iff  the  dual  statement  is  true  about  the  dual  poset  Hence,  if  a  statement 
is  true  of  all  posets  then  Us  dual  is  also  true  of  all  posets 

A  map  /  A  —  B  between  posets  (.4.  <)  and  {B,  <')  is  monotone  (or  order- 
preserving)  if  /(a)  <'  fib)  whenever  a  <  6,  and  antimonotone  (or  order-reversing) 
if  /(o)  >'  f(b)  whenever  a  <  4.  Note  that  /  •  A  — •  fl  is  antimonotone  iff  /  . 
^  _  gep.,  or  equivalently  /  B,  a  monotone  A  map  /  A  —  5  is  an 

(order-)isomorphism  if  it  is  a  monotone  byection 

Starting  with  given  posets  we  can  construct  new  ones  by  restricting  to  a  subposet 
or  taking  a  product  If  (A  <)  is  a  poset  and  5  C  A  then  the  order  on  $  induced  by 
A  IS  <  n  (.9  X  5)  Examples  of  posets  with  the  induced  order  are  interval  subposets 
if  a,4  £  A.  then  |a,i)  =  (r  £  A  '  a  <  i  <  4),  with  the  induced  order  If  /  is  a  set 
and,  for  each  i  £  f .  (A,.<,}  is  a  poset,  then  the  cartesian  product  becomes 

a  poset  with  order  <  defined  pointwise,  i  e ,  for  ff,  r  £  A, ,  a  <  r  iff  a(i)  <,  r(i) 
for  all  1  €  / 

Given  a  poset  (A.  <) ,  we  can  associate  to  each  subset  5  C  A  four  other  subsets 
(i)  the  ap-elosure  of  S.  upcIS  =  (a  £  A  a  >  s  for  some  s  £  S)  ;• 

(li)  the  down-closure  of  5  downci  5  =  {o  €  A  :  a  <  s  for  some  s  £  S ) , 

(lii)  the  upper  bounds  of  5  ub5  =  (a  £  A  :  a  >  s  for  all  s  £  5) ,  and 
(iv)  the  lower  bounds  of  5  lb5e:(a£A  a  <  s  for  all  s  £  5) 

5  is  up-closed  or  down-closed  if  upcIS  =  5  or  dmunclS  =  S.  As  a  special  case,  we 
define  (a  e:  upclfa)  =  ub{a)  and  (a  s  dowiicl{a)  =  lb(a},  called  respectively  the 
priniclpal  filler  and  principal  ideal  generated  by  a.  An  element  a  £  A  is  the  join  (or 
least  upper  bound,  or  supremum)  of  5  if  a  is  the  least  element  of  ub  5,  i.e  ,  a  €  ub  5 
and.  for  all  4  £  ubS,  a  <  4  Dually,  a  is  the  meet  (or  greatest  lower  bound,  or 
Infimum)  of  S  if  a  is  the  grea'est  element  of  lb  5  Note  that  ub  0  s  lb  0  s  A ,  so  that 
the  join  and  meet  of  the  empty-set,  if  they  exist,  ate  respectively  the  least  element  of 
A.  denoted  0,  and  the  largest  element  of  A,  denoted  1 .  We  view  join  (V)  and  meet 
( ^ )  as  partial  functions  V,  ^  ■  PA  —  A 

3<S.  Ordinals.  Informally,  the  class  of  ordinals  is  the  (linear)  order  freely  gener¬ 
ated  by  the  constant  0.  the  unary  successor  operation  s ,  and  the  join  operation,  subject 
only  to  the  condition  that  r  <  s(z).  This  description  takes  transfinite  recursion  (and 
induction)  as  basic  focmally,  ordinals  can  be  identified  with  sets  that  are  transitive 
and  well-ordered  by  €  A  set  a  is  transitive  if  i  e  a  and  y  £  r  imply  y  €  a,  or, 
mote  succinctly,  (Jo  C  o  (or  a  C  Pa)  A  poset  (A,<)  is  a  well-ordering  if  every 
non-empty  subset  of  A  has  a  least  element  The  informal  description  is  then  realiied 
by  taking  0  =  0,  s(x)  =  xU  (i)  and  V  =  U-  tl’^s  of  all  oidinals  is  denoted  0 
As  we  have  defined  them,  ordinals  satiny  a  =  {fi£C:l2<o}andfi<oifffi£o. 
The  finite  ordinals  are  denoted  0,  i.  2,  3,  , . ,  as  usual  The  first  infinite  ordinal  (= 
the  set  of  all  finite  ordinals)  is  denoted  w . 

An  ordinal  sequence  (oj  <  a)  is  a  function  with  domain  a  for  which  >-•  ay  for 
all  <  o .  Transfinite  induction  says  that  if  X  is  a  class  of  ordinals  such  that  0  £  X , 
s(x)  £  X  whenever  i  €  X,  and  (JS  €  X  whenever  SqX  ,  then  X  =  0.  Transfinite 
recursion  says  that  if  G  is  a  function-class  defined  at  least  on  all  ordinal  sequences, 
then  there  is  a  unique  function-class  F  such  that  f(o)  =  C{{F(9) .  0  <  a)) 

Every  well-oidcring  is  isomorphic  to  a  unique  ordinal  If  a  and  fi  are  ordinals,  then 
the  ordinal  a-l-fi  is  defined  to  be  the  unique  ordinal  isomorphic  to  the  well-ordering  that 
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puts  /)  “at  the  end  or  o,  i  e.,  to  the  poset  where  A  =  ({0}  x  a)U({l}  x  3), 

and  where  <  OiTr)  iff  either  i  <  j  or  both  i  =  J  and  71  <  tj.  Note  that 
addit'on  of  otdmals  is  associative  (but  not  commutative)  and  that  whenever  a  <  3 
there  exists  a  unique  7  such  that  a  +  y  =  3 

An  ordinal  a  is  either  0,  a  successor  ordinal  (a  =  s(^)  =  jd+l  for  some  ordinal  3), 
or  a  limit  ordinal  (a  =  (Jo)  lYansfmite  induction  and  recursion  can  be  restated  using 
this  classification  of  ordinals.  As  an  example,  we  construct  the  cumulstivehierarchy, 
{V»  :  a  6  0}  We  define  Vo  =  ®,,  V,+j  =  PV^,  and,  if  A  is  a  limit  ordinal,  V*  = 
Us<A  ^  prove,  using  transfinite  induction,  that  each  K,  is  transitive,  that 

the  hierarchy  is  indeed  cumulative  <  a  implies  V)t  C  V, ),  and  that  for  every  ordinal 
a ,  a  C  Va  (and  hence  a  €  Vg^i ).  As  a  consequence  of  the  Axiom  of  Regularity 
(every  set  has  an  € -minimal  element),  every  set  belongs  to  some  set  in  the  cumulative 
ketarchy;  we  define  the  ranlr  of  a  set  z,  ranliz,  to  be  the  least  otdmal  a  such  that 
z  €  V',.).! .  Note  that  rank  a  =  a  and  Va  =  {z :  rank  z  <  a} . 

3.6.  Cardinals.  Just  as  ordinals  provide  representatives  of  isomorphism  types 
of  well-orderings,  cardinals  represent  isomorphism  types  of  sets  (where  “isomorphism” 
means  “bijection”  in  this  case).  We  can  achieve  this  by  defining  a  cardinal  to  be  an 
ordinal  that  is  not  isomorphic  to  any  smaller  ordinal.  By  the  Axiom  of  Choice,  every  set 
X  can  be  well-ordered  end  therefore  admits  a  byection  to  a  umque  cardinal,  called  its 
cardinality  and  denoted  |X|  Addition,  multiplication,  and  exponentiation  of  catdmals 
are  defined  by 

x  +  A  =  |k  +  A|,  *•  a  =  |k  X  A|,  X*  =  Ik^I, 
where  the  cardinalities  are,  respectively,  of  the  ordinal  sum,  cartesian  product,  and 
cartesian  power  of  k  and  A.  We  note  that  (PX]  =  >  |X|.  The  least  cardinal 

larger  than  k  is  denoted  x'*' . 

A  cardinal  is  regular  if  it  is  not  the  union  of  a  smaller  set  of  smaller  cardinals;  more 
precisely,  x  is  regular  if,  whenever  X  C  x  and  x  =  (JX,  then  |X|  =  x.  Using  the 
Axiom  of  Choice,  one  can  show  that  x'*’  is  regular  for  every  cardinal  x . 

4.  Lattices 

4.1.  Semilattices  and  lattices.  A  meet-semilattice  is  a  poset  in  which  every 
finite  set  has  a  meet.  Equivalently,  a  meet-semilattice  (A,<)  has  a  greatest  element 
1  (the  empty  meet)  and  a  meet  a  A  t  for  every  two  elements  a,  6  €  A .  This  binary 
operation  is  associative  (a  A  (6  A  c)  =  (a  A  t)  A  c ),  commutative  ( a  A  t  =  t  A  a ) ,  and 
idempotent  (a  A  a  w  a),  and  1  is  a  unit  for  the  operation  (a  A  1  w  a).  The  order 
relation  is  recovered  from  the  meet  opnation  by  the  equivalence  a<iiffaAt  =  a, 
and  the  descriptions  by  order  (<)  and  by  operations  (1,  A)  ate  equivalent 

A  function  f  .  A  —  B  between  meet-semilattices  that  preserves  finite  meets  (i.e  , 
/(A 5)  =  A{/(*)  ■:  s  €  S)  for  every  fimte  set  S  C  A)  is  called  a  meet-semilattice 
(bomo)morphitm.  Every  meet-semilatuce  morphism  it  monotone,  and  injective  meet- 
semilattice  morphisnu  reflect  order:  J(o)  <  f{h)  implies  a  <  h  (proof,  /(a)  <  /(h) 
iff  /(a)  =  /(a)  A/(4)  =  /(a  A  6)  iff  a  =  a  Ah  iff  a  <  6).  For  every  a  6  A,  the  unary 
operation  a  A  -  on  A  is  monotone  but  is  not  a  meet-semilattice  morphism  (unless 
0=1),  since  it  doesn't  preserve  1. 
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Dually,  a  join-semilattice  is  a  poset  in  which  every  finite  set  has  a  join;  equivalently, 
a  join-semilattice  has  a  least  element  0  and  a  join  o  V  (  for  every  two  of  its  elements 
Algebraically  join-semilattices  are  the  same  as  meet-semilattices  (and  may  as  well 
just  be  called  semilattices) — they  consist  of  one  constant  and  one  binary  operation 
satisfying  the  same  equations  The  difference  is  in  the  relation  between  the  order  and 
the  binary  operation  a<b  iff  aVist  Join-semilattice  morphisms  preserve  finite 
joins,  and  the  operations  a  V  —  are  monotone  but  ate  not  join-semilattice  morphisms 
(unless  a  =  0) 

A  lattice  IS  a  poset  that  is  both  a  meet-  and  join-semilattice  Equivalently  it  has  a 
greatest  element  1,  a  least  element  0.  and  a  meet  oAi  and  join  aV6  for  every  two  of  its 
elements.  In  addition  to  the  semilattice equations  satisfied  by  the  pait  1  and  A  and  by 
the  pair  0  and  V  the  operations  A  and  V  are  related  to  each  other  by  the  absorption 
Jaws:  a  A  (a  V  i)  =  a  =  s  V  (a  A  b)  Lattice  morphisms  preserve  finite  meets  and  finite 
joins  Note  that  the  dual  of  a  meet-semilattice  is  a  join-semilattice  and  vice-versa,  and 
that  the  dual  of  a  lattice  is  a  lattice  To  form  the  dual  of  a  statement  about  lattices 
one  interchanges  0  and  1  and  interchanges  A  and  V 

4.2.  Distributive  and  Boolean  lattices.  A  lattice  A  is  distributive  if  it 
satisfies  e  A(i  Vc)  =  (u  Ab)  V(aAc)  for  all  a,i,ce  A.  One  can  then  show  that  it  also 
satisfies  the  dual  law,  o  V  (b  A  c)  =  (n  V  b)  A  (o  V  c)  Given  elements  o,  b,  c  of  a  lattice 
A  with  a<b<c,d£A  is  called  a  relative  complement  of  b  in  [s.c]  if  b  Ad  =  a  and 
bvd=  c  (d  is  therefore  necessarily  also  in  the  interval  [a,c]).  In  general  an  element  may 
have  many  relative  complements  in  a  given  interval,  but  m  a  distributive  lattice  relative 
complements  are  unique  when  they  exist  (in  fact,  distributive  lattices  ate  characterized 
among  lattices  by  this  property)  Relative  complements  in  the  interval  [0,  Ij  are  called 
(absolure)  complements  It  is  clear  from  the  definition  that  complements  ate  preserved 
by  lattice  morphisms 

A  Boolean  lattice  is  a  distributive  lattice  in  which  every  element  has  a  complement. 
The  operation  talcing  an  element  to  itt  complement  is  denoted  ;  thus  n  A  -<0  s  0 
and  a  V  -0  =  1  for  every  element  a  of  a  Boolean  lattice  Boolean  lattices  additionally 
satisfy  -’■’O  =  a  for  every  a ,  as  well  as  the  De  Morgan  Laws'  -(a  A  b)  =  (-'a)  V  (-'b) 
and  -(a  V  b)  =  ("a)  A  (-ib) . 

4.3.  Complete  lattices,  closure  operators,  and  ac^unctions.  Complete 
meet-semilattices,  complete  join-semilattices  and  complete  lattices,  and  the  morphisms 
between  them,  are  defined  as  are  their  non-complete  counterparts,  except  that  joins 
and  meets  are  required  to  exist  for  all  subsets  (not  just  finite  subsets),  and  morphisms 
are  required  to  preserve  them  Although  the  resulting  three  types  of  morphisms  ace 
different,  the  three  types  of  posers  are  the  same,  any  poset  having  all  meets  also  has 
all  joins,  and  vice-versa,  since  V5  =  Aub5  and  =  y\bS.  The  buic  example  of 
a  complete  lattice  is  the  collection  of  all  subsets  of  a  set  X ,  the  order  being  C ,  meets 
and  joins  are  given  by  intersection  and  union 

A  closure  operator  on  a  complete  lattice  A  is  an  operator  (function)  C  .  A  —  A 
that  is  mffati'onary  (u  <  Ca),  idempotmt  (CCa  =  Co),  and  monotone  (a  <  b  implies 
Ca  <  Ci)  Dually,  a  coe/osure  operator  is  dtBatioasry  (Ca  <  a),  idempotent,  and 
montone  An  element  a  €  A  is  a  fixedpoiot  of  an  operator  C  it  Ca  =  a,  the  set  of 
fixedpoints  of  C  is  denoted  fixC.  Note  that,  for  a  closure  or  co-closure  operator  C, 
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the  set  fixC  is  the  same  as  the  range  o!  C.  A  meet-dosed  subset  of  is  simply  a 
subset  S  C  A  such  that  if  Tc  S,  then  /\T  €  S;  t  join-dosed  subset  is  defined  dually. 
A  meet-closed  subset  of  a  complete  lattice  is  itself  a  complete  lattice  in  the  induced 
order,  since  is  has  all  meets  (and  thus  all  joins);  similarly  with  a  join-closed  subset. 

Gosure  and  co-closure  operaton  and  meet-  and  join-closed  subsets  can  be  partially 
ordered,  we  order  the  operators  pouitwise  (Ci  <  Cr  iff  Cia  <  Cja  for  all  a  €  A),  and. 
for  reasons  that  will  become  clear  shortly,  we  order  the  join-closed  subsets  by  inclusion 
(5i  <  5]  iff  5]  C  5:)  and  the  meet-closed  subsets  by  reverse  inclusion  (5i  <  Sj 
iff  $2  C  Si).  Given  two  complete  lattices  A  and  B,  a  pair  of  monotone  functions 
I  •  A  ->  B  and  r  -  S  —  A  are  said  to  be  adjoint,  with  /  the  left  adjoint  and  r  the 
right  adoint,  when  1(a)  <  i  iff  n  <  r(6)  for  every  a  €  A  and  he  B.  This  situation  is 
called  an  adjunction  and  denoted  I H  r. 

The  relations  between  the  above  nations  are  spelled  out  in  the  following  proposition 

Proposition.  Suppose  that  A  and  B  ate  complete  lattices 

(a)  IfC  is  a  closure  operator  on  A,  'hen  fixC  is  meet-dosed  (and  thus  a  complete 
lattice).  If  5  C  A  IS  meet-dosed,  then  tue  operator  C  on  A  defined  by  Ca  =:  /\{li  € 
5  :  a  <  6}  is  a  closure  operator.  If  i  -  fixC  —  A  is  the  inclusion,  then  C  H  t. 

(b)  Dually,  if  C  is  a  co-closure  operator  on  A,  then  fixC  is  join-closed,  and  if 

Scab  join-dosed,  then  Co  =  6  5  ;  6  <  o)  defines  a  co-closure  operator. 

Aforeover  i  H  C,  where  i ;  fixC  — •  A  is  the  inclusion 

(c)  The  correspondences  in  (a)  and  (b)  between  closure  operators  and  meet-closed 
subsets  and  between  co-closure  operators  and  join-closed  subsets  are  isomorphisms  of 
pasets,  when  tbs  sets  are  ordered  as  in  the  previous  paragraph. 

(d)  If  I  ■  A  —  B  and  r  :  B  —  A  satisfy  l-tr,  then  rol  is  a  closure  operator 

on  A,  and  lor  is  a  co-closure  operator  on  B.  In  fact  lorol  =  l  and  rol  or  sr, 
and  (fixr  0 1)  -•  (fix!  or)  is  an  isomorphism  of  pasets,  with  inverse  . 

The  operation  1  preserves  all  joins,  and  r  preserves  all  meets.  Conversely,  any  join- 
preserving  function  between  complete  lattices  has  a  right  adjoint,  and,  dually,  any 
meet-preserving  function  has  a  left  adjmnt.  Any  pail  of  adjoints  I H  r  satisfy 

l(a)e:^{b  :r{l>)>a)  and  r(h)  =  V{a  ; /(o)  <  6), 
so  that  each  of  r,  1  determines  the  other.  !  is  1-1  iff  r  is  onto,  and !  is  onto  iff  r  is  1-1 . 

4.4,  Examples.  A  common  source  of  adjunctions  (in  fact  the  only  source  of 
adjunctions  between  powecsets)  it  described  by  the  following  proposition: 

Proposition.  Suppose  X  and  V  are  sets,  PX  and  PY  ate  the  associated 
complete  lattices  of  subsets  (ordered  by  inclusion),  and  R  C  X  xY  is  any  relation. 
Then  la  ;  PX  -  Py,  :  PV  -  PX,  Iv  :  PX  -  (PT)'*',  and  r»  ;  (Py)»i>  -  PX,, 
defined,  for  SCX,  Tc  Y,  and  Q  =  3.'d,  by 

W5)=  (Pey  Qs€S  sflv)  and  rg(T)  =  {z  e  X -.Qt  6T  x  Rt},^ 

satisfy  Iq  -I  VQ.  .Moreover,  every  adjunction  Ig  -i  rg  between  PX  and  Py  (ifQ  =  3) 
or  PX  and  (?>')“'’  (if  Q  =  V)  arises  in  this  way  from  a  unique  relation  R  defined  by 

xRv  iff  v6lg({*))  iff  ?erg({v)). 
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Proof  (Sketch)  For  the  first  part,  the  reader  may  check  that  both  I^IS)  C  T 
and  S  C  r5(r)  ate  equisalent  to  V*¥ji(x  €  S  and  i  /?  y  imply  y  6  T),  and  that  both 
/y(S)  D  T  and  S  C  rv(r)  ate  equivalent  to  ViVy( x  e  S  and  y  S T  imply  z  Ry) 
For  the  second  part,  note  that  /q,  as  a  left  adjoint,  preserves  joms  and  therefore  is 
completely  determined  by  its  values  on  the  singleton  subsets  {z}  of  A'  (and  these 
values  as  sets,  are  themselves  determined  by  the  elements  they  contain) 

As  an  example  of  an  "existentiar  adjunction,  ifJJ  =  /.A  —  Visa  function, 
then  li  and  ra  ace  just  the  direct  and  inverse  image,  and  the  adjunction  fj  H  rj  is 
the  familiar  relation  /(S)  C  7"  iff  S  C  /"'(r)  for  all  S  C  A  and  T  C  Y  As  an 
example  of  a  “universal"  adjunction,  consider  a  poset  (A,  <)  Then  the  adjunction  on 
PA  induced  by  the  binary  relation  <  is  given  by  /v(S)  =  ub  S  and  rv(r)  =  lb  T  The 
complete  lattice  of  fixedpoiiils  of  rvo/v  is  the  so-called  Dedelund-AfaciVeilJe  completion 
of  A .  and  the  mapping  o  ^  In  is  an  cmedding  of  A  into  the  completion  that  moreover 
preserves  whatever  meets  and  joins  happen  to  exist  in  A.  We  will  see  several  other 
examples  of  “universal '  adjunctions  later 

Finally,  we  observe  that  the  identity  function,  i .  A  —  A ,  is  adjoint  to  itself  ( i  d  i) 
and  that  adjunctions  may  be  composed  if,  in  addition  to  /  -1  r  as  above.  I'  B  —  C 
and  r'  •  C  —  B  have  I'  •‘r’,  then  /'  o  H  r  o  r' 


5.  Universal  algebra 

5.1.  Basic  notions.  In  order  to  encompass  all  of  the  examples  with  which  we  will 
be  dealing,  it  will  be  convenient  to  use  a  quite  general  definition  of  algebra.  A  simiJarity 
type  is  a  (possibly  proper)  class  0  of  operation  symbols  along  with  a  function-class 
I :  f!  -•  V  that  assigns  to  each  operator  symbol  w  €  Si  an  index  set  i(ki)  called  its  arity 
An  algebn  of  similarity  type  (i  (<  is  often  left  implicit)  is  then  a  set  A  along  with  a 
function-class  assigning  to  each  w  €  0  an  ojwration  '  A'lv)  ^ >  As  with  partial 
orders,  algebras  are  often  denoted  simply  by  naming  their  underlying  set.  If  A  and  B 
are  two  algebras  of  type  0 .  a  function  f  .A  — B  is  called  an  {i-(bomo)morpbism  if, 
for  every  function  symbol  u.  S  fl,  /  preserves  w;  i.e..  Cot  every  element  o  €  A‘l“'^; 
we  have  /(«,,  (o))  =  wb(/  o  <t)  Every  identity  function  is  a  homomorphism,  and  the 
composite  of  two  homomorphisms  is  a  homomorphism  A  bijective  homomorphism  is 
called  an  isomorphism 

As  an  example,  we  can  take  the  similarity  type  of  lattices  to  be  SJ  =  (a,  V,  1, 0) , 
with  i(A)  =  t(V)  =  2  and  i(l)  =  i(0)  =  0,  and  display  a  typical  lattice  as  (A,  A,  V,  1,0), 
where  we  have  used  the  operation  symbols  themselves  (effectively  leaving  off  the  sub¬ 
script  A)  to  denote  the  operations  A,  V  •  A  x  A  A  and  constants  1,0  e  A  Then 
fi-morphisms  correspond  to  lattice  morphisms  as  we  defined  them  in  4.1  As  an  ex¬ 
ample  ol  an  infinitary  similarity  type,  we  have  K-eomphtt  semiJatlices,  where  x  is 
an  infinite  cardinal  These  are  poaets  in  which  every  set  of  cardinality  strictly  less 

*  The  reason  for  (his  definiiion.  as  stated  above,  is  its  vai/orsntlr  it  enables  us  to  treat  aa  algebraa 
of  a  fixed  similarity  type  stnietures  (sudi  as  complete  lattices)  that  are  traditionally  not  able  to  be 
treated  as  such.  In  ail  cases  that  ne  consider  m  this  thesis,  however,  the  class  of  operations  of  an 
algebra  wiU  be  dented  from  a  single  set  associated  to  (he  algebra  ftuch  aa  a  partial  order),  and  so 
th^  will  be  no  difficulty  speaking  of  sets,  or  even  classes,  of  algebras. 
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tbia  It  has  a  join,  and  a  homomorphism  of  ic-compictc  semilattices  is  requited  to  pre¬ 
serve  these  joins.  For  the  similarity  type,  we  can  take  as  operation  symbob  all  of  the 
cardinab  A  with  A  <x  (and  define  i(A)  =  A),  the  operation  A  on  a  K>eamplete  semi- 
lattice  would  then  be  interpreted  by  A-indexed  join  (explicitly,  it  would  take  c  ^ 
to  Vka  ‘^(0)  Finally,  as  an  example  where  we  need  a  proper  class  of  operations,  we 
consider  complete  semilattices  Here,  we  can  take  as  the  class  of  operation  symbols  all 
of  V  (again  with  i{/)  =  I  for  every  /  6  K)  and  associate  with  the  operation  symbol 
/  the  operation  giving  i-mdexed  joins 

5.2.  Subalgebrat,  products,  and  quotients.  If  X  is  a  algebra  of  type  (I  and 
S  C  A,  then  S  is  called  a  subuniverse  of  A  if  every  operation  of  A  restricts  to  S,, 
i.e.,  for  every  a  g  uia(ff)  €  S.  The  restricted  operations  then  make  S  into  an  fi- 
algebra,  called  a  subalgebn  of  A ,  and  the  inclusion  S  A  becomes  a  homomorphism. 
Arbitrary  intersections  of  subuniverses  ate  clearly  subuniverses:  thus,  for  every  X  C  A 
there  is  a  least  subunivetse  of  A  containing  X .  The  associated  subalgebra  b  called  the 
subalgebra  of  A  generated  by  X  If  /  is  aset  and,  for  every  i  g  f ,  .4,  is  an  O-algebra, 
Chen  the  cartesian  product  A  =  flier  becomes  an  R-algebra  when  we  define  the 
operations  pointwise-  if  <r  g  A**"),  then  w.a(n)  is  the  function  >  >-•  ua,{c,),  where, 
for  every  j  g  i((*),  <r,(j)  =  <r(j)(i).  For  every  t  g  /,  the  ith  projection,  xj ;  A  -•  A, 
given  by  x,(o)  s  <r(i),  is  an  onto  homomorphism 

A  binary  relation  C  A  x  A  b  an  equivalence  relation  on  A  if  it  is  reflexive, 
symmetric,  and  transitive.  For  a  g  A,  the  set  n/d  =  {i  g  A  :  n  6}  it  called  the 
equivalence  class  of  6  containing  n  (which  it  does  by  reflexivity).  The  set  A/d  = 
(a/d  <■  g  A}  of  equivalence  classes  of  d  form  a  partition  of  A— a  set  of  disjoint 
sets  whose  union  is  A.  The  (onto)  function  A  ->  A/d  which  m^  a  »  a/6  is  called 
the  quotient,  or  natural,  map  and  is  denoted  Is .  An  equivalence  relation  d  on  an 
fl-algebra  A  b  called  an  n-congruence  if,  further,  it  b  a  subuniverse  of  the  product 
algebra  A  x  A .  Explicitly,  thu  meant  that  d  is  compatible  with  every  i.  g  (I :  for 
every  pair  ir,r  g  A***',  if  q(i)  d  T(i)  for  all  I  g  *(«),  then  Wa(o)  d  ua{t).  The  set 
of  equivalence  classes  Chen  becomes  an  (I-algebra,  where  u'a/i(iii  on)  =  ts(ua(ir))  for 
every  a  g  A'i*"! ,  and  the  natural  map  becomes  a  homomorphbm. 

It  b  easy  to  verify  that  the  intersection  of  toy  set  of  congruences  on  A  u  again 
a  congruence.  As  a  consequence  of  Proposition  4.3,  there  is  a  closure  operator  6 
on  A  X  A  that  takes  X  C  A  x  A  to  the  smallest  congruence  containing  X  (called 
the  congruence  generated  by  X),  and  the  fixedpomts  of  this  operator  are  exactly  the 
congruences  on  A,  which  form  a  complete  lattice  under  inclusion  that  we  denote  by 
Con  A.  A  congruence  generated  by  a  single  ordered  pair,  such  as  6((a,h)),  or  written 
more  simply  as  6(a,  i) ,  is  called  a  principal  congruence.  It  has  the  property  that, 
for  any  congruence  d,  6(a,i)  <  d  ill  o  d  h.  It  b  therefore  easily  seen  that  every 
congruence  is  a  jom  of  principal  congruences;  d  =  V{0(«ih)  •  o  d  6) . 

5.3.  Homomorphbm  theorems.  If  /  :  A  -•  fi  is  a  bomomorpbism.  then 
the  kernel  of  /  is  the  relation  ktr  /  on  A  defined  by  a  (ker  /)  o'  iff  /(o)  =  /(o') , 
which  is  easily  seen  to  be  a  congruence.  The  function  y  .  A/ksr/  ->  B  given  by 
)(a/  ker  /)  =  /(o)  is  well-defined  and  b  a  1-1  homomorphism,  and  so  /  =  p  o  lii,,,.  ^  b 
a  factorization  of  /  into  an  unto  homomorphbm  followed  by  a  1-1  homomorphism  If 
/  b  already  onto,  then  p  is  an  isomorphism',  thus,  onto  homomorphbms  and  quotients 
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by  congruences  amount  to  the  same  thing.  In  the  same  way,  if  ^  <  her  / ,  then  / 
can  be  factored  uniquely  through  A  —  Afi  via  j  Aji  ->  B  defined  by  j(a/d)  = 
/(a)  (though  9  will  be  neither  1-1  or  onto  in  general)  Conversely,  note  that  for  any 
composable  homomorphisms  A  —  C  B ,  we  have  ker  A  <  ker(j  o  A) 

The  composite  of  two  onto  homomorphisms  is  onto,  in  terms  of  congruences,  we 
get  the  following;  if  d  <  v  in  Con/4,  and  we  write  n/S  for  the  congruence  on  AjS 
consisting  of  the  pairs  ({a/9, 6/d)  •  a  tJ  6},  then  the  map  /d/ti  —  (/4/9)/(t6/9)  given 
by  a/td  (a/9)/(u</9)  is  an  isomorphism  Also,  if  [9, 1]  is  the  interval  subpoaet  of 
Con  A,  then  the  map  [9.1]  —  Con  A/9  given  by  0  ►-  t6/9  is  an  isomorphism.  If 
/  A  —  B  IS  a  homomorphism,  and  /  x/  :AxA— Bxflisthe  function  defined  by 
(/x/)((a,o'))  =  (/(a). /(o')),  then  for  every  <  £  Confl,  (/x/)"‘(t!i)  is  a  congruence 
on  A  It  follows  from  this  that  the  adjunction  6  H  i  between  P(B  x  B)  and  ConB 
arising  from  the  closure  operator  6  on  P(B  x  6)  (i  is  the  inclusion!  can  be  composed 
with  the  adjunction  /  x  /  -1  (/  x  /)*'  between  P(A  x  A)  and  P(fl  x  B)  to  yield  (by 
restriction)  an  adjunction  Q  o  (/  x  /)  H  (/  x  /)"*  between  Con  A  and  Con  B 

S.4.  Lattice  congruences.  Before  continuing  with  the  genera!  survey  of  Univer¬ 
sal  Algebra,  we  now  look  at  some  special  properties  of  congruence  relations  on  lattices 
and.  in  particular,  distributive  lattices.  These  ace  collected  m  the  following  proposi¬ 
tion,  whose  straightforward  proof  we  omit  (though  the  reader  with  less  familiarity  with 
distributive  lattices  will  find  it  a  rewarding  exercise) 

Proposition.  Suppose  A  is  a  distributive  lattice  (i.e.,  with  operations  A.V.0. 1 
that  satisfy  tAe  lattice  equations  p/us  distributivityj,  9  €  Con  A,,  and  a  6,c,d  £  A 
Then  the  following stMmtnts  hold' 

(a)  o9t  i/r(aA6)9(aV6) 

(b)  6, d  €  a/9  and  6  <  c  <  d  imply  c  €  o/9. 

(c)  6,d€  o/9  imply  6  Ad,6vd£a/9 

(d)  aA696  ifi'a9aV6. 

(e)  If  e  <  d,  then  a  6(c,d)  6  i/raAc  =  6Ac  and  a  V  d  =  6  Vd 

(f)  If  a<i  and  c<  d,  then  e(a,6)  Ae(c,d)  =  e(u  Vc.hA  d). 

(g)  If  Ml,  Ms  are  9-congruenee  classes,  then  A/i  <  .4fj  (in  A/9/  iff  there  exists 
a  €  Mi  and  6  €  Mj  with  a  <  6 . 

Notes  In  fact,  only  parts  (e)  and  (f)  require  distnbutivity.  Part  (a)  implies  that  the 
congruence  9  is  determined  by  the  pairs  (o.A)  6  9  with  a  <  6.  Parts  (b)  and  (c)  say 
that  congruence  classes  ace  convex  and  closed  under  meets  and  joint  (in  fact,  they  ate 
closed  under  any  non-empty  meets  and  joins  that  ate  compatible  with  9)  Given  any 
two  a,  6  £  A ,  we  say  that  the  interval  [a,  aV6]  projects  down  to  the  interval  [a  a6,  6]  and 
that  the  latter  interval  projects  up  to  the  former  Part  (d)  then  says  that  the  inwrvals 
collapsed  by  a  congruence  are  closed  under  projections  Note  also  that,  in  a  distributive 
lattice,  projective  intervals  are  isomorphic  Part  (e)  is  a  characteritatlon  of  ptincipal 
congruences,  and  part  (f)  says  that  principal  congruences  are  closed  under  finite  meets 
(note  that  the  empty  meet,  or  largest  congruence  on  A,  is  principal:  6(0, 1)). 

S.fi.  Equational  classes  and  free  algebras.  For  the  test  of  this  Section,  it  will 
be  convenient  to  treat  ‘algebras”  on  (possibly  proper)  classes  along  side  algebras  on 
sets,  as  we  have  been  doing  with  function-classes  and  functions.  Since  the  operations  on 
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such  an  “algebta”  ate  function-classes,  however,  we  must  insist  that  they  be  uaihrm: 
thus,  given  a  similarity  type  0 ,  we  define  an  aJgehra-cJaas  of  type  $7  to  be  a  class  A 
and  a  formula  i{x.  y)  with  two  free  variables  such  that,  for  every  u  £  0 ,  the  formula 
$(w,  y)  (with  one  free  variable)  represents  a  function-class  whose  domain  includes  the 
class  of  all  functions  a  :  t(u)  —  A.  and  whose  range  is  contained  m  A  (Note  that 
every  algebra  is  an  algebra-class ) 

Now.  fix  a  similarity  type  (7  and  a  class  of  variables  X .  We  define  the  class  Tsi{X) 
of  S7-teriiis  over  X  (and  we  will  leave  off  the  subscript  f!  where  there  can  be  no 
confusion)  Because  117  (as  well  as  X )  can  be  a  proper  class,  this  requires  some  care. 
(And  note  further  that,  for  reasons  of  effective  “coding'’,  each  x  €  X  mutt  be  <n-' 
mimmal  in  the  sense  defined  below.)  We  proceed  by  analogy  with  the  construction  of 
ordinals  We  first  define  an  order  <n  on  V  by  putting  i  <ft  p  if  p  =  (a,/),  u  £  £7. 
dom/  =  i(u),  and  z  €  rng/.  A  set  p  is  <Q-minimaiif  there  does  not  exist  x  such 
that  X  <n  y.  Given  a  set  T,  z  £  7  is  <n-maximaJin  T  if  there  does  not  exist  p  £  T 
such  that  z  <n  p.  Let  Oo  be  the  class  of  constants  of  (7  (u  £  (7o  iff  i(w)  =  fi)  We 
call  a  set  T  {l-graunded  in  X  if,  for  every  <n -minimal  element  z  of  T,  either  xeX 
or  z  =  (w,®)  for  some  w  £  flo.  We  call  T  17-transilive  if  p  £  7  and  z  <n  p  imply 
z  £  7.  Finally,  we  define  an  (7 -term  in  X  to  be  a  set  7  such  that 

(1)  7  is  (7-graunded  in  Jf , 

(2)  7  is  fl-transitive, 

(3)  <n  is  a  well-ordering  on  7  (every  S  C  7  haa  a  <n-mmimal  element),  and 

(4)  there  is  a  unique  <n-maximal  element  in  7,  called  the  head  of  7. 
Analogously  to  ordmals,  we  can  prove  a  structural  loduclton  and  a  structural  recursion 
theorem.  We  define  the  support  of  a  term  7  by  spt7  =  7  n  JT,  in  view  of  the 
transitivity  of  terms  (and  structural  induction),  this  is  the  set  of  variables  “occurring" 
in  the  term  7.  As  an  example  of  structural  recursion,  we  define  evaluation  of  terms. 
Let  A  be  an  R-algebra-class,  7  be  a  term,  and  p  :  X'  —  A  be  a  function,  where 
lytT  C  X'  C  X .  Then  the  value  T[/))  of  7  at  p  ia  defined  by  recursion  as  follows-  if 
7  =  z£2f,thenT[p)  =  p(z);  otherwise,  if  (u,  JO  is  the  bead  of  7  and  (by  recursion) 
<r  :■  t(u)  -•  A  is  the  function  defined  by  <r{i)  =  /(i)lp]  (or  the  empty  function  if 
i(u)  =  9),  then  7[pl  =wa((r).  Operations  on  A  of  the  form  p>->7[p)  ate  called  term 
functions. 

An  equation  in  X  is  simply  a  pair  {l,R)  with  7,  A£  7(X),  which  we  write  more 
suggestively  as  L  ft  R-  An  equation  La  R  it  satisfied  (or  holds,  or  is  valid)  in  an 
algebra-class  A  if,  for  every  function  p  :  spt  £  U  ipt  17  —  A ,-  we  have  Lip]  =  Ji[p] . 
If  £  IS  a  class  of  equations,  then  the  class  of  all  (7-algebtaa  satisfying  each  of  the 
equations  in  £  is  denoted  Mod(f7,£);’  clasaes  of  algebras  of  the  form  Mod(f7,£) 
are  called  equational  classes.  As  an  example,  we  give  a  class  of  equations  for  complete 
joln-semilattices,  making  it  an  equational  class.  Recall  that  the  similarity  type  has  an 
operation  symbol  for  each  set  f ,  denoted  here  in  the  form  Vis;  >  whose  interpretation 
in  the  algebra  is  given  by  /-indexed  join.  The  class  of  equations  consists  of  the  single 
equation  Vi*  *  along  with  for  every  set  /,  family  of  sets  {/,•(£/},  and  onto 
function  g  :  K  —  U,,//.,  the  equation  V,e/(V,cr, *•  j )  «  Vt6ic(*t>y.).  where  for 
every  k  €  K  ,•  g(k)  =  (it,/*)  and  jt  £  (recall  the  definition  of  disjoint  union). 


t  Agsii),  jiv*  a  remiadcr  that,  in  all  cases  «r«  consider,  tl  and  E  will  be  such  that  each  alsebram 
Mod(  n,  £ )  >«  enco4«ble  by  4  s«( 
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The  reader  may  enjoy  verifying  that  these  equations  sufSce  to  characterize  complete 
join-semilattices  (hint  the  equations  amount  to  a  generalized  associative  law,  and  the 
presence  of  the  function  g  allows  for  change  of  index  set,  including  permutations  and 
repetitions,  so  it  is  a  generalized  idempotent  and  commutative  law  as  well).  The  same 
idea  would  work  for  K-complete  semilattices.  except  that  the  sets  I,  J,,  and  K  would 
have  cardinality  iess  than  k  note  that,  given  any  such  I  and  J, ,  in  order  to  insure  the 
existence  of  an  appropriate  A' ,  it  is  necessary  that  ic  be  a  regular  cardinal,  for  then 

I  Lite; '^•1  <  * 

The  class  T{X)  becomes  an  fl-algebra-class  when,  for  w  6  H  and  c  i{u)  —  T(X) , 
we  set  t«7'(x)(o)  =  ((w  <r))  Urngo  As  such,  it  is  free  over  A'  with  repsect  to  the  class 
of  all  fl-algebras  if  A  is  an>  fi^algebra,  and  f  .  X  —  An  any  function-ciass.  then 
there  is  a  unique  function-class  7  '  ?’(^),  —  A  such  that  /(i)  =  /(*)  for  all  i  g  A 
and  such  that  7  is  an  O-homomorphism. 

If  £  IS  a  class  of  equations  in  X ,  let  £'  be  the  class  of  those  equations  Las  R  that 
hold  in  every  algebra  sal  isfy  mg  every  equation  in  £  (we  say  that  Lai  R  it  semantically 
entailed  by  £).  Then  £'.  as  a  clast  of  ordered  pairs,  is  a  congruence  relation  on  7(A), 
the  class  of  equivalence  classes  T(X)/E'  inherits  an  f)-algebra  structure  from  7(A) 
and,  moreover,  satisfies  all  the  equations  of  £.^  If  we  write  7  for  the  equivalence  class 
i/£',  then  the  algebra-class  7(A)/£'  is  free  over  (a  ■  *  €  A)  with  respect  to  the 
class  Mo<l((l,  £) 

For  the  last  kind  of  freeness  we  will  discuss,  we  need  the  notions  of  reduct  and 
diagram.  Suppose  that  0'  is  a  subclass  of  the  cleat  of  operation  symbols  0  (with 
each  operation  in  0'  having  the  same  arity  as  it  does  in  (2).  Then  every  R-algebra 
IS  naturally  alto  an  R' -algebra  when  we  forget  about  the  extra  operations,  we  say 
that  the  R'-algebra  is  a  reduct  of  the  R-algebra  For  an  R'-algebra  A,  we  define  a 
new  set  of  variables  Xa  =  {si  ;  a  €  A),  and  let  Aa  (called  the  diagram  of  A)  be 
the  class  of  all  pairs  {L,R] ,  where  L,R  g  Ta-IXA)  and  L\p]  =  R[p]  for  the  function 
p  •  Xa  A  defined  by  p{X(,)  =  «•  Kow.  given  any  class  £  of  R-equations,  we 
have,  using  the  previous  construction  of  free  algebra-classes,  a  fret  R-^gebra-claas 
F  =  rn(Aa)/(£  U  As)'  (on  generators  Xa  and  with  equations  those  semantically 
entailed  by  the  equations  in  £  and  the  diagram  of  A ),  which  hu  the  following  freeness 
property:  for  any  algebra  B  g  Mod(R,£).  whose  reduct  to  R'  we  denote  B' ,  and 
any  fF -homomorphism  f  .  A  —  B‘,  there  is  a  unique  function-class  J  ■  F  —  B  such 
that  7  is  *u  fl -homomorphism  with  !  si  ri a  a  f ,  where  74  ;  A  —  F  takes  0  g  A  to 
the  equivalence  class  containing  x,  (Note,  incidentally,  that  in  the  special  case  that 
R  =  R*  and  A  g  Mod(R,£),  we  have  that  rn(A4)/(£u  As)'  is  isomorphic  to  Av 
hence  every  algebra  is  a  quotient  of  a  free  algebra.) 

When  are  these  free  algebra-classes  free  ofjeJros?  If  R  and  A  are  both  sets,  it 
follows  that  r(A)/£  is  a  set.'*  On  the  other  hand,  for  some  classes  of  equations, 
7(A)  is  a  proper  class  while  7(A)/£  is  a  set  Of  course  this  is  true  if  £  contains 
I  «  p,  for  example,  but  a  more  interesting  example  is  that  of  complete  semilattices. 

^  To  construct  the  eliss  7  ( A)/£' ,  we  use  an  idea  of  Dana  Scott:  we  take  aa  equivalence  classes  not 
•H  the  terms  equivalent  to  a  giten  one  (which  may  be  a  proper  -I—  and  thus  not  vcoiiectable”  into 
a  class),  but  only  the  irl  of  those  with  minimal  rank 

*To  prove  this,  recursively  assign  an  orcbnal  rank  to  every  term,  aa  we  did  with  Mts.  and  then 
show  by  induction  (and  some  cardinal  arithmetic)  that  for  a  sufficiently  large  cardinal  a  we  have 
|To(X))  <  a  for  all  ordinals  0 
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One  can  easily  cfaeck  that  the  free  complete  semilattice  on  a  set  X ,  with  respect  to 
the  similarity  type  and  equations  given  before,  is  isomorphic  to  the  algebra  {PX,  (J,  9) 
(here  (J  represents  the  class  of  union  operations,  one  for  each  index  set).  In  other 
cases,  such  as  for  complete  lattices,  one  can  show  that  T(X)IE  is  a  proper  class 

6.  Category  theory 

6.1.  Basic  notions.  The  theory  of  categories  may  be  developed  in  several 
different  ways,  depending  on  the  foundation  used.  For  our  purposes  it  will  be  sufficient 
to  base  it  on  the  set  theory  introduced  in  Section  3.  Thus,  we  define  a  category 
A  to  consist  of  a  class  of  objects  A.B,C,  and  a  class  of  motpbamt  (or  arrows) 
/,p,A,. ..  such  that  (1)  every  morphism  /  has  a  domain  dom/  and  acodomain  cod/, 
which  are  objects;  we  write  f  A  -*  B  to  assert  that  dom/  =  A  and  cod/  =  B,; 
and  require  Chat  for  any  objects  A  and  B  the  class  homA(/l,  B)  of  all  morpbisms 
/  .  A  — •  B  be  a  set;  (3)  for  every  object  A  €  A  (where  we  ate  using  E  to  indicate 
“is  an  object  oP),  there  is  an  identity  morphism  idx  :  A  A  (we  often  leave  off  the 
subscript),  and  for  every  two  motphisms  /,  g  with  cod  /  =  dom  j ,  say  {  •A-'  B  and 
g-.B-^C,  there  is  a  composite  morphism  gef  -.A  —  C',  and  (3)  identity  morpbisms 
ate  identities  under  composition,  and  composition  is  associative  (ido/s/cid  =  / 
and  h  0  (p  0  /)  s;  (b  0  p)  0  / ,  assiumng  all  the  morphisms  are  composable)  A  functor 
F  :  A  -•  C  between  two  categories  it  a  hmction-class  that  assigns  to  every  object  A 
of  A  an  object  /A  of  C  and  to  every  morphism  /  of  A  a  morphism  Ff  of  C  in 
such  a  way  that  domains,  codomaint,  identities,  and  composition  are  preserved;  i.e.,  if 
/  •  A  -•  B  then  //  .  FA  —•  FB,  and  we  have  Fids  =  iirA  and  F{g  e  f)  =  Fgc  Ff 
whenever  p  o  /  is  defined  A  natural  transformation  r:F->0  between  two  functors 
F,G  A  -•  C  is  a  function-class  assigiUDg  to  every  object  A  of  A  a  morphism 
tA  :  FA  ->  GA  of  C  (called  the  component  at  A),  such  that  C/  o  tA  =  tB  o  Ff 
whenever  / ;  A  -•  B  is  a  morphism  of  A. 

Almost  of  all  the  categories  we  will  be  working  with  are  concrete,  that  is  to  say, 
categories  whose  objects  are  sets  with  some  additional  structure  and  whose  morphisms 
are  certain  functions  between  these  sets  (usu^ly  preserving  the  structure).  Examples  of 
concrete  categories  are  Set  (objects:  sets;  arrows:  functions).  Top  (objects:  topolog¬ 
ical  spaces;  arrows:  continuous  maps),  Pos  (objects:  posets;  arrows:  monotone  func¬ 
tions),  and  Mod(fl,£)  (objects:  algebras;  arrows:  bomomorphisms).  For  every  poset 
F,  there  is  a  category  with  an  object  for  every  element  of  P  and  an  arrow  from  p  to  q 
whenever  p<g  (and  no  other  arrows).  Functors  between  such  (non-concrete)  poset- 
categories  are  just  monotone  maps.  For  every  category  A ,  there  is  the  identity  functor 
idx  on  A .  and  the  composition  of  two  functors  is  a  functor.  A  simple  but  important 
class  of  functors  are  the  forgetful  (or  reduct  functors)  Moi(n,E)  -•  Mod(R',£'), 
where  R'  C  R  and  £'  C  B,  which  take  an  R-aJgebra  to  its  reduct  to  R'.  A  category 
is  small  if  its  class  of  objects  (and  hence  also  its  class  of  morphisms)  forms  a  set. 

Having  indicated  how  out  theory  of  categories  Is  to  be  based  on  set  theory,  and 
given  our  main  examples,  we  now  proceed  to  outline  the  rest  of  the  category-theoretic 
preliminaries  quickly  and  ask  the  reader  to  consult  the  references  for  more  information. 

The  dual  of  a  category  A  is  denoted  A*^ ;  as  with  peseta,  statements  about  cat¬ 
egories  have  duals,  and  if  a  statement  is  true  of  all  categories,  then  so  is  its  dual. 


ADA289360 


6.2 


2  Ptdanmuies 


30 


A  subcttegory  C  of  A  has  as  objects  and  morphisms  subclasses  of  the  objects  and 
morphisms  of  A .  in  such  a  way  that  the  inclusion  C  -•  A  is  a  functor 

Given  a  functor  G  C  —  A  and  object  A  €  A .  a  pair  {C,  u)  consisting  of  an  object 
C  e  C  and  a  morphism  u  A  —  GC  is  called  universe/  from  A  to  G  if  for  every  other 
such  pair  {C.  u')  there  is  a  unique  morphism  h.C—^C’  with  u'  =  Gh  o  u  If  G  is 
the  inclusion  of  a  subcategory,  then  a  universal  pair  from  A  to  G  is  called  a  relfection 
of  A  into  the  subcategory  Dually,  we  apeak  of  universal  pairs  from  G  to  A ,  and  a 
coteStcUon  when  G  is  an  inclusion. 

Two  functors  F  .A  — C  and  C .  C  —  A  are  adjoint,  srritten  F  -^G,  when  there  is 
a  family  of  btiections  bomc(^A,C)s:homA(A  GG) ,  natural  in  A  and  C  We  denote 
the  unit  of  the  adjunction  by  t) :  idx  -•  Go  F  and  the  counit  by  e  :  c  G  —  idc :  the 
components  of  these  correspond  under  the  bjjection  to  appropriate  identity  morphisms 
If  f  H  G,  then  the  pair  {FA,ttA)  is  universal  from  A  to  G  for  every  A  6  A,  and. 
conversely,  if  a  universal  pair  (FA.  ijA)  from  A  to  G  is  given  for  each  A  £  A ,  then  F 
can  be  (uniquely)  made  into  a  functor  such  that  F  -iG  For  us.  the  main  examples  of 
adjoint  functors  are  F  H  G.  where  G  is  a  forgetful  functor  between  equational  classes, 
and  F  is  the  corresponding  free  functor  arising  from  the  universal  property  of  free 
algebras.  In  case  C  is  a  subcategory  of  A  and  G  is  the  inclusion,  then  F  is  called  a 
reflection  If.  furthermore,  G  is  a  full  inclusion  (meaning  that  every  morphism  between 
objects  in  the  subcategory  is  also  in  the  subcategory),  then  the  counit  is  a  natural 
isomorphism  (i.e.,  every  component  eC  of  the  transformation  is  an  isomorphism). 
Dually,  a  functor  right  adjoint  to  an  inclusion  is  called  a  eoreSeetion  In  case  both  the 
unit  and  counit  are  natural  isomorphisms,  the  adjunction  is  called  an  equivalence,  and 
A  and  C  are  said  to  be  equivalent  categories 

If  J  is  a  small  category,  functors  17  :  J  —  A  are  the  objects  of  a  category  A* 
whose  morphisms  ace  natural  transformations  (composed  coordinatewiie)  The  diago¬ 
nal  functor  A  '  A  —  a'  takes  an  object  A  to  the  functor  which  is  A  on  all  objects 
of  3  and  ids  on  all  morphisms  The  category  A  is  said  to  have  limits  of  type  3  if 
A  has  a  right  adjoint.  Iimj  -  A'  —  A,  and,  dually,  colimits  of  type  J  if  A  has  a  left 
adjoint,  colimj  •;  A^  —  A  Given  a  diagram  D  ;  J  -•  A  of  type  J,  the  value  limD 
IS  called  the  limit  of  the  diagram,  sod  tbe  counit  ci7  :  AlinriD  —  D  is  the  limit  cone 
(dual:  coliimts  and  colimit  cones)  More  generally,  a  (as  opposed  to  “the” )  limit  of  D 
is  a  universal  pair  from  A  to  D  (called  a  limit  cone),  and  a  colimit  is  a  universal  pair 
from  D  to  A  (a  colimit  cone)  Given  a  morphism  AA  —  D  in  A’ ,  tbe  corresponding 
morphism  A  -•  limD  (or,  mote  generally,  A  — »  L  for  a  given  limit  i)  is  called  the 
mediating  morphism,  and  similarly  with  colimits 

A  functor  f  •  A  —  C  is  said  to  preserve  limits  of  type  3  if  for  every  diagram 
G  '.  J  —  A ,  F  takes  limit  cones  for  D  to  limit  cones  for  FoD.  F  is  said  to  create 
limits  of  type  3  if  every  limit  on  the  image  of  f  has  a  unique  preimage  in  A '  i  e  ,  if 
whenever  D  J  —  A  is  a  diagram  in  A  and  p ;  AG  FoD  at  limit  cone  in  C ,  then 
there  is  a  unique  p'  AG'  —  D  such  that  Fop'  =  p,  and  moreover  p'  is  a  limit  cone 
Limits  ate  preserved  by  right-adjoint  functors  (dually,  colimits  ate  preserved  by  left- 
adjoint  functors).  Limits  and  colimits  in  poset-categories  are  meets  and  joins,  and  the 
preservation  of  (co)limits  by  adjoint  functors  generdues  the  same  fact  for  adjunctions 
between  posete  (see  d  3)  A  category  is  complete  if  it  posseses  limits  of  type  3  for  every 
small  category  J  (dual  cocomplete)  It  can  be  shown  that  a  category  is  complete  iff 
it  has  equalizers  and  all  products  (dual  cocomplete  =  coproducts  -h  coequalirets). 
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6.2.  Particulan.  We  now  look  at  special  cases  of  lunlts  (aod  colinucs)  is  a 
category  A .  Limits  of  discrete  diagrams  D  (when  ever}'  morphism  of  J  is  an  identity 
morphism)  are  called  products  and  ate  denoted,  for  a  family  {A,  -  >  £  f } .  hy  His/  - 
The  projections  (making  up  the  limit  cone)  a«  denoted  »,  ;  Hie/  A,  -» A, .  If,  for  every 
1  e  /,  there  is  a  morphism  f,  :  B  —  A,  (so  that  the  family  {ft  ;  i  €  /}  determines  a 
natural  transformation  AB  —•  D),  the  moating  morphism  to  the  product  is  denoted 

•;  B  ->  FLe/Ai.  (Dual:  coproducts,  tAfections  v,  :■  A(  — 

IJ,j,  A(.)  The  limit  of  a  pair  /,y  :  A  —  B  of  morphisms  is  essentially  given  by  a 
morphism  e  :  £  -•  A  such  that  fae  =  goe  and  such  that  any  other  such  morphism 
factors  uniquely  through  e  (i.e.,  if  /  oc'  =  joe',  then  e'  =  e o h  for  some  (unique) 
h ),  it  is  called  an  equaliser  of  /  and  g  (dual:  coequtliier).  The  limit  of  a  diagram 
4  JL,  B  «JL  c  is  essentially  an  object  P  and  two  morphisms  A  ~  P  C,  called 
a  puilhackoftbediagram,tuch  that  fog'  ocgof  and  such  any  other  such  object  and 
two  morphisms  factor  through  P  in  the  obvious  way.  We  say  that  /'  is  the  pullback 
of  /  along  g  and  that  g'  is  the  pullback  of  g  along  /.  (Dual:  puahout.) 

A  morphism  /  A  —  fl  is  a  section  it  there  exists  g:  B  -*A  such  that  po/  =  ids 
(dual:  retraction).  Thus  an  isomorphism  /  is  both  a  section  and  retraction  (by  the 
same  g ,  which  is  called  the  inverse  of  /  and  denoted  g  =  /  is  a  monomorphism 

(or  IS  mono)  if,  foh  =  fok  implies  Ask  (dual:  epimorpbism,  or  epi).  If  p  is 
mono,  then  p  «  /  is  mono  iff  /  is  mono.  The  equaliser  of  two  morphisms  is  always 
mono;  such  monos  are  called  regular.  Given  a  tegular  mono  m,  the  two  morphisms 
resulting  from  pushing  out  m  along  itself  have  m  as  an  equ'liser.  /  is  an  extremal 
mono  if,  whenever  /  s  A  a  A  and  k  is  epi,  then  k  is  an  isomorphism  (dual:  extremal 
epi).  Sections  are  regular  monos,  aod  regular  monos  are  extremal,  hut  the  implications 
cannot  be  teversed  in  general 

Finally,  a  word  on  “the"  veraus  V.  In  most  categories,  limits,  coliimts,  and  so 
on,  ace  unique  only  up  to  isomorphism.  Thus,  there  is  a  difficulty  speaking  about 
“the"  product  of  A  and  B.  However,  in  the  algebraic  categories  that  we  deal  with 
here,  there  is  a  csaencical  choice  of  limit  (and  colimit),  sad  so  we  will  be  justified  in 
speaiang  about  “the"  limit  or  colimit,  by  which  we  will  always  mean  the  canonical  one. 

6.3.  The  category  Set.  What  do  all  these  concepts  mean  m  the  category  Set? 

Any  oneelement  set  is  a  terminal  object.  Products  are  given  by  cartesian  products  with 
their  projection  functions:  the  mediating  morphism  for  a  family  {/,:B  —  A,}  takes 
an  element  i  €  B  to  the  function  Ot  defined  by  oi(i)  =  The  equaliser  of  two 
functions  /,p  :  A  -•  B  can  be  given  by  the  inclusion  of  the  set  {a  6  A  :  /(a)  =  p(a)) 
into  A.  The  pullback  of  /  ;  A  -»  B  and  p  ;  C  -»  B  is  the  set  ((a,c)  e  A  x  C  ;• 
/(a)  w  p(e)};  the  functions  g'  and  /'  ace,  respectively,  the  projections  onto  the  first 
and  second  coordinates.  More  generally,  limits  in  Set  can  be  computed  at  follows: 
given  any  diagram  D  :  J  ->  Set ,  the  limit  of  D  can  be  taken  to  be  the  set  consisting 
of  those  <r  €  fljeJ  Bj  such  that  (D/)(o0))  =  “KA)  for  all  morphisms  f  :  j  —  k 
of  J.  The  limit  cone  consists  of  the  projections  onto  each  coordinate,  and  mediating 
morphisms  ate  just  as  with  Che  product.  As  for  colimits,  coproducts  ate  disjoint  unions, 
and  the  coequaliser  of  /,p  ;  -•  V  is  the  natural  map  (r  ■  F  -•  Y/R,  where  R  is 

the  equivalence  relation  generated  by  the  pairs  {(/(x).p(x))  :  z  e  X)..  In  general, 
the  colimit  of  a  diagram  D  :  J  —  Set  is  (IJiqj  f?j)/B,  where  {i,i)  R  {j,y)  (for 
i,i  e  J,  I  €  Dif  1/  e  Dj)  iff  there  exists  morpliisms  j'  .  t  -•  k  and  k  such 
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that  i,Dg')z  =  {Df)y  In  Set,  sections,  regular  monos,  extremal  monos,  and  monos 
all  correspond  to  injecti\e  functions  Also.  epts.  extremal  epis,  and  regular  epis  all 
correspond  to  surjective  functions,  the  Axiom  of  Choice  is  equivalent  to  the  statement 
that  all  surjective  functions  are  retractions 

6.4.  The  Pusbout  hemma.  The  following  Lemma  lists  the  properties  of 
pushouts  that  we  will  need  in  Chapter  8. 

Lemma.  Pushouts  of  epis  {resp ,  tegulu  epis,  retractions}  are  epi  (tesp ,  regular 
epis,  retractions}  Consider  the  eommutative  diagram 


(a)  It  hot/i  squares  are  pushouts,  then  the  outer  rectangle  is  i,  pushout  (i.e.,  h'og' 
IS  a  pushout  of  hog  along  f ) 

(b)  If  the  outer  rectangle  is  a  pushout,  and  the  pair  (f'.g')  is  jointly-epi  (i.e , 
kio  f  s  kjof  and  ktog'  =  ksog'  together  imply  ki  si  ki ;  note  that  this  is  the  ease 
if  the  left  square  is  a  pushout),  then  tie  right  square  is  a  pushout 

(c)  If  J  IS  epi  and  f  is  an  isomorphism,  then  the  left  square  is  a  pushout. 

Proof.  See  [18,  p.l83]  for  a  proof  of  the  first  part  of  the  Lemma.  Parts  (a)  and 
(b)  are  standard  ([29,  p  72].  [IS.  p.lSOj).  For  (c),  suppose  hi  and  hj  are  such  that 
hi o/ s: hj OJ.  Let  m  =  hjo (/')*',  Then  mo/'s  hj  and  mo p'o/  =  mo/'ep  = 
kjog  =  k\of  Since  }  is  epi,  meg'  =  h].  Thus  m  is  the  required  mediating  morphism 
(which  is  obviousi)'  unique). 

6.5.  Categorical  properties  of  algebraic  categories,  A  category  A  equiva¬ 
lent  to  a  category  of  the  form  Mod(f),  E)  will  be  called  elgebraic,  if  Si  can  be  taken 
to  be  a  set,  then  A  is  called  monadic.'  An  algebraic  category  is  monadic  iff  it  pos¬ 
sesses  free  algebras  over  any  set.  This  subsection  is  devoted  to  giving  the  categorical 
properties  of  an  algebraic  (or  monadic)  category  A  =  Mod(R,  £). 

6.5.1.  A  is  complete,  and  limits  in  A  are  computed  as  limits  of  the  underlying 
sets,  with  operations  defined  pointwise  (the  forgetful  functor  to  Set  creates  limits) 

6.5.2.  In  A ,  regular  epi  sz  extremal  epi  =  surjective,  and  mono  =  injective. 

6.5.3.  A  has  coequaJisers;  if  A  is  monadic,  then  it  also  has  coproducts  and  thus 
all  colimits  The  coequaliter  of  two  motphisms  /,g  .  A  B  is  given  by  the  natural 
map  hi  S  —  B/^,  where  fi  =  6({{/{o).p(o)) .  a  e  A]).  Assummg  that  free  algebras 
over  any  set  exist,  the  coproduct  of  a  family  (A,- :  s  €  7}  of  algebras  (which  we  assume 
for  convenience  are  disjoint)  is  given  by 

rn(U^a.)/(£uUaa.)' 

•€/  »€/ 

^  Th«  source  of  this  tem  is  (he  theory  of  mooeds;  ftlthou|h  this  theory  uoJies  much  of  wh*(  we 
discussi  «nd  the  knowledfeble  reader  wdl  see  th«t  our  presesution  is  guided  by  it,  I've  avoided 
introducmg  it  explicitly,  becauu  much  of  the  technical  baggage  is  unaecctsary  for  our  results 
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(A'x  and  Ax  and  the  operation  (-)'  on  equations  ate  defined  in  5.5). 

6.5.4.  A  has  both  (txtnmal-epi,  moBo)-bctontttiont  and  (epi,  txtcemal-moao)- 
fartorizations.  The  first  just  refers  (in  view  of  6.5.2)  to  the  usual  fact  that  every 
morphism  /  can  be  factored  as  /  =  hop,  where  g  is  extremal-epi  (=  onto)  and  A  is 
mono  (=  1-1),  and  that  any  other  such  factorisation  f  =  h'  og'  is  equivalent  in  the 
sense  that  h'  =  mo h'  and  h'  =  h o m  for  a  unique  isomorphism  m  The  morphism 
g  can  be  taken  to  be  !||,«,  y .  The  second  says  the  same,  except  that  g  is  epi  and  h 
is  extremal-mono  (but  note  Chat  epis  need  not  be  onto  and  not  all  monos  need  be 
extremal). 

8.5.5.  Finally,  we  point  out  that  if  every  u>  €  0  has  {i(u)|  <  x  for  some  fixed 

regular  cardinal  k  (and,  hence,  A  is  monadic),  then  cert.iio  colimit  constructions  on  A 
become  simplified  (techmcally,  A  is  locally  x-presentabie).  For  example,  we  say  that 
J  is  a  K-SUeted  category  if  every  subcateeory  J'  of  J  with  less  than  x  morphisms  has 
a  cone  over  it  (i.e.,  there  exists  a  natural  transformation  idj>  ->  A>  between  functors 
J'  —  J' ,  for  some  j  €  3 ).  Then,  if  J  is  a  x-filt*r«d  category,  the  colimit  of  any 
diagram  of  type  3  is  calculated  as  in  Set;  i.e.,  the  forgetful  functor  to  Set  creates 
limits  of  type  3 .  In  particular,  if  3  is  a  (poset-category  that  is  a)  chain  such  that 
every  5  C  3  with  |5{  <  x  (a  “x-subset")  has  an  upper  bound,  and  D  ;  3  —  A  is  a 
diagram  such  that  for  every  j  <k,  D{}  —  F)  is  an  inclusion,  then  colimZ)  is  just  the 
union  of  the  algeras  Dj,  j  €3.  Similarly,  if  {9,  ; ;  6  3)  it  a  chain  of  congruences  in 
an  algebra  A  with  an  upper  bound  for  every  x-subset,  then  =  U/o  9)  ■ 

6.6.  Foundations.  The  properties  of  x-filtered  colimits  in  a  monadic  category 
with  arities  bounded  by  x,  as  in  S.5,5,  turn  out  to  be  very  useful.'  We  now  describe 
a  few  methods,  tome  more  “philosophical”  than  technical,  for  treating  non-monadic 
algebraic  categories  as  if  they  were  bounded. 

An  iaaccesoible  cardinal,  which  we  will  always  write  as  oo,  is  an  uncountable, 
regular,  strong-limit  cardinal  (uncountable,  of  course,  means  |oo|  >  u ,  and  x  is  a 
strong-limit  cardinal  if  A  <  x  impliu  2*  <  x).  Let  it  be  said  immediately  that  the 
existence  of  inaccessible  cardinals  cannot  be  proved  (nor  even  proved  consistent)  in 
ZFC,  however,  they  have  a  plausibility  similar  in  nature  to  the  existence  of  infinite  sett 
(which  ate  alto  “inaccessible”  without  the  Axiom  of  Infinity).  Given  aflxed  inaccessible 
cardinal  oo,  let  us  call  a  set  X  tmtll  if  |Jf|  <  oo  and  large  otherwise.  In  addition  to 
being  “inaccesible”  by  unions  (regularity)  and  powersets  (A  >->  2^),  one  can  show  that 
any  set-theoretic  construction  involving  small  sets  will  result  in  a  small  set. 

Assuming  the  existence  of  an  inaccessible  cardinal  oo,  we  may  decide  to  restrict  our 
attention  to  small  sets,  and  hence  small  algebras,  etc  ,  since  all  of  the  sets  we  deal  with 
in  normal  mathematical  work  are  small.  By  accepting  this  restriction,  we  then  make 
all  of  our  algebraic  categories  bounded  by  oo,  and  hence  amenable  to  the  use  of  the 
results  mentioned  in  6.5.5.  If  this  helps  us  to  prove  something  about  small  algebras, 
then  It  is  worthwhile. 

An  extension  of  this  approach  posits  an  unlimited  number  of  inaccessible  cardinals 
(specifically,  for  every  cardinal  there  is  a  larger  inaccessible  cardinal).  This  is  equivalent 
to  Grothendieck’s  method  of  universes;  a  universe  is  a  set  closed  under  all  set-theoretic 

*  And  they  are  one  food  reaeoet  why  most  univereol  olfebro  texts  only  treat  the  Unitary  case,  where 
K  s  u  (another,  to  he  sore,  is  notational  sinplitsty).  For  example,  the  famous  BirlthoJT  Subdirect 
Representation  Theorem  is  true  only  in  the  finltary  case. 
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constructions,  and  one  supposes  that  <ver>  set  belongs  to  some  universe  The  purpose 
of  this  18  to  recover  irhat  was  lost  with  a  single  inaccesible  cardinal,  namely,  there 
were  some  sets  (the  large  ones)  that  couldn't  be  talked  about,  and  with  unlimited 
inaccessibles,  every  set  becomes  small  at  some  point  Cnfortunately,  to  really  exploit 
this  extra  generality  involves  some  technical  difficulties,  since  one  is  constantly  needing 
to  shift  between  universes 

A  better  approach,  developed  by  Feferman  (8J,  is  to  adjoin  a  predicate  5  to  the 
language  of  set  theory,  with  the  idea  that  5(x)  asserts  that  “x  is  small”,  and  then  add 
axioms  which  say  that  small  sets  satisfy  the  same  formulas  (in  the  language  without 
5)  as  all  sets.  This  solves  the  problem  that  universes  were  created  for— to  regain 
the  universality  lost  by  a  single  inaccessible — but  without  the  associated  technical 
disadvantages  Furthermore,  and  quite  importantly,  the  extension  of  ZFC  to  include 
5  is  conservative-  no  new  theorems  of  ZFC  can  be  proven.  This  differs  from  the  other 
approaches,  which  require  extra  assumptions.  The  idea  is  roughly  that,  as  with  the 
Reflection  Principle  of  set  theory  (see  [19,  p.89]),  though  an  inaccessible  cardmal  offers 
absolute  inaccessibility,  the  approach  with  S  offers  innaccesibility  for  any  jinite  number 
of  set-theoretic  operations,  winch  is  all  that  can  appear  in  a  proof  anyway. 
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Chapter  3 

HEYTING  ALGEBRAS  AND  EXTENSIONAL  OPERATORS 


Ever}’  frame  is  a  Heyting  algebra;  thus,  we  begin  our  investigation  of  &aines  by 
looking  at  the  properties  of  Heyting  algebras  Alter  tome  basic  facte  m  Section  7,  we 
look  in  Section  8  at  the  relationship  between  Heyting  algebra  congruences  and  filters. 
In  this  respect,  Heyting  algebras  ate  less  like  lattices  and  distributive  lattices,  and  mote 
like  groups  and  rmgs:  every  congruence  is  determined  by  one  of  its  equivalence  classes. 
Although  this  material  is  well-known,  we  go  into  detail  in  order  to  bring  out  some 
additional  information  (for  example  Proposition  8.8)  and  to  prepare  for  the  results  of 
the  following  section.  In  the  last  (and  by  fat  the  largest)  section.  Section  6,  we  introduce 
and  study  the  concept  of  extensions!  operator  The  first  part  of  Section  S  introduces 
the  method  of  calculation  we  use  in  Heyting  algebras  (“replacement  ptinciples”),  and 
the  test  of  the  section  is  devoted  to  several  classes  of  extensional  operators  and  their 
various  properties. 


7.  Definitions  and  basic  properties 

7.1.  Definitions.  A  Heyting  a/gebrsis  an  algebra  A  =  (A,  A,  V,  0, 1)  such 
that 

(a)  (A,  A,  V,  0. 1)  is  a  lattice,  and 

(b)  -•  IS  a  binary  operation  that  satisfies 

4A6<ciffo<t-»c  (1) 

for  all  0,  i,  c  €  A ,  where  <  is  the  lattice  order 

A  Heyting  lattice  is  a  lattice  that  it  the  ceduct  of  a  Heyting  algebra. 

In  any  Heyting  algebra,  it  will  be  convement  to  define  two  other  “arrow”  operations, 
*-•  (“bi-arrow”)  and  — •  (“double-arrow”),  by 

u <->b  =  (a— >8) A(6  — a),  and 
0  — *  8  =  (o  — -  8)  — -  8. 

For  notatioual  convenience,  we  extend  the  Heyting  operations.  A,  V,  and  to 
sets,  by  stipulating  that  these  operations  “distribute  over”  sets  producing  sets,  thus, 
for  example,  if  a,  8  €  A  and  S  C  A ,  then 

a  A  (8  -•  S)  =  a  A  (6  —  s  :  s  6  5J  =  {o  A  (8  —  s)  •  s  6  S). 

Simiiatly,  if  /;  A  —  H  is  any  function  and  S  C  A,  then 

/(S)  =  {/(s).s€H)CH. 

Finally,  recall  that  in  any  lattice,  we  consider  (“arbitrary"  or  “infinite”)  joins  and 
meets  as  partial  functions  PA  A.  An  expression  involving  such  a  meet  or 

J5 
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join  may  therefore  be  undefined,  given  two  such  expressions  £  and  we  use  the 
notation 

E^e 

to  indicate  directed  equality,  i  e  ,  if  £  is  defined  then  so  is  £'  and  E  =  E'  If  both 
Eld  E'  and  E'dE,  then  we  write  £  x  £' 

7.2.  Here  are  some  facts  about  Heyting  algebras  and  Heyting  lattices  that  we  will 
regard  as  basic  and  use  freely  in  calculations. 

Proposition.  Suppose  that  A  is  a  Seytmg  algebra,  a,  6,  e  €  A ,  and  S  C  A  Then 
the  following  statements  hold' 

(a)  a  —  a  =  1 

(b)  (a  -•  4)  A  6  =  4  equivalently,  b<a  —  6 

(c)  aA(o  — t)  =  oA4. 

(d)  a->(4 Ac)  =  (a  — 4) A(a  — e) 

(e)  a-(4-e)  =  (aA4)-c 

(f)  l-a  =  a. 

(g)  a  A  (4  V  c)  =  (a  A  4)  V  (a  A  c)  (and  thus  a  V  (4  A  c)  =  (a  V  4)  A  (a  V  c)) 

(h)  (a  V4)  —  c  =  (a  —  c)  A(4  — c). 

(i)  The  operation  a  — ~  is  monotone;  the  operation  — >  a  is  anti-nioaotone 

(j)  a  <  4  if  and  only  if  a  -■  4  =  1 . 

(k)  a<a  — 4 

(l)  (a  — 6)-4  =  a-4 

(m)  ali\/Sd\JaAS 

(n)  a--A5-A<>-'5 
(0)  (\/S)-cdAS-a 

Moreover,,  a  lattice  i  is  a  Heyting  lattice  iff  a  (necessarily  unique)  binary  operation 
->  on  L  can  be  defined  so  that  (a)-(d)  bold  for  all  a,  4,  c  €  £ 

Proof.  For  (a)  and  (b),  use  7.1(1)  on  the  inequalities  lAa<aand4Aa<4 
Use  it  in  the  other  direction  on  a  —  4  <  a  -•  4  to  get 

a  A  (a ->4)  <4  (1) 

and  hence  a  A  (a  —•  4)  <  a  A  4;  the  reverse  inequality  follows  from  (b)  and  the  mono- 
tomcity  of  a  A  -  Continuing  with  7.1(1),  and  using  the  Yoneda  lemma  for  posets 
(3.3),  an  arbitrary  z  S  X  is  leas  than  either  side  of  (d)  precisely  when  x  A  o  <  4  A  c, 
either  side  of  (e)  when  x  A  a  A  4  <  c,  and  either  side  of  (f)  when  x  <  a,  proving  (d), 
(e),  and  (f).  Statements  (g)  and  (b)  are  special  cases  of  (m)  and  (o),  since  binary  joins 
exist  in  A .  Monotonicity,  (i),  follows  from  (d)  and  (h);  see  9.3  for  details  (j)  is  trivial. 
The  inequality  (k)  follows  from  (1),  and,  therefore,  so  does  half  of  (1)  For  the  other 
half,  if  X  <  a  —  4,  then  (a  —  4)  — 4  <  i->4  by  antimonotonicity  of  -  —  4,  and  so 
1  <  (a -•4)  — 4  by  two  applications  of  7.1(1). 

Next,  suppose  that  V  ^  exists.  Then 

VseSoA5<i  iff  Vs€Sa<a  —  z 
iff  y S <o-> z 
iff  a  A  V  S  <  X 
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Thus  a  A  V  5  IS  the  least  upper  bound  of  a  A  5.  proving  (m);  the  proofs  of  (n)  and  (o) 
ate  analogous 

Finally,  a  proof  that  (a)-(d)  constitute  (along  with  the  lattice  equations)  an  equa* 
tional  axiomatiration  of  Heyting  algebras  can  be  found  in  [22. 1 1.10] 

7.3.  Regular  and  Boolean  elements.  If  a  is  an  element  of  a  Heyting  algebra 
A ,  then  the  element  a  — •  0  is  often  denoted  by  and  called  the  negation  (or  pseudo- 
complement)  of  a  Note  that  a  A-<a  =  0;  in  fact,  is  the  largest  element  x  such 
that  a  A  X  =  0.  We  say  that  a  is 

(a)  ngultr  if  -’-'a  =  a .  and 

(b)  Boolean  if  a  V  -la  =  1 

Trivially,  an  element  is  Boolean  iff  it  has  a  complement  (sometimes  we  call  Boolean 
elements  complemented)  Let  i  €  A  be  Boolean.  Since  7.2(i)  implies  that  >  b, 
we  have 

-i->6v-.6>  6v-<4=  1, 

and  so  -'-'4  V  -’b  =  I  But  A  -i4  =  0,  showing  that  -'-•6  is  also  a  complement  of 
4.  By  the  uniqueness  of  complements  in  a  distributive  lattice.  -'^4  =  4  Hence,  every 
Boolean  element  is  regular 

7.4.  Our  mam  interest  in  Boolean  elements  is  that  they  behave  nicely  with 
respect  to  the  Heyting  algebra  operations  (and,  as  we  shall  see  later,  certain  operators 
on  Eeytmg  algebras). 

Proposition.  Suppose  A  is  a  Heyting  algebra,  4  €  A  is  Boolean,  and  5  C  A 
Then  the  foUowing statements  hold  for  til  a.eSA:- 

(a)  u  A  4  <  c  if  and  only  if  a  <  ->4  V  c 

(b)  4  — c  =  ^4Vc. 

(c)  a— *4  =  ^0 V4. 

(d)  4vA5!=A4v5 

Proof,  (a)  Suppose  a  a  6  <  c.  Then 

-'4  V c  >  "4 V(a  A 4)  =  (-tbV a)  A(“4 V 4)  =  -<4  Vo  >  a 
so  that  0  <  -i4  V  c  Conversely,  suppose  that  a  <  -4  V  c.  Then 

a  A  4  <  (-4  V  e;  A  4  =  (--b  A  4)  V  (c  A  4)  =  c  A  4  <  c. 

(b)  For  any  x  €  A,  7.1(1)  and  (a)  give 

X  <  4  —  c  iff  X  A  4  <  c  iff  X  <  -i4  V  c, 

(c)  Since  a  — •  4  >  a  — •  0  and  a  -•  4  >  4,  one  direction  is  clear.  The  other  direction 
1$  equivalent  by  (a)  to 

(a -•  4)  A -lb  <  a -•  0, 

which  IS  true  iff  a  A  (a  —•  4)  A  ^4  <  0.  But  this  is  clear,  since  a  A  (a  —  4)  <  4  and 
4A-'4  =  0. 
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(d)  Using  =  6.  (b).  and  7  2(n).  we  have 


7.5.  Boolean  lattices.  Recall  that  a  Boolean  lattice  is  a  distributive  lattice  in 
which  every  element  has  a  complement  (which  is  necessarily  unique)  The  following 
proposition  gives  an  alternate  description  of  Boolean  lattices 

Proposition.  If  4  /s  a  Heyting  lattice  in  which  every  element  is  reguiar.  then  A 
15  a  Boolean  lattice 

Proof  Suppose  everv  element  of  .4  is  regular  and  let  a  6  .4.  It  is  enough  to 
show  that  a  V  “’ll  =  I  Now . 


a  V 


— »(a  V  -a) 
-'(-tfl  A  -'-'0) 
-*0  =  1 


7.6.  Here  are  some  facts  about  Boolean  lattices,  generalizing  the  De  Morgan  laws 
of  4  2 

Proposition.  Suppose  is  a  Boolean  lattice  and  S  C  A.  Then 

(a)  The  map  i  —  -*r  is  an  order  isomoprhism  A  —  /4®^ 

(b) 

(c) 

Proof  Since  every  element  of  A  is  tegular,  the  map  o  >-  ->0  is  onto  {a  i  A  has 
pteimage  -la),  moreover •• 

-o  < -4  iff  -’oA4<0  iff  4<-'-'0  iff  4<a 

for  every  a,  4  £  /I,  shoatng  that  it  is  also  an  order-reversing  embedding,  proving  (a). 
Parts  (b)  and  (c)  follow  immediately  from  (a),  since  -v,  by  reversing  the  order,  swaps 
meets  and  joins. 

8.  Filters  and  congruences 

8.1..  Filters.  A  filler  in  a  meet-semilattice  A  is  a  subset  F  C  A  satisfying  tha 
following  three  conditions 

8.1.1.  leF. 

8.1.2.  a  €  f  and  a  <  a'  imply  a'  €  f  (a,  o'  6  A) 

8.1.3.  a  e  F  and  4  £  F  imply  a  A  4  6 /■  (a,4£A) 

8.2.  Filters  from  Coagruenccs.  Every  meet-semilattice  congruence  gives  an 
example  of  a  filter 

Proposition.  Suppose  fi  is  a  congruence  on  a  mttt-sanilattict  A.  Than  !/?  is  a 
niter  ill  A 
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Proof.  We  check  8  1 1-8.1  3  fot  l/i  Since  1  6  1/9,  8.1.1  is  clear.  Next  suppose 
a  €  1/9  and  a  <  a'  Then  a  9  1  and  a'  9  o',  so  u  =  a  A  a'  9  1 A  a'  =  a'  Thus,  a  9  a' 
and  so  a'  €  1/9.  verifjing  812.  Finally,  suppose  a.  9  €  1/9  Then  a  9  1  and  9  9  1  so 
that  u  A99  1.  Thus.  aA9  6  1/9,  verifyingS  1.3. 

8.3.  The  equivalence  of  filters  and  congruences.  In  the  rest  of  this  section 
we  show  that  fot  Heyting  algebras  the  filters  ansing  from  congruences  ate  typical- 
associated  to  each  filter  F  in  a  Heyting  algebra  d  is  a  congruence  ©(F)  on  A  such 
that  the  operations 

F-~e(F)  and  9«l/9 

ate  mutually  inverse  isomorphisms  between  the  set  of  filters  in  A ,  ordered  by  inclusion, 
and  ConX. 

We  start  with  the  following  proposition. 

Proposition.  Let  A  be  a  Heyting  algebra  Then  for  every  o,r  p€  A  the  following 
statements  are  equivalent- 

(a)  a  -•  r  =  0  —  y 

(b)  uAi  =  oAy 

(c)  a  <  *  —  y 

(dl)  y€laAz,a~i] 

(d2)  I  €  [a  A  y,  a  —  y] . 

Proof  Since  a  A(a  — 9)  =  a  A9  and  a-*(aA9)  =  (a  —  o)  A(a-»9)  =  a  —  9  for 
every  a,  9  6  A .  the  two  operations  a  A  -  and  a  -  ate  related  to  each  other  by  the 
equations 

a  A  —  =  a  A(a  — 
a - =  o-(oA-) 

By  applying  these  two  operations  to  the  equations  (a)  and  (b),  respectively,  it  follows 
that  (a)  e»  (b)  for  every  a,  i .  y  £  A  Now  consider  the  conjunction 

oAi<y  and  aAy<r.  (2) 

Clearly,  (2)  is  equivalent  to  the  conjuction 

a  A  r  <  a  A  y  and  a  A  y  <  a  A  r 

and  thus  equivalent  to  (b)  Alternatively,  (2)  is  equivalent  to 

a  <  r  -»  y  and  a  <  y  -•  r 

and  thus  to  (c).  Alternatively  again,  (2)  is  equivalent  to 

a  A  a  <  y  and  y  <  a  —  r 

and  thus  to  (dl);  the  case  of  (d2)  is  similar. 

8.4.  Notational  convention.  We  WJu  CXpiCgt  the  CQulVoleuCc  of  the  eQUatiOnS 

a  — •  r  55  a  — *  y  and  o  A  x  =:  a  A  y, 


ADA289360 


3  6  3.  ffevting  ilgebrts  uid  exMtsionil  opeutors  40 

and  denote  them  both  bj 

a«r  =  fl»y 

More  formally  (and  more  generally)  the  symbols  •,  etc  ,  appearing  m  a  formula 
may  denote  either  —  or  A  but  must  denote  the  same  operation  m  all  of  their  oc¬ 
curences  This  notation  will  only  be  used  in  a  formula  if  all  resulting  instances  of  the 
formula  are  equivalent  Thus  1 »  a  =  a  denotes  the  two  (talid)  equations  1  —  a  =  a 
and  1  Aa  =  a .  and  the  reader  may  verify  the  truth  (and  hence  equivalence)  of  all  four 
instances  of  the  equation  a  <  (a  •'  3)  =  a  •  3  (to  be  used  later  in  fact) 

8.S.  Proposition.  If  F  is  i  filter  la  a  Beyting  slgebte  A ,  then  for  every  pn'r  of 
elements  x.yS  A,  the  following  two  statements  are  equivalent 

(a)  a  •  a  =  a  •  y  for  some  a  6  f 

(b) 

Moreover  if  we  define  the  relation  0(f)  to  bold  between  r  and  y  just  in  case  these 
statements  ate  true,  then  0(f)  is  a  congruence 

Proof.  The  equnalence  of  (a)  and  (b)  follows  directly  from  8  3  if  (a)  holds,  then 
0  <  z  —  y,  and  thus  using  8  1.2  so  does  (b),  conversely,  if  (b),  then  z  —  y  <  x  y 
gives  (a)  with  a  =  a  —  y 

We  now  show  that  6(f)  is  a  congruence  Since  1  6  f  (8  1,1),  it  follows  that  6(f) 
IS  reflexive,  0(f)  is  obviously  symmetric;  for  transitivity,  suppose  a  6(f)  y  0(F)  z 
Choose  a.  6  6  f  such  that  aAa  =  aAy  and  b  A  y  =  6  A  a  Then  aAbSfbySlS, 
and 

(a  A  4)  A  a  =  3  A  (a  A  a)  =  4  A  (a  A  y)  =  0  A  (3  A  y)  =  a  A  (3  A  a)  =  (a  A  i)  A  a, 

sc  that  a  @(f )  a .  We  have  thus  shown  that  6(f)  is  an  equivalence  relation 

To  complete  the  proof  we  need  to  show  that  6(f)  repeets  the  basic  operations  of 
A.  Suppose  a  6(f)  z'  and  y  6(f)  if,  and  choose  a,3€  f  such  that 

a  A  a  =  a  A  a'  and  3  »  y  =  3  •  jf 

As  before,  a  A  3  €  f  Now. 

(a  A  3)  A  (a  A  yj  =  (a  A  a)  A  (3  A  y)  =  (a  A  a')  A  (6  A  y")  =  (s  A  i)  A  (l'  A  y'), 
thus,  a  A  y  6(f)  a'  A  if  Similarly,  using  distributivity, 

(a  A  3)  A  (a  V  y)  =  (a  A  3  A  a)  V  (a  A  4  A  y) 

=  (a  A  3  A  a')  V  (a  A  3  A  y')  =  (a  A  3)  A  (a'  V  y'), 

and  SO  i  V  y  ©(f }  i' V  j/  Finally, 

(a  A4)  — (a  — y)  =  (oAa)  — (3  — y) 

=  (aAa')-(3-y')  =  (oA3)-(a'-y'), 

showing  that  z  —  y  6(f)  —  if  This  completes  the  proof 
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8.6.  Proposition.  Suppose  A  is  a  Heytmg  algebra  Then 

(a)  F  C  F'  if  and  only  if  e{F)  C  6{F') ,  for  all  Rlteis  F,  F'  in  A,  and 

(b)  e[l/e)  =  B,foraII  9eCmA. 

Proof.  To  prove  (a),  assume  F  C  F'.  Then  z  6(F)  y  implies  r  <-•  y  £  f ,  so 
that  zt->y  5  F'  and  x  6(F)  y,  showing  that  6(F)  C  6(F’).  Conversely,  assume 
6(f)  C  6(F') .  then,  o  =  a  •- 1  €  F  implies  u  6(F)  1 ,  so  that  a  6(F’)  1  and  a  £  F' 
showing  that  F  C  F' . 

To  prove  (b)  suppose  1 6(1/6)  y.  Then  a  *  t  =  a  *  y  for  some  a  £  1/9  Hence, 
r  =  l»i9a*x  =  a«y91»y  =  y 

Thus,  z  9  y,  and  we  have  s.hown  that  6(1/9)  c  9.  For  the  converse,  suppose  i  9  y. 
Then  1  =x-‘x6  z  —  y,  and,  similarly,  1  9  y  —  i  Thus,  1  9  r  —  y.  So  z .-  y  £  1/9 
and  z  6(1/9)  y,  which  shows  9  C  0(1/9). 

8.7.  Theorem.  let  4  be  a  Heyiing  algebra.  Tjien  6.  as  defined  in  8.5,  is 
an  isomorphism  between  the  set  of  filters  on  A.  ordered  by  inclusion,  and  Con  .4,  its 
inverse  is  given  by  9  —  1/9. 

Proof  6  maps  fillers  to  congruences  by  8.5.  It  »  order-preserving  and  1-1 
by  8.6(a).  and  it  is  onto  by  8  6(b)  Thus  6  is  an  isomorphism  Finally,  8.6(b)  shows 
that  0"'  is  given  by  9  •-  1/9 

8.8.  Proposition.  Suppose  .4  is  a  Beytmg  algebra  Then  the  prinicpal  congru¬ 
ences  of  A  ate  exactly  those  associated  with  principal  filters  in  i4 .  If  F  is  the  principal 
filter  ta,  then  the  equivalence  class  of  6(F)  containing  z  is  the  interval  [oAz.  a—z], 

?n  symbols.  r/0(ta)  =  [a  A  z,  a  -•  z] . 

Proof  It  u  clear  from  the  preceding  results  that  6(a,  i)  =  6()o  <-  i)  and 
0(Tc)  =  0(c,  1),  establishing  the  first  part  of  the  proposition  The  second  part  follows 
from  8.5  and  8.3: 

z0(To)y  iff  a»z  =  o*y  iff  y£[aAz,  a  — z] 

9.  Extensional  operators  on  Heating  Algebras 

9.1.  Operators.  Recall  that  an  operator  on  a  poset  A  is  limply  a  function 
I  ■  A  -<  A,  that  composition  of  operat  rs  1  and  m  is  denoted,  as  usual,  by  mol 
(so  that  (m  0  l)o  =  mla ),  and  that  a  closure  operator  is  inSationary,  monotone,  and 
idempotent 

If  4  is  a  lattice  or  Heytmg  algebra,  then  the  collection  of  all  operators  on  A  is 
liltewise  a  lattice  or  Heytmg  algebra,  where  the  order  on  operators  is  pointwise 

I  <  m  if  and  only  if  Vo  £  /!  Ic  <  mo. 

The  operations  I  Am.  Iv  tn,  and  I  —  m  and  constants  0  and  1  are  therefore  also 
pointwise  (lAm)a  =  lo  Amo,  Oo  =  0.  etc  (Of  course,  this  is  just  another  presentation 
of  the  product  ) 


ADA289360 


9.4 


3  HeytiDg  utd  exUnsiontJ  opetHors 


42 


9.2.  Here  are  two  simple  results  illustrating  the  above  notions 

Proposition.  Suppose  that  p  and  q  are  operators  on  a  lattice  A  Then 

(a)  if  p  and  q  are  inflationary  anrf  monotone,  then  p  V  ?  <  (p  o  9)  A  c  p) . 

(b)  If  p  and  p'  are  monotone  and  q  is  idempotent,  then  p<q  and  p'  <  g  imply 

pop' <9 

Proof  Let  p  and  f  be  as  in  (a),  and  fix  n  £  .4  Since  ;  is  inflationary,  we  bave 
both  a  <  ;a  and  pa  <  ^pa  I'smg  (he  monotonidty  of  p  on  the  former,  pa  <  pga,  and 
hence  pa  <  pja  A  qpa  Similary.  using  that  p  is  inflationary  and  that  q  is  monotone, 
we  have  qa  <  pqa  A  qpa  and  hence  paV  qa  <  pqa  A  qpa  Rewriting,  (p  V  q)a  < 
((po  f)  A(j  ep))a,  and  since  a  was  arbitrary,  (a)  follows 

Now  suppose  p,  p'  and  q  ate  as  in  (b),  and  fix  n  €  .4  It  p  <  q  and  p’  <q,  then 
applications  of  the  assumptions  yield 

pp'a  <pqa<  qqa  =  qa 


and  so  (b)  follows 

9.3.  Proposition.  Suppose  that  p  a  ta  operator  on  a  lattice  A.  Then  (he 
following  three  statements  are  equivaient  • 

(a)  p  IS  monotone 

(b)  p(o  A  4)  <  pa  A  p6  for  every  a.  i  £  ^ 

(c)  pn  V  p6  <  p(o  V  i)  for  every  a,  4  £ 

Proof  By  symmetry,  (b)  is  equivalent  to  p(aA4)  <  pa  over  all  a.4  £  /I.  But  the 
pairs  (x.p)  with  i  <  y  and  the  pairs  (aA4,4)  with  a  and  4  arbitrary  are  coextensive, 
since  *<jriffr  =  tAi(  Thus  (a)e»(4)  The  proof  of  (a)04(c)  is  dual. 

9.4.  Extensional  operators.  The  main  property  of  the  operators  we  will  be 
studying  is  extensionality,  which  Is  introduced  by  the  following  proposition. 

Proposition.  Suppose  I  is  an  operator  on  the  Heyting  algebra  A  Then  the 
following  statements  are  equivalent 

(a)  zfy  implies  Iz  t  ly  for  all  i,y^  A  and  9  £  Con  A . 

(b)  a  aIz  <  l{a  •  z)  <  a  -•  U  for  all  a.z  G  A. 

(c)  atlz  =  atllas'z)  foralla.zeA. 

(d)  a  » I  =  0  •  y  implies  a  *  fx  =  a  •  (y  for  all  o.  z.  y  £  ;4 

(e)  X  e*y  <  (x  —  ly  for  all  x.y£  A 

An  operator  satisfying  these  conditions  is  called  extensional 

Proof  By  Proposition  8  8.  (b)  is  equivalent  to  f(a.xj  6(tn)  fx,  which  is  the  case 
if  I  satisfies  (a),  since,  taking  0  =  6(l3),  we  have  a  0  1  and  therefore  a<x41>x  =  z. 
Thus  (a)  implies  (b) 

Next,  since  a*(o*'x)  =  o»r,  applying  the  monotone  operato-  o  »  -  to  (b)  yields 
ar/z  <  atl(as'z)  <  a*  lx. 

Thus  0  « lx  =  a  >  i(a  x)'.  and  (b)  implies  (c) 
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Assume  (c)  and  that  a*'  x  =  at’  y.  Then 

atlz  =  a*l{a*'  x)  =  a*l{a*'  y)  =  a*  ly, 

proving  that  (c)  implies  (d). 

Now  (d)  is  equivalent  by  8  3  to  the  statement 

a<i«y  implies  a</**-lp  (o,x,yeA),  (1) 

which  IS  in  turn  equivalent  to  (e)  by  Yoneda  (3  3) 

Finally,  assume  (e),  let  $  €  Con  A.  and  suppose  zffy.  Then  x  6(1/8)  y  by  8  6(b), 
and  so  z  •-  y  €  1/8.  But  1/8  is  up-closed  and  so  Iz  ly  €  1/8  It  fallows  that 
IxS  ly.  Hence  (e)  implies  (a),  and  the  proof  is  complete 

9.5.  Discussion.  Condition  (a)  of  the  proposition  says  that  I  is  compatible 
with  every  congruence  of  A  Clearly,  therefore,  every  polynomial  function  on  A  is 
extensional  (where  a  polynomial  function  is  defined  analogously  to  a  term  function, 
except  that  “constants’’  from  A  may  appear  in  the  term).  Mote  generally,  for  any 
extensional  operators  I  and  m,  the  operators  lAm,  IVm,  l—m,  and  lorn,  and  the 
constant  operators  0  and  1 ,  are  extensional  In  other  words,  the  extensional  operators 
form  a  sub-Heyting  algebra  of  the  algebra  of  all  operators.  Notice  that  the  “free” 
occurences  of  •  and  •'  in  (b)  and  (c)  each  give  rise  to  two  distinct  conditions  whose 
equivalence  does  not  follow  from  8  3  but  rather  is  established  in  the  course  of  the 
proof  above.  The  word  ''extensional”  used  to  describe  these  operators  is  derived  from 
condition  (e),  which  can  be  interpreted  to  mean  that  I  ‘preserves  (degree  of)  equality” 
the  results  of  applying  I  are  as  equal  as  the  arguments  to  which  it  is  applied,  in  a  logic 
with  A  as  the  truth  values. 

9.6.  Replacement  principles.  The  approach  to  calculation  in  Heytmg  algebras 
we  will  be  using  is  based  on  replacement  pnnciples,  i  e.,  rules  that  allow  replacement 
of  subexpressions  by  other  expressions  These  naturally  involve  Heytmg  algebra  con¬ 
gruences  and.  thus,  extensional  operators. 

Proposition,  let  I  be  an  extensional  operator  on  a  Heytmg  algebra  A ,  and  let 
a,  6  e  A .  Tben. 

(a)  (o  <-4)  •  la  =  (a  *•  8)  •  lb. 

(b)  a  •  la  =  a  •  II . 

(c)  (6-a).lb  =  (6-a).l(aA4). 

(d)  (4— •  a)  *  16  =  (4— •  a)»  la,  if  a  <  b. 

Proof  First  of  all,  (a)  is  just  a  restatement,  using  8.3,  of  condition  (e)  of  9.4 
Next,  replacing  4  with  1  in  (a)  results  in  (b),  since  a  1  =  1 ;  likewise,  replacing  a 
with  a  A  4  in  (a)  results  in  (c),  since 

4  •->  (a  A  4)  =  (4  -•  (a  A  6))  A  ((a  A  4)  —  4)  =  (4  —  a)  A 1  =  4  ->  a 
Finally,  (d)  is  just  a  special  case  of  (c). 

9.7.  Some  useful  equalities.  As  an  example  of  the  use  of  9.6,  and  for  future 
reference,  we  now  prove  some  Heytmg  algebra  equations.  Further  use  of  these  prmciples 
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will  be  made  throughout  the  rest  of  this  section  and  m  Chapter  6  on  regular  operators 
The  equations  below  are  proved  valid  in  any  Heyting  algebra  i4 ,  and  free  variables  are 
assumed  to  varv  over  /I 

9.7.1.  a  — (6  — cl  =  i  — (o— c) 

Proof,  We  have 

(a  —  (6  — •  f  .)  —  (6  —  c)  =  (4  A  (a  -•  (6  —  e)))  —  c 

=  {4A(o-e))-.e  by  96(b) 

=  6  — {(a  — e)— e) 

9.7.2.  a  — (a  Ail  =  (a  — 6)  — a. 

Proof  We  have 

(a  —  (a  A  4))  —  (a  A  6)  =  (a  — (a  A  4))  — a  by  9  6(d) 

=  (a  -  4)  -  a  by  9  6(b) 

9.7.3.  If  e  >  a,  then  (4  — e)  — a  =  (4  — a)A(c— a) 

Proof  Assume  c  >  a  Since  -  —  a  is  anti-monotone.  (4  —  c)-*o<c-»a;  thus, 

(4  —  c)  —  a  =  ((4  —  e)  —  a)  A  (e  —  a) 

=  ((4--a)-*a)  A(c  — a)  by  9,6(d) 

9.7.4.,  (4  Ac) —  a  s  (4  —  0)  A (c—* a) 

Proof  We  have 

((4  A  e)  —  a)  — •  a  =  (4  — •  (c  -•  a)j  — >  a 

=  (4  — a)A((c-B)-oj  by  9  7,3, 

9.7.6.  (4 —*  a)  —  4  =  (4  — va)  A(o  —  4). 

Proof  Since  -  —  4  is  anti-monotone,  (4  —  a)  —  4<n->4:  thus, 

(6_a)-6  =  ((6-.a)-.4)A(a-4) 

=  ((4 -•a)  — a)  A  (a  — 4)  by  9  6(a), 

(Note  that  the  6  we  replaced  with  a  was  “within  the  scope"  of  both  a  —  4  and  4  —  a , 
justifying  the  replacement  by  9  6(a) ) 

9.8.  Beyond  extensional  operators.  In  the  test  of  this  section,  we  tahe  a 
look  at  some  of  the  properties  of  extensional  operators  on  a  Heyting  algebra  A  that 
moreover  are  inflationary,  monotone,  and./or  idempotent,  sod  some  examples  of  such 
We  begin  with  the  inflationary  and  the  monotone  extensional  operators. 
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9  11 

Proposition. 

(a)  An  txtensioaal  operator  /  is  inSathnuy  iff  il  =  1 

(b)  Ao  sibirajy  operator  I  is  exfeosioaai  and  monotone  if  and  only  if  either  of  the 
tollowing  two  equivalent  conditions  bold. 

a-6<ta-*U  (a,6  6A),  (1) 

(a-t).la  <(a-i)*tt  (a,i6A).  (2) 

Proof,  (a)  If  I  is  mflationar>',  I  <  fl.  Conversely,  if  II  =  1 ,  then  for  any  a  £  A,; 
9  6(b)  gives  aAta  =  a/\ll  =  aAl  =  a,  and  so  a  <  la. 

(b)  If  I  is  extensions!  and  monotone,  then,  by  9  6(c), 

(a  —  6)  A  la  =  (a  —  4)  A  /(a  A  h)  <  J(a  A  6)  <  14. 

and  so  a  —  6  <  la  — 14.  Conversely,  if  I  satisfies  (1),  then  for  any  i.y  6  A.  both 
X —•  y  <  li  —  ly  and  y  —  x<ly—tlx.  and  so,  talcing  the  meet  of  these  inequalities, 
x*-y<  lx>-‘ly.  Hence,  I  is extenaional  by  9.4(e).  Moreover,  since  i  <  y  iff  x—y  =  1,; 
monotinicity  of  I  follows  directly  from  (1). 

Thus  it  remains  to  show  the  equivalence  of  (1)  and  (2).  Kow  (1)  is  equivalent  to 
(a  -•  4)  A  la  <  14 ,  and  thus  to  (a  -•  4)  A  la  <  (a  -•  4)  A 14 ,  which  is  one  of  the  instance* 
of  (2).  Applying  (a  -•  4)  -  to  this  last  inequality  yields  the  other. 

9.9.  Logical  operators  and  quasinuclei.  It  will  be  convenient  to  have  names 
for  the  classes  of  operators  described  in  the  previous  proposition.  Thus,  an  inflationary 
extensional  operator  will  be  called  logical,  and  a  monotone  extenaional  operator  will 
be  called  a  quasinucleus  (A  diagram  shosring  the  relations  between  the  classes  of 
operators  introduced  in  this  section  can  be  found  in  9.12.) 

In  view  of  (1)  above,  quasinuclei  might  alternatively  be  called  “uniformly  mono¬ 
tone".  In  fact,  part  (b)  of  the  Proposition  is  actually  a  special  case  of  a  quite  general 
phenomenon  occuring  with  extensional  operators— namely,  in  a  sense  that  can  be  made 
precise  (see  the  remarks  at  the  end  of  this  section),  an  extesional  operator  satisfies  an 
ordinary  property  (such  as  monotnnicity)  iff  it  satisfies  the  corresponding  “uniform 
version”  of  the  property. 

9.10.  Prenuclei.  Next,  we  look  at  the  extensional  operators  that  are  both 
inflationary  and  monotone — i.e.,  the  monotone  logical  operators,  or.  if  you  prefer,  the 
inflationary  quasinuclei.  Fortunately,  we  don’t  have  to  make  up  our  minds  what  to  call 
them,  since  these  operators  have  been  studied  before’  In  [3],  Banaschewski  introduces 
the  notion  of  a  prenucleus,  which  is  an  inflationary,  monotone  operator  p  satisfying 
the  condition 

«Ap4<p(oA4)  (o,4eA).  (1) 

Proposition.  Prenuclei  are  precisely  the  monotone  logical  operators  (or  inflation¬ 
ary  quasinuclei). 

Proof  We  show  that  (1)  is  equivalent  to  the  extensionallty  of  p  assuming  that  p 
IS  inflationary  and  montone  Fust,  (1)  is  clearly  equivalent  to  aAp4  <  a  Ap(aA4)  and, 
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since  the  reverse  inequality  holds  by  the  monotonicity  of  p.  thus  to  aAp6  =  a^p{a^b) 
But  this  equation  is  equivalent  of  the  extcnsionality  of  p  by  9  4(c) 

9.11.  Nuclei.  Finally,  we  identify  the  extensional  closure  operators  Recall  that 
a  nucleus  is  an  operator  j  satisfying 

c<ja  =  }ja  and  y(o  A  4)  =  jo  A  jli  (o.4€j4)  (1) 

Proposition.  Nuclei  ate  exactly  the  idempotent  ptenuclet  Thus,  they  are  exactly 
the  extensional  closure  operators  Moreoxet.  a  operator  ;  on  A  is  a  nucleus  Ilf  it 
satisfies 

a  —  }b  =  ja  —  jh  (a.he  A)  (2) 

Proof  Both  prenuclei  and  nuclei  are  inflationary  and  monotone  (the  monotonicity 
of  nuclei  following  because  they  preserve  binary  meets;  cf  9.3)  If  p  is  an  idempotent 
prenueleus,  then,  by  two  applications  of  9  10(1), 

pa  hpb  <  p(pa  A  6)  <  pp(o  A  4)  =  p(o  A  4) 

for  any  a,be  A  The  reverse  inquality  is  again  9  3  Thus  p  is  a  nucleus  Conversely, 
if ;  IS  a  nucleus,  then 

0  A  j4  <  ;a  A  34  =  y(a  A  4) 

for  every  a, 4  6  A,  and  so  ;  is  an  idempotent  prenucleus 

For  the  second  part  of  the  Proposition,  note  flrst  that  any  ;  satisfy  ing  (2)  is  in¬ 
flationary  (take  4  =  a)  and  idempotent  (take  a  a  jb),  and  therefore  since  a~b  < 
a-rjbei  ja  —  jb,  j  IS  monotone  and  extensional  by  9  8(1)  Thus  is  a  nucleus 
Conversely,  if  j  is  a  nucleus,  then  ya—jb  <  a—yb  (since  y  is  inflationary  and  -~yb 
IS  antimonotone)  and,  using  9.6(c), 

ya  A  (a  —  ;4)  =  j(a  A  ;4)  A  (a  —  j4)  <  j(a  AjJ)  <  yjb  s  yb, 

so  that  a  —  jb<ja  —  yb,  proving  (2). 

9.12.  Summary  of  classes  of  operators.  The  definitions  and  relations  be¬ 
tween  the  operators  we  have  introduced  in  this  section  are  summarized  by  the  following 
diagram. 

inflationary  EXTENSIONAL  mouotone  idempotent 

\  \ 

hgicil  qua5inucieu5 

\  \ 

pr«nucMus  idemp  quismucltus 

\  ^ 

nucleus 

The  properties  are  on  the  top  row ,  and  the  lines  are  implications  in  the  upward  direc¬ 
tion 
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9.13.  Classifying  extensional  operators.  We  now  look  at  examples  of 
the  operators  described  above  In  fact,  for  each  type  of  operator,  we  consider  a  pair 
of  operators  of  that  type  (each  defined  by  a  Heyting  polynomial)  that  “classify”  the 
action  of  all  the  operators  of  that  type 

Proposition.  For  any  elements  a  imd  h  of  a  Heyting  algebra  A ,  the  operators 
et(a  b)  and  ei(o,  6)  defined  for  every  z^X  by 

e^{a,b)z  =  (x‘-a'j—<b  and  04(0,  J  )*  =  o  A  (i  —  x)  (1) 

are  extensional.  Furthermore,  the  two  families  of  operators  ei(o,h)  and  64(0, i),  for 
a.i  €  A,  classify  fthe  action  of)  extensional  operators,  in  the  sense  that,  for  every 
extensional  operator  1. 


l<et(a,4)  iff  lo<6,  (2) 

iff  a<li.  (3) 

Proof.  Since  ef(a.i)  and  ej(o,6)  ate  polynomial  functions  they  are  clearly  ex- 
tcnsional  If  1  <  ei(a,4).  then  la  <  e)(a,6)o  =  (0  <->o) -•  6  =  1  6  =  5  Conversely, 

if  la  <  i,  then,  using  9  6(a)  and  the  monotonicity  of  (i  *-•  0)  — •  -  for  every  x6.4,; 

lx  <  (t —  a)  —  lx  =  (i«-*a)  — la  <  (i  •->  aj  —  Js  ei(a,4)r.  (4) 

Thus  I  <  et(a, 6).  Next,  if  04(0,4)  <  1,  then  a  =  a  A  (4  —  4)  =  04(0,4)4  <  lb. 
Conversely,  if  a  <  14,  then,  for  similar  reasons  as  above, 

04(0, 4)x  =  a  A  (4  —  i)  <  14  A  (4  <-•  x)  =  li  A  (4  —  i)  <  (i.  (5) 

Thus  04(0,4)  <  1 

9.14.  Proposition.  The  operator  e\(a,b)  a  logtca!  iff  a  <  b.  Pt.las  = 
et(a,  4)  when  a  <  4  and 

l4(o.4)i  =  xVe4(o,4)x  (x  € /I)  (1) 

for  every  a.  4  £  .4 .  Then  14(3,4)  is  also  logical,  and  40,4)  ajidl4(a,4)  classify  logical 
operators  in  the  sense  of  Proposition  9 13. 

Proof  Since  04(0,4)1  =  (a  1)  — 4  =  o-»4,  the  first  part  of  the  Proposition 
follows  from  9.8(a)  For  any  logical  .iperator  I,  la  <  b  implies  a  <  4  (since  I  is 
loflatioDsry).  Hence  the  04(0,4),  for  o  <  4,  are  the  appropriate  “upper”  classifiers  for 
logical  operators  The  operators  (4(0,4)  ate  clearly  infiationary,  hence  logical,  and  if  1 
IS  any  logical  operator,  then  04(0, 4)x  <  lx  =  xvlx  iff  xVe4(a,4)x  <  lx,  and  therefore 
the  14(0,4)  are  the  appropriate  “lower”  classifiers. 

9.15.  Proposition.  The  operators  {4(0.4)  and  {4(0.4)  defined  by 

{4(a,4)x  =  (x  —  a)  —  4  and  {4(0, 4)i  =  a  A  (4  —  x)  (1) 

are  quasinuclei  and,  furthermore,  classify  quasinuciei  in  the  sense  of  Proposition  9  13 
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9  If 

Proof  Since  (a  6)  and  ji(o.  6)  are  polynomial  functions,  thej  ate  extcnsional 

Both  the  operations - -6  and - a  are  anii-monotone,  so  their  composition  is 

monotone,  thus  6)  is  a  quasinucleus  The  operations  n  A  -  and  t  —  —  are  both 
monotone,  and  so  4j(o  t)  is  also  a  quasinucleus 

If  I  IS  a  quasinucleus  then  1  satisfies  (x  —  y)»lr  <  (r  —  y)  •  ly  by  9  8(2)  Hence, 
the  same  argument  used  for  (5)  and  (6)  in  9  13  with  —  instead  of  — ,  and  with  the 
nontrivial  equality  replaced  by  <  can  be  used  here  to  show  that  ?t(a.6)  and  ?i(a,6) 
classify  quasinuclei 

9.16.  Corresponding  directly  to  9  14  we  have  the  following  result  for  prenuclei, 
the  proof  of  which  we  omit,  since  it  is  an  obvious  translation  of  the  proof  of  9  14 

Proposition.  The  operator  qr(ci.h)  is  a  prenuc/eus  iff  a  <b  Define  Pi(o,(i)  = 
q^(a  6)  when  u  <  i  and 

p_(a.b)z  =  iVqi(a,b)z  (16.4)  (1) 

for  every  a  bi  A  Then  p.(a,  4)  is  also  a  prenuefeus.  and  p|(o,  4)  and  pi(o,  4)  classify 
prenuclei  in  the  sense  of  Proposition  9 13 

9.17.  Evaluation  adjunctions.  In  all  of  the  preceeding  propositions,  the  '  clas¬ 
sifying”  properties  of  the  operators  involved  are  adjoinlness  relationships  Consider 
extensional  operators,  for  example,  foe  each  <t  €  A  there  is  the  evaluation  mapping 
e  >-  ea  from  the  posel  of  extensional  operators  on  i4  to  ;4.  which  is  monotone  by  the 
definition  oforder  on  operators  The  classifying  properties  of  ei (a.  4)  and  ey(o.4)  then 
say  that  the  mappings  er(a,-)  and  e((o.-)  ate  respectively  left  and  tight  sdjomts  to 
evaluation  at  a  The  case  of  quasinuclei  is  siiniiar.  For  logical  operators  and  prenuclei 
we  get  an  adjunction  instead  between  the  poaets  of  operators  on  A  and  the  interval 
(a.  1]  A  coneequence  of  these  adjunctions  is  that  evaluation  at  a  preserves  whatever 
meets  and  joins  exist  in  the  algebra  of  operators  (remembering,  of  course,  that  for 
logical  operators  and  prenuclei.  the  codomain  is  the  interval  (a  1])  In  other  words 
(with  the  noted  restriction)  meets  and  joins,  when  they  exist,  are  pointwise 

9.18.  Classifying  nuclei.  Pointwise  joins  of  idempotent  operators  are  rarely 
idempotent.  This  is  in  particular  the  case  with  nuclei,  and  so,  by  the  comments  of  the 
previous  paragraph,  we  can’t  expect  nuclei  to  have  “upper"  classifiers  They  do  have 
a  restricted  form  of  upper  classifier,  however  (which,  despite  the  restriction,  are  still 
''complete”  in  the  sense  mentioned  in  15  4),  and  the  lower  classifiers  for  prenuclei  are 
in  iact  already  idempotent.  and  so  ace  lower  classifiers  for  nuclei.  This  is  spelled  out 
in  the  following  proposition 

Proposition.  For  every  a,b  £  A,  the  operators  jj(a  o)  and  pj(<i.4)  are  nuclei 
Hence,  for  every  nucleus  j ,  we  have 

r<4t(®'0)  iff  ja  =  a.  (Ij 

?»(<>■  4)  <  >  iff  a  <  }b  (2) 

Proof  9r(a,o)  is  a  prenucleus  by  9.16,  and  is  idempotent  since  (i-»o)-“a  = 
r  — •  0  by  7  2!1)  The  upper  classifying  property  of  }i(a.  o)  as  a  nucleus  follows  from 
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that  of  the  prenucleus  since  jd  <  a  iff  ja  =  a,  as  ;  is  inflationary  Simiiarly,  it 
will  be  enough  for  the  lower  classifying  property  of  p|(a,6)  to  show  that  p^(d.6)  is 
idempotent  By  definition,  p|(a.i)x  =  «V^^(a  6).  Now 

?;(«•  Mpi(o.  *)*  =  «l(«.  ^)(*  V  ji(o,  k)z) 

=  a  A  (4  ->  (i  V  (a  A  (6  —  *)))) 

=  aA(t-(*V(lA(l-i)))) 

=  a  A  (4  — n)  =  ?i(a,  4)r, 


and  so 


Pl(a,b)pi{tt,b)  =  p,(o,4)  v^|(o  4)pj(o.4)  =  pj(a,4>  V9j(o  4)  =  Pi(a.4). 


9.19.  Discussion.  The  ptecceding  praposition  shows  that  meets  of  nuclei,  when 
they  exist,  are  pointwise  In  Chapter  5,  when  we  see  that  nuclei  on  complete  Hevtmg 
algebras  correspond  exactly  to  frame  congruences  (i.e  ,  equivalence  relations  compatible 
with  finite  meets  and  arbitrary  joins)  we  will  see  that — at  least  in  the  typical  caae  that 
a  <  4— the  nuclei  pj(o,  6)  correspond  to  the  principal  congruences  6(a,4) 

9.20.  Extensional  operators  on  complete  Heyting  algebras.  VVe  now  show 
that  when  A  is  complete,  all  of  the  operator  algebras  considered  above  are  likewise 
complete. 

Proposition.  If  E  is  a  class  of  operators  on  A  ofoae  of  tbe  types  considered  above 
(i  e.,  extensionai,  logical,  quasinuc/eus,  prenucleus,  or  nucleus),  then  the  pointwise  meet 
of  E  a  again  of  tbe  same  type. 

Proof.  If  each  operator  in  £  is  extensional.  then  for  any  a,  i,  ji  e  4  with  a-.ei:  = 
a  -*  ey  for  all  e  6  £,  we  have 

a  —  {/\E)x  s  a  —  f\Ex  =  Ex 

=  Aa-£v  =  a-*A£»  =  ®  — (A^^)l/' 

Thus  IS  extensional  by  9.d(d).  Clearly  meets  of  inhationaiy  operators  ate  again 
inhationary  and  similarly  with  monotone  operators  Thus,  to  complete  the  proof,  we 
only  need  to  show  that  pointwise  meets  of  nuclei  are  idempotent  Suppose  .7  is  a  class 
of  nuclei  and  o  €  A  Then,  by  monotonicity  and  idempoteuce  of  the  elements  of  } , 

CA'f)(A'^)'»  =  AAA '/<*)<  A  j(ia),  =  A-/fl 


9.21.  Structure  theorems  for  operators.  So  far,  we  have  only  used  the 
classifying  operators  of  various  types  to  show  that  tbe  operations  on  the  corresponding 
operator  algebras  are  pointwise.  which  can  anyhow  be  established  directly  The  more 
important  use  of  classifying  operators  is  to  prove  structure  theorems  to  the  effect  that 
every  operator  of  a  given  type  is  a  join  or  meet  of  special  operators 
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Tbeorem.  Suppose  A  is  &  complete  Heytmg  Algehr&  Then  every  operator  of  f  Ae 
classes  considered  fextensiona/  lo^ira).  quasinucleus.  ptenucleus,  or  nucleus)  is  both  a 
join  of  lower  classi^ers  and  a  meet  of  upper  classifiers  of  the  same  type  (except  that 
nuclei  only  have  lower  classifiers) 

Proof  We  prove  (he  theorem  for  joins  of  icmer  ciassihers  of  extensional  operators, 
the  other  cases  are  similar  So  let  e  be  an  extensional  operator  We  show  that,  m  the 
complete  lattice  of  extensional  operators 

c  =  V{ei(o,5).a<eh) 

Now.foreverv  a  with  a  <eb.  we  have  ei{a,h)  <  e  by  9  13(3)  Thus  e  is  bigger 
than  the  join  Conversely,  let  z  ^  A  be  arbitrary.  Then  e|(er.r)  is  included  m  the 
join,  since  ex  <  ex  But  e^{ez,x)x  =  ez  A  (x  —  x)  =  ex.  and  so  the  value  of  the  join 
at  X  15  at  least  ex  Thus  e  is  less  than  the  join  completing  the  proof 

9.22.  (Pre)f]xodpoints  of  extensional  operators.  Recall  that  a  fixedpoint 
of  an  operator  I  A  —  A  is  an  element  a  ^  A  such  that  la  ^  a  We  call  a  a 
prehxedpoint  of  I  \(  h  <  a,  and  write  prefix  /  for  the  set  of  such  elements  Since  the 
identity  is  the  smallest  logical  operator,  and  ^  on  logical  operators  is  pointwise,  it 
follows  that  {'^'^1)0  s  {/a  —  o)  0  for  all  a  ^  .4  By  abuse  of  notation,  we  also 
write  for  the  same  operation  when  /  is  only  an  extensional  operator  (the  least 
extensional  operator  is  the  constant  0  and  not  the  identity) 

Proposition.  Suppose  I  and  m  ate  ettensfona/  operators  on  A  Then  the  follo'A'- 
mg  hold. 

(a)  prefix  /  =  fix  =  rng  . 

(b)  prefix  /  25  prefix  m  iff  =  -'-'m. 

If  I  and  m  are  logical,  then  prefix  may  be  replaced  by  fix 

Proof  if  /  is  a  logical  operator,  then  smce  /  is  infiationary,  it  follows  that 
prefix  /  =  fix/,  explaining  the  last  part  of  the  Proposition  Also  note  that  for  any 
extensional  operator  /.  -•-'/  is  always  logical,  and  so 

prefix  ->-’/  =  fix  -i-*/  (1) 

Let  us  first  prove  that 

rng -'-'/ C  prefix  m  iff  m  < -i-*/  (2) 

This  follows  from  the  following  calculation  for  an  arbitrary  o  c  .4 ' 

(-'•'/)o  €  prefix m  iff  m((/a  —  a) -*o)  <  {/o  — »a) —a 
iff  (/a  — a)  Am((/a  —  o)-*o)  <  a 
iff  (/a  —  a)  A  ma  <  0  by  extensionalily 

iff  ma  <  (/a  — o)-*c 

Aext,  to  prove  (a),  let  la  <  a  Then  (/o-*a)— c  =  1— -a  =  a.  so  (-«-^/)a  =  a,  proving 
prefix  /  C  fix-'-/  The  inclusion  fix-'-*/  C  rr»g-«-»/  u  trivial  Finally,  putting  m  =  /  in 
(2),  we  conclude  rng  -*-/  C  prefix  / ,  completing  the  proof  of  (a) 
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For  (b),  replace  m  m  (2)  by  -'-'m,  and  use  the  equalities  of  (a)  and  (1)  lo  get 
prefix  /  C  preftx  m  iff  -*-'m  < 

By  symmetry,  (b)  follows 

9.22.1.  Let  us  just  restate  the  first  part  of  the  Proposition  in  the  form  in  which 
we  will  most  often  use  it' 

Corollary.  If  I  is  a  logical  operator,  then 

fix/  =  {/a  — »»d  :a  €  j4). 


9.23.  Discussion.  A  logical  operator,  by  deiimtiOQ,  is  regular  (in  the  Heyting 
algebra  of  logical  operators)  if  =  L  The  Proposition  then  says  that  every  logical 
operator  /  has  the  same  flxedpoint  set  as  a  unique  regular  operator  (namely 
Regular  operators  are  the  subject  of  Chapter  6,  where,  among  many  other  things,  a 
characterisation  of  the  flxedpoint  seu  of  tegul^  operators  (and  thus,  by  the  Propoei> 
tioD,  the  fixedpomt  sets  of  logical  operators,  and  the  ptefucedpoint  sets  of  extensional 
operators)  is  given  (22  7) 

Also,  notice  that  for  extensional  operators  /  and  m,  we  have  a;  -'-'m  iff 
/a a  s  ma«-»a  for  all  d  €  Since,  by  the  Proposition,  this  is  just  in  case  /  and  m 
have  the  same  prefixedpoints,  the  Proposition  is  another  example  of  the  uniformity  of 
extensional  operators,  we  have  Vd  ^  A  /d^as  ma^^a  iff  Va  €  A  lQ<aoma<a. 

9.24.  Final  Remarks.  The  theory  of  extensional  operators  on  a  (complete) 

Heytmg  algebra  A ,  as  developed  lo  this  section,  is  the  beginning  of  a  more  eompreheo' 
sive  theory,  which  includes  all  of  the  results  on  regular  operators  in  Chapter  0,  as  well 
as  possessing  some  ‘’semantic”  connections  to  topos  theory  by  way  of  the  sheaf  topos 
Sh(A).  For  example  (assuming  that  A  is  complete),  the  elememts  of  A  correspond  Co 
the  global  elements  of  in  Sb(  A ),  t  e ,  to  the  morphisms  1  0.  Every  morphism 

/  ;  n  'x  0  therefore  induces  by  compositiem  an  operator  on  A.  It  can  be  shown  that 
these  operators  are  all  extensional  and  that  every  extensional  operator  on  A  arises  in 
this  way  from  a  unique  morphism. 

This  connection  suffices  to  explain  the  relation  between  properties  of  extensional 
operators  and  their  corresponding  “uniform  properties" ,  as  mentioned  in  9.9  and  9  23. 
This  relation  can  be  seen  to  arue  from  an  "O^rule"  for  Sh(A).  Namely,  morphisms 
with  domain  0  in  Sh(A)  are  completely  deUrmined  by  their  effect  on  global  ele* 
ments  of  Q,  and  hence  for  any  formula  4(x)  involving  arbitrary’  extensional  operators 
(represented  by  their  associated  morphisms  0  fl),  where  s  is  a  sequence  of  n  vari¬ 
ables  of  type  Q,  we  have  that  if  the  associated  morphism  /«  :  O’*  H  is  such  that 
f^ea  s  true  for  all  5  :  1  -•  O’* ,  then  ss  true— which,  unwound,  amounts  lo  the 
“uniform”  version  of 

There  are  other,  more  topos-theoretic  connections,  but  these  are  beyond  the  scope 
of  the  present  investigation  Various  additional  properties  of  the  operators  considered 
in  this  section  are  given  in  the  exercises 
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9  25 

9.25.  Exercises.  In  the  following  e.Yetcises,  all  classifying  operators  are  upper 
classifiers,  i  e  ,  9(0, 6)  means  }j(a  6),  etc.  It  is  an  additional  exercise  to  formulate  and 
prose  corresponding  properties  for  the  lower  classifiers 

9.25.1.  Show  that 

(a)  c(oi,6i)  =  efos.hj)  iff  0.  “-Oj  <  hi  —ii 

(b)  9(01,6.)  =  9(02  62)  iff  61  =  62  and  (writing  6=  61  =  62)  (oi  —  02)  — 6  =  6. 

9.25.2.  Show  that 

(»)  9(“i.^i)°9(“!.*2)  =  9({o.  —hi)— 02,(61  — 02)  — 62). 

(b)  9(0,6)®  =  9(0.6)^  (exponents  denote  iteration) 

(c)  9(0,6)  IS  idempolent  iff  (6  —  0)  —  6  =  6. 

(d)  9(0,6)  is  a  nucieus  iff  (6  — o)  —  0  =  6  and  then  9(0, 6j  =  9(6  6) 
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Chapter  4 

FRAMES  AND  /c-FRAMES 


Flames  are  the  mam  objects  of  study  m  this  thesis.  However,  as  was  pointed  out 
by  Madden  [32],  the  auxilliary  notion  of  K-frame.  aince  the  category  of  such  has  a  full, 
reflective  subcategory  of  Boolean  objects,  la  potentially  useful  for  obtaining  results 
about  frames.  The  paper  of  Madden  and  Molitor  (33]  has  just  such  a  result,  and  we 
obtain  another  such  result  in  Chapter  8  Thus,  this  chapter  is  concerned  with  both 
frames  and  s-ffames. 

We  introduce  frames  m  Section  10,  give  the  standard  construction  of  free  frames, 
and  prove  a  new  characterization  of  the  right  adjoints  of  frame  morphiams  Then,  m 
Section  11  we  introduce  K-frames  (the  definitions  and  basic  results  are  taken  from  [32]), 
and  follow  this  with  a  senes  of  new  results  characterizing  the  types  of  limits  preserved 
by  the  free  functor  from  the  category  of  A-frames  to  the  category  of  s-frames,  where 
A  <  K.  We  also  prove  a  result  a  result  about  congruences  on  products  of  x-ftames, 
and  we  deduce  from  this  a  similar  result  for  frames  Finally,  in  Section  12,  we  look 
at  explicit  deecriptions  of  various  colimits  of  frames  and  K-frames  and,  in  an  Exercise, 
sketch  a  proof  that  products  and  directed  colimits  commute  in  the  category  of  frames 

10.  Fl-ames 

10.1.  Ikames  and  locales.  A  frame  is,  by  definition,  a  complete  lattice  A  that 
satisfies  the  following  infinite  distnbutive  law: 

aAVS  =  V«AS  (06A,5cA).  (1) 

We  refer  to  this  law  as  ■‘frame  disiributivity”.  If  A  and  B  are  frames,  then  a  function 
f  :  A-^  B  is  a  /ratne  (hamo)morphism  if  /  preserves  finite  meets  and  arbitrary  joins 
(including  the  empty  meet  and  join'  /(])  =  1  and  /(O)  =  0)  I>ames  and  frame 
morphisms  clearly  form  a  category,  which  we  denote  FTcm.  The  opposite  category  is 
denoted  Loo;  thus  Loc  =  trm°^ .  Objects  of  this  category  (which  are  of  course  just 
the  same  as  objects  of  Frm )  are  called  locafes,  and  morphisms  ace  called  continuous 
maps,  in  keeping  with  the  topological  terminology. 

10.2.  Proposition.  Suppose  Area  complete  lattice.  Then  A  is  a  frame  if  and 
only  if  A  re  a  Heytmg  algebra.  In  this  case,  the  frame  and  fleyting  algebra  structures 
on  A  are  [elated  by  the  equation 

o->  ii  =  \/{*  €  A  :  oA*  <  4}  (o,4eA).  (1) 

PROor.  In  a  complete  Heytmg  algebra,  joins  of  all  subsets  exist  by  definition,  so 
that  frame  distibutivity  is  just  7  2(m).  Conversely,  suppose  A  is  a  frame,  and  take  (1) 
as  the  definition  of  —  Then, 

aA(a-.6)  =  aAV{*eA.oAi<h}  =  V{oAi;oAi<l>}<4 
53 
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On  the  other  hand,  if  a  A  r  <  6 ,  then  r  i$  one  of  the  elements  m  the  join  on  the  tight 
of  (1),  and  so  r  <  o  —  6  Thus  zAa<Mffx<a— *6,  and  so  —  makes  A  into  a 
Heyting  algebra  Since  a  lattice  can  ha\e  only  one  Heytmg  algebra  structure,  it  must 
be  defined  in  A  by  (1),  completing  the  proof 

10.3.  Open  morphisms  and  cBa*s.  Although,  by  the  Proposition,  frames  and 
complete  Heyting  algebras  determine  the  same  class  of  lattices,  they  are  distinguished 
as  algebras  by  the  operations  we  take  as  fundamental  For  frames,  we  take  finite  meets 
and  arbitrary  joins  as  is  reflected  m  our  defimtion  of  frame  morphism  For  complete 
Heyting  algebras,  we  take  all  meets  and  joins  as  well  as  the  arrow  operation  Thus,  a 
complete  Heyting  algebra  morphism  is  simultaneously  a  Heytmg  algebra  morphism  and 
a  complete  lattice  morphism  We  denote  the  category  of  complete  Heytmg  algebras 
and  morphisms  by  cHa,  and  note  that  it  is  a  non*full  subcategory  of  FVm.  A  frame 
morphism  that  preserves  arrow  (as  gi\‘en  by  (1))  and  all  meets  (and  thus  is  a  complete 
Heyting  algebra  morphism  between  the  associated  complete  Heyting  algebras)  is  called 
open,  since  these  correspond  (as  continuous  locale  maps)  to  open  continuous  functions 
between  topological  spaces 

Similarly  to  frames  and  complete  Heytmg  algebras.  Boolean  frames,  that  is,  frames 
in  which  every  element  is  Boolean,  are  the  same  thing  as  complete  Boolean  algebras 
(cBa’s),  that  is,  Boolean  lattices  that  are  complete.  Morphisms  between  cBa's,  by 
defimtion,  preserve  all  meets  and  joins,  as  well  as  negation  and  we  denote  the 
category  of  cBa’s  and  cBa*niorphism$  by  cBa  and  treat  it  as  a  subcategory  of  FVm. 
Because  frame  morphisms  preserve  complements,  every  frame  morphism  between  cBa’s 
IS  a  cBa  morphism  (since  it  then  also  preserves  meets  by  the  De  Morgan  laws  7  6),  and 
so,  unlike  cHa  and  Frm  cBa  i$  a  fuU  subcategory  of  FVm.  Also  note  that  cBa^ 
morphisms  preserve  arrow  (definable  from  jom  and  negation),  and  so  cBa  can  also  be 
thought  of  as  a  full  subcategory  of  cHa 

10.4.  Frames  are  monadic.  It  is  clear  how  the  equational  presentation  of 
complete  join'Semilattices  given  in  Section  5  can  be  expanded  to  Include  the  operations 
of  finite  meets  and  the  equations  for  frame  distributivity  and  thus  give  an  equational 
presentation  of  frames.  The  following  proposition  gives  a  concrete  description  of  the 
free  frame  on  a  set  of  generators  It  follows  that  FVns  is  monadic  and  therefore  has 
the  properties  6.5.1-4 

Fropositioo.  Let  X  he  i  set,  indJet  Fo(X)  denote  the  poset  of  aJl  dnite  subsests 
of  X  ordered  by  reverse  inc/usion  (le,  s  <  i  if  and  only  if  i  C  sj  Then  tie  set 
Fc©(^)  of  aii  down-closed  subsets  of  Fo(X),  ordered  by  inclusion,  is  fa  presentation 
of)  the  free  frame  on  generators  X.  Joins  and  meets  in  Foc(X)  are  given  by  union 
and  intersection,  the  insertion  of  generators  is  z  it,  and  the  unique  extension 
7  ••  Feo(X)  -*  A  of  a  mapping  f  X  —  A  is  given  by 

7(5)=VA/(^)'  (1) 

»€5 

We  remark  that  Fo(A'),  nith  the  operation  of  U  and  unit  element  0,  is  the  free 
semilattice  on  X  The  reason  for  the  terminology  Fo(X)  and  Foc{X)  will  become 
clear  in  the  next  section 


ADA289360 


4:  Fames  end  x-fanes 


55 


10  5 

Proof  S«e  [22],  II.I.2 

10.5.  Right  actjoints  of  frame  morpbisms.  Suppose  that  f  :  A  B  is  i 
frame  morphism.  Recall  &om  Proposition  4.3  that,  since  /  preserves  arbitrary  joins. 
/  has  a  right  adjoint,  f,  ■  B  —•  A.  and  /  and  /.  are  related  to  each  other  by  the 
equations 

/.6  =  Vfo  6  ^  • /«  <  »}  (1) 

/a  =  A{6€fl.a</.t}  (oe^)  (2) 

•Moreover,  these  right  adjoints  to  frame  motphisms  satisfy  the  laws  id.  =  id  and 
(gj).  =  /.p. ,  showing  that  the  operation  /•-•/.  is  a  functor  (— ).  :  Loc  -•  Set. 
Also,  /.  IS  1-1  iff  f  is  onto,  and  /.  is  onto  iff  /  is  1-1,  and  (therefore)  /  is  an 
isomorphism  iff  /.  is  a  bijection. 

The  remarks  above  imply  that  the  functor  (-).  gives  a  faithful  representation  of 
the  category  Loc  in  the  category  Set .  When  is  a  function  p  :  B  —  A  the  right  adjoint 
of  a  frame  morphism’’  Preserving  meets  it  a  necessary  condition,  and  this  will  msure 
the  existence  of  a  left  adjoint  / ,  given  by  (2)  above  The  question  of  what  conditions 
on  p  insure  that  /  preserves  finite  meets  is  answered  more  generally  for  any  class  of 
meets  by  the  following  result. 

Theorem.  Suppose  that  A  and  B  are  frames  and  (hat  g-.B-*Aiss  monotone 
mapping  with  left  adjoint  f  .  A  —  B.  Then,  for  any  set  7.  the  following  are  equiva¬ 
lent 

(a)  /  preserves  til  /-indexed  meets 

(b)  For  every  h€  B  and  7 -indexed  family  {aj)  ofelementsof  A  with  Ai<>(  S  J(t). 
there  exists  an  /-indexed  family  {i,}  of  elements  of  B  such  that  a/  <  g(ii)  for  ill 
i  €  7  and  A,^  5  *• 

Proof  Suppose  that  /  preserves  /-indexed  meets,  h  ^  B,  and  {a,}  is  a  fam¬ 
ily  with  Ai<R  S  J(*)'  By  adjointness,  /(AjOi)  <  h.  and  so,  by  assumption  on  /,; 
A,  /(«t)  <  h.  Thus,  if  we  define 


h.=/(<n)  (i€7),  (3) 

we  have  p(i,)  =  p(/(a,  j)  >  a,  for  all  i  €  7  by  adjointness,  and  so  the  family  {6,}  has 
the  required  properties,  showing  that  (a)  implies  (b). 

In  the  other  direction,  suppose  (hat  p  ;  B  —  A  is  a  monotone  map  for  which  (b) 
holds,  and  let  {a,}  be  an  /-indexed  family  of  elements  of  A  Since  /  (being  a  left 
adjoint)  IS  monotone,  to  show  that  /  preserves  the  meet  of  {a,} ,  it  will  be  enough  to 
show  that  Ai  /(“i )  S  /{ Ai  iJi)  •  Now,  by  equation  (2)  above. 


/(A<>.)  =  A{4€B  ha,<g{V)) 

1  1 

(4) 

A/(«.)  =  AA<».€fl  •«.<}(«.)) 

(5) 

i  I 
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So  suppose  J  e  B  is  such  that  A,  0"  <  j(*)  ■  ss  ™  "'“t  "i  (“*)  Then  by  assumption 

there  exists  a  family  {h,)  as  in  (b).  But  «,  <  j(4,)  for  all  i  £  7  implies  that  each  6i 
IS  a  member  of  the  ith  set  of  the  meet  in  (5),  and  so 

By  the  choice  of  6,  it  therefore  follows  that  Ai /('■>)  ^  /(Ai®i)i  suti  fli*  proof  is 
complete. 


10.6.  Corollary.  If  A  and  B  and  frames,  then  a  mapping  g  B  —  A  is  the 
right  acJioint  of  a  frame  morphism  A  —  B  if  and  only  if  the  following  three  conditions 
hold. 

(a)  5(A  5)  =  a  J(S)  for  every  ScB, 

(b)  g(i)  =  1  implies  b  =  1  for  every  b€  B,  and 

(c)  for  every  b  e  B  and  Oi.uj  6  j4  mtb  a-.  Aaj  <  j(4),  there  exist  Ji.hj  6  B 
such  that  ai  <  }(4i),  oj  <  j(4j),  and  4|  a4j  <  4 

PRoor  Since  a  function  preserves  finite  meets  iff  it  preserves  the  empty  meet  (i.e  . 
1)  and  binary  meets,  the  only  part  that  needs  to  be  checked  is  that  condition  (b)  of 
the  theorem  reduces  to  condition  (b)  of  the  Corollary  when  7  is  empty.  But  this  is 
clear,  since  the  hypothesis  of  the  former  then  reduces  to  1  <  p(4) .  while  the  conclusion 
reduces  to  1  <  6 

10.7.  Remarks.  Note  that  if  7  is  fimte.  then  by  replacing  (3)  in  the  proof  of 
the  theorem  with 

4.  =  4v/a.  (re  7)  (3') 

we  can  conclude  by  the  finite  dual  distributive  law  that  the  inequality  4i  A  hj  <  4  in 
part  (c)  of  the  Corolllary  can  be  replaced  with  an  equality 

It  IS  shown  in  [11.  IV  1  26|  that  right  adjoints  of  frame  morpbisms  g  can  be  char- 
actemed  by  (a)  and  the  non-first-order  condition  that  the  extension  of  g  to  ideals 
preserves  primeness  (i  e.,  if  P  is  a  prime  ideal  of  B,  then  the  ideal  of  A  generated  by 
the  image  g{P)  is  prime)  The  proof  uses  the  Prime  Ideal  Theorem 

We  also  note  the  following: 

Proposition.  Suppose  /  A  —  B  isa  map  between  frames  with  right  adjoint  f. . 
Then  /  preserves  binary  meets  if  and  only  if 

/.(/a-4)  =  a^/.4  {aSA.bsB).  (1) 

Proof.  Suppose  /  H/.  and  let  a,b,c€  A  be  arbitrary.  Then 

e</«(/u-*h)  iff  fc<fa  —  b  iff  JaAfeCb  (2) 

and 

c<o  —  /,4  iff  aAc</,4  iff  /(<iAc)<4  (3) 

Now.  by  Yoncda  (3.3),  (1)  holds  just  in  case  c  <  /.(/o  —  4)  iff  c  <  o  —  f.b  for  all 
a,  4,  c  e  /I  By  (2)  and  (3),  this  is  just  in  case  /o  A  /r  <  4  iff  /(o  A  e)  <  4  for  all 
0, 4,  c  £  d ,  i.e  ,  just  in  case  /  preserves  binary  meets 
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11.  K-frames 

11.1.  Definitione.  Let  k  be  a  regular  cardinal.  By  a  K-set.  we  mean  a  set 
whose  cardinality  is  strictly  less  than  k  Other  x-notions  are  defined  in  the  obvious 
way:  a  x-family  is  a  family  indexed  by  a  x-set,  a  x-product  is  a  product  of  fewer  than 
X  objects,  and  so  on 

A  X -frame  is  a  poset  A  such  that 

(a)  every  finite  subset  of  A  has  a  meet, 

(b)  every  x-subset  of  A  has  a  join  (“A  has  x-joins*),  and 

(c)  oAyS  =  VoAS  for  all  a  e  A  and  x-sets  5  C  A  (the  “x-distributive  law”) 

A  x-frame  morphism  preserves  fimte  meets  and  x-joins.  We  denote  the  category  of 
K-frames  and  x-morphisms  by  x-fVm. 

As  with  frames,  it  is  clear  how  expand  the  equational  presentation  for  x-complete 
semilattices,  given  in  5  1,  to  an  equational  presentation  of  x-frames  that  moreover 
uses  only  a  set  of  operations,  all  of  whose  aritiet  are  bounded  by  x.  Thus  the  category 
x-EVxn  IS  locally  x-presentable  and  enjoys  all  of  the  properties  listed  in  6.5. 

Note  that  O-Km  (no  joins  at  alt)  is  essentially  the  category  of  meet-semilattices, 
and  u-EVm  (finite  joins)  is  essentially  the  category  of  distributive  lattices  For  any 
regular  cardinals  A  <  x,  there  is  an  obvious  forgetful  functor  Uj^  :  x-FVm  ~  A-tirm. 
Similarly,  for  every  regular  x,  there  is  a  forgetful  functor  US„  IVin  x-EVm. 
Smce  all  of  these  categories  ate  monadic,  these  forgetful  functors  have  left  adjoints 
Fi  :  A-IVtn  — •  x-IVm  and  :  x-FVm  -•  I^in.  Explicit  desaiptions  for  these  left 
adjoinu,  generaliiing  10.4,  will  be  recalled  below. 

For  uniformity  in  the  treatment  of  frames  and  x-frames,  we  would  lihe  to  have 
IVm  equal  to  x-Rrm  for  some  x.  This  can  be  partially  achieved  by  the  devices 
explained  in  6.6.,  and  this  issue  will  be  taken  up  agsb  m  18.4,  after  we  have  explained 
the  relationship  between  x-Ikni  and  the  category  x-cBa  of  x-complete  Boolean 
algebras  (i.e..  Boolean  x-frames) 

11,3.  fVee  functors.  For  the  rest  of  this  section  A  and  x  will  be  regular 
cardinals  with  A  <  x. 

The  free  functor  A-Rrm  -»  x-Frtn  left  adjoint  to  the  forgetful  functor  £/* 
has  a  description  generalizing  that  of  the  functor  F»  (10.4).  Let  A  be  a  A-frame.  A 
subset  of  A  is  called  a  A-ideaf  if  it  is  down-closed  and  closed  under  A-joins  If  SC  A, 
then  the  A-ideal  generated  by  5  is 

{aeA:o<VT.rcS,  ir|<A}  (1) 

A  A-ideal  is  x-generated  if  it  is  generated  by  a  x-set. 

Proposition,  Suppose  that  A  is  a  A-frame  Then  F,^(A)  can  be  taken  to  be  the 
x-frameofall  x-generated  A-idea/son  A,  ordered  by  inclusion.  Finite  meets  are  given 
by  intersection  and  the  join  of  a  x-sel  of  A-ideais  is  the  A-ideai  generated  by  their 
union.  The  iasertioa  otgmenton  A  —  F,^(A)  is  given  by  a  ^  ia.  If  /  A  —  B  isa 
A -morphism  to  a  x -frame  B  and  J  is  the  A-ideaJ  generated  by  the  x-set  Sc  J,  then 
/  ■  F'(A)  ->  B  has  J(J)  =  V/(5)  In  particular,  if  p  :  A  A'  is  a  A-morphism 
between  A-frames,  then  F,J(j)(J)  =  downci  j(J). 
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Proof  Sec  [32.  Prop  1  2]  We  just  temarli  here  that  if  f  and  /  are  A-ideals 
(C-generated  by  G  and  ff ,  then  lOJ  a  generated  by  the  K-set  C  f\H ,  and  that  we 
need  the  regularity  of  k  to  show  that  K-joins  of  x-generated  ideals  are  K-generated 
(as  well  as  to  show  that  fl)  is  a  A-ideal). 

11.3.  Preservation  properties  of  F^,  Being  a  left  adjoint,  Fi  preserves  all 
colimits.  What  about  limits’  We  first  make  the  simple  observation  that  f  *  preserves 
monomorpbisms 

Lemma.  If  f  A  —  B  a  a  monomotphism  of  A-frames,  then  F^f  is  a  moaomor- 
pbism  of  K -frames 

Proof  Recall  that  monomorphisms  in  both  categories  are  just  the  1-1  morphisms. 
Suppose  that  /,d  €  Fj^A  art  such  that  downcl/(7)  =  downcl/(d).  Then  for  every 
1  €  /  ,  there  exists  j  €  7  such  that  /(i)  <  /(j),  and  for  every  j  €J ,  there  exists  i  €  I 
such  that  /(j)  <  /(i)  But  semilattice  monomorphisms  reflect  order;  /(i)  <  f(j) 
implies  I  <  J  and  vice-versa  Since  /  and  J  are  down-closed,  it  follows  that  I  =  J 

11.4.  Lemma.  Let  I  be  a  K-set,  and  for  each  i  £  I ,  let  A,  be  a  K-frame 

Define,  for  i  €  7  and  u,  6  ,  the  element  6,{a,)  €  H. 

=  {o“:’  otterwi'se. 

Then  the  map  A,  —  fl,  g^'^n  by 

a,-d.(«.)  (2) 

preserves  all  joins  and  all  non-empty  meets  existing  in  A, ,  and  every  ir  £l],  A,  is  a 
*-join  of  elements  of  the  form  <.(a,)- 

<r=Vd,(<r(i)).  (3) 

•6/ 


Proof  Easy 

ll.S.  Lemma.  Suppose  that  I  is  a  A-set  and  A,  is  a  A-frame  far  all  i  £  I.  If 
J,  IS  a  K-fenerated  X-ideal  on  A,  for  all  i£l,  then  fj,  J,  is  a  K-generated  A-i'deaJ 
on  n,  Ai  Conversely,  every  K-generated  X-ideal  on  has  this  form 

Proof.  That  products  of  A-ideals  ate  A-ideals  is  trivial,  since  the  order  and 
operations  in  a  product  are  pointwise  If  each  of  the  J,  is  x-generated,  say  by  5,  C  7i , 
then  every  a,  €  J,  is  smaller  than  a  A-join  of  the  5, .  and  to  (using  11  4(3)),  every 
IT  €  fj,  J,  13  less  than  a  join  of  A  A  =  A  elements  of  the  set  Uij/{5i(Si) .  si  £  S,), 
which  has  fewer  than  A  -  x  =  x  elements.  This  proves  the  first  part  of  the  Lemma. 

For  the  second  part,  let  7  be  a  x-generated  A-ideal  on  H,  di ,  and  for  every  i  €  7 
let  J,  =  {o,  £  A,  ■  d,(o,)  £  J)  Since  J  is  down-closed,  we  have 

e£  J  implies  #,(o(t))  €  J  for  every  i  £  I  (1) 
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Fix  an  I  e  /  Then  for  every  a,  6  3a  £  J  e{i)  =  a,  is  equivalent  to  5i(a,)  e  J. 
Thus  J,  IS  the  direct  image  of  J  under  the  projection  ir,  A,,  and  hence  J, 

IS  a  x-generated  A-ideal  on  A,.  Now,  if  a  €  J,  then  by  (1)  a(>)  £  J,  for  all  i  £  /. 
Conversely,  if  ff(t)  €  d..  or  equivalently  (,(a{i))  £  d,  for  every  t  €  /  ,  then  since  d  is 
a  A-ideal,  a£d  by  114(3)  Thus  d  =  H, proof  is  complete. 

11.6.  Theorem.  Fi  preserves  i-products 

Proof  Suppose  that  {4,  i  £  /}  is  a  A-family  of  A-frames.  By  Proposition  11.2, 
F^  Fit  is  firs  x-frame  of  all  x-genetated  A-ideals  on  0,  ^  -  ^ot  it  follows  easily 
from  Lemma  11.5  (and  Proposition  11.2)  that  this  x-frame  is  isomorphic  to  f],  FiA, . 
Furthermore,  the  map  r, ,  being  direct  image  under  projection,  is  the  ith  projection 
on  n,  F^Ai,  »s  argued  in  the  proof  of  11 5,  and  so  A-product  diagrams  are  preserved 
by  F, ,  as  required 

11.7.  Example.  We  give  an  example  to  show  that  products  of  A  many  factors 
need  not  be  preserved  by  F^  when  A  <  x.  For  this,  consider  the  product  2^,  where  2 
is  the  two-element  frame  (of  course,  2^  is  isomorphic  to  the  power-set  PA  under  the 
inclusion  ordering).  Since  every  ideal  on  2  is  principal,  so  is  every  A-indexed  product 
of  ideals  on  2  But  the  set  d  of  all  A-subaeu  of  A  is  a  A-ideal  by  the  regularity  of 
A,  is  A'*' -generated  (by  the  set  of  all  singleton  subsets  of  A),  and  is  not  principal.  It 
follows  that  the  product  2*  is  not  preserved  by  F/+ . 

11.8.  Theorem.  If  X>u,  then  Fi  preserves  equafirers. 

Corollary.  If  X>u,  then  F,*  preserves  ail  X-limiU  (i.e.,  limits  where  the  indexing 
category  has  a  A -set  of  morpbisms) 

Proof  Suppose  A  >  u,  and  let  l,g  .  A -*C  he  two  A-frame  morpbisms  with 
equaliser  F  =  {o  €  .4  .  /(a)  =  y(a)}  and  inclusion  i  -  E-»  A.  Since  F^  is  a  functor, 
wt  have  F,J/  o  F,*i  =  F^p  o  F^i;  and  by  Lemma  11.3,  F^i  is  injective  Therefore, 
to  establish  the  Theorem,  it  will  suffice  to  show,  by  Proposition  11.2,  that  any  x- 
generated  A-ideal  J  on  A  with  dowiicl/(d)  esdownclp(d)  has  d  =  downcid'  for  some 
K-generated  A-ideal  d'  on  £. 

So,  suppose  downci  /(d)  =  downcl  j(d).  Then 

Vj  £  d  3*  £  d  /(/)  <  !(i)  and  Vi  €  d  3j  €  d  p(i)  <  /(j)  (1) 

Kow,  let  J  £  d  be  arbitrary,  and  define  a  sequence  {i>„  :  n  <  w}  of  elements  on  d 
by  mduction  as  follows  Start  by  putting  aa  —  j.  Next,  if  n  1  is  odd  and  is 
defined,  then  choose  i  £  d  such  that  /(Un)  <  p(i),  which  we  can  do  by  (1),  and  put 
On+i  =  n„  V  t.  Then  a„  <  a„+i  €  d  and  /(on)  <  j(o„+i)  (by  monotonicity  of  g). 
On  Che  other  hand,  if  n  -^  1  is  even  and  Cn  u  defined,  then  choose  j  €  d  such  that 
<  !(})<  *g»iu  possible  by  (1),  and  put  o^+i  =  tt„  Vj  Then  a„  <  ii„+i  £  d  and 
9(<in)  <  /(o„+i)  (by  monotonicity  of  /). 

Now,  as  J  is  closed  under  countable  joins  and  (a,, :  n  <  u)  is  increasing,  we  have 

V  OSn  =  V  OJn+l  =  V  UJn+S  =  0  £  d.  (2) 

n<w  n<w 
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But,  since  /  and  g  preserve  countable  joins,  we  have,  by  (2), 

/(a)  =  /(V^OSn)  =  VnAojo)  <  V„  ff(<>Jn+l)  =  j(Vn  “2'«+l)  =  S(“) 


and 


j(a)  =  J(\/b®:'i+|)  =  VnSfOJn+l)  S  Vn/(®2<>+2)  =  /(Vn  “Jn+s)  =  /(“)■ 

Thus,  /(a)  =  j(a) .  and  so  o  €  £  Summarizing,  we  have  found  for  every  j  €  J  an 
element  a  €  £07  nith  ;  <  u  Choosing  one  such  a  for  each  generator  of  7,  and  letting 
7'  be  the  A-ideal  on  E  (K-)gcnerated  by  these  elements,  we  have  7  =  ilowncl7',  as 
required  Thus  the  proof  of  the  Theorem  is  complete 

The  Corollary  follows  immediately  from  the  present  Theorem  and  Theorem  11  6, 
by  the  construction  of  limits  from  products  and  equalizers  (see  [29,  V  2.  Theorem  I] 
for  details  of  this  construction) 

11.9.  Example.  We  give  an  example  to  show  that  if  A  =  u .  then  equalizers  need 

not  he  preserved  bv  when  A  <  a  Let  and  C  both  be  the  frame  (w  + 1,  <)  (i  e  , 

with  0  <  1  <  2  <  <  «)),  let  /  —  C  be  the  function  with  /(n)  =  2n  (n  <  u.  ) 

and  f(u)  =  «,  and  let  g  .4  —  C  be  the  function  with  p(0)  =  0,  g{n)  =  2n  -  1 
(0  <  n  <  u),  and  }(»■)  =  j  Then  /  and  j  ate  clearly  u-frame  (in  fact  frame) 
morphisms.  and  the  equalizer  E  of  f  tuid  g  is  the  two-element  frame  (O.w).  Now, 
73{a€.4  u<u>}isanw'''  -generated  w-ideal  on  A  that  is  not  generated  by  any 
«-ideal  of  E  However,  downel/.'7)  =  7  =  downci  j(7),  and  so  7  is  in  the  equalizer 
of  f'l'e/  ‘otl  Thus,  the  equalizer  is  not  pteserv^  by  f". . 

11.10.  Products  of  congruences.  We  now  prove  a  result  about  congruences  on 
products  of  K-fcames  and  frames,  whose  proof  is  quite  similar  to  that  of  Lemma  115 

Theorem.  Suppose  that  I  is  a  K-set  and  A,  is  a  K-frame  for  all  i  5  I  If  9,  is 

a  congruence  on  A,  for  all  i  S  I,  than  fj,  9,  is  a  congruence  on  J],  A,  Conversely, 

every  congruence  on  fj,  has  this  form 

Pnoor  The  first  part  of  the  Theorem  is  trivial,  since  all  operations  on  the  product 
ace  pointwiie. 

For  the  second  part,  let  d  be  a  congruence  on  •  »“<•  fot  'very  is  I,  define 
the  relation  d.  on  j4,  by  a,  $i  b,  iff  5,(0.)  9  5,(5.)  (5,  was  defined  m  Lemma  11.4). 
Clearly  each  relation  6,  is  a  congruence  on  A, ,  since  it  is  the  inverse  image  of  the 
congruence  9  under  the  non-empty-meet-  and  join-preserving  mapping  11  4(2).  But 
now  o  d  r  implies 


(,(<r{,))  =  (,(1)Ao9  <.(1)  A  r  =  <,(r(i)), 
and  thus  0(1)  9,  r(i)  for  all  1  £  / 

Conversely,  if  0(1)  9i  t(i),  or  equivalently  <1(0(1))  9  <,{r(i)),  for  all  i  6  7,  then 
since  9  is  a  x-frame  congruence,  we  use  Lemma  11  4(3)  to  get  o  d  r  Thus  ^  =  FI. 
and  the  proof  is  complete. 

11.11.  Corollary.  All  congruences  on  arbitrary  frame  products  art  products  of 
congruences  on  the  factors 
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Proof  We  can  either  prove  this  directly,  by  redoing  the  proof  of  Theorem  11 10 
without  the  cardinality  restrictions  or  (to  anticipate  12  4  below),  we  can  choose  a 
large  enough  regular  cardinal  k  th-  frame  congruences  on  the  product  are  the  same 
as  K-frame  congruences  or  •  >et.  and  then  invoke  11 10  directly. 

11.12.  Example.  The  'xample  11.7,  which  shows  that  products  of  A  many 
factors  need  not  be  preserved  by  F)^^,  can  b  .  .nodiHed  to  produce  a  congruence  on 
a  product  of  A  many  A-frames  that  is  not  a  product  of  congruences  Thus,  let  6 
be  the  relation  on  the  frame  2*  (or  equivalently,  (PA,c>)  defined  for  5, 7"  c  A  by 
5  6  r  iff  |5AT|  <  A .  where  A  is  the  symmetric  dUkrence  operation  S  A  T  = 
(5  -  T)  U(T  -  S)  One  can  check,  for  any  two  /-indexed  families  {S,  }  and  {T,}  of 
subsets  of  A,  that  (U,  C  (J,(ii  AT,),  and  so  x-joins  are  compatible  with 

0  by  the  regularity  of  k  Similarly,  one  can  check,  for  any  subsets  Si ,  Sj,  Tj ,  Ti ,  that 
(5i  n  Sj)  A  (Ti  f  Tj)  C  ( ?i  A  Ti )  U  (5}  A  Tj) .  and  therefore  finite  meets  repect  S  as 
well,  making  S  a  x-frame  congruence.  But,  0/6  is  just  the  ideal  J  of  Example  11  7 
and  IS  not  a  product  of  ideals.  Thus  6  cannot  be  a  product  of  congruences. 


12.  Limits  and  colimits 

12.1.  Remarks.  By  6  a.l,  limits  of  frames  and  x-frames  ate  computed  as  in 
Set.  Coequaliters  arc  given  as  in  6  S  3,  but  for  frames  a  mote  concrete  description  is 
possible  (see  13.7).  As  for  coproducts,  the  infinite  case  isn't  any  harder  than  the  binary 
case,  and  so  we  start  by  looking  at  that  (See  Johnstone  [22,  II.2.12]  for  a  development 
that  includes  the  infinite  case.) 

12.2.  Coproducts  of  frames.  Given  frames  A  and  B,  we  call  a  subset 
S  C  A  X  B  t.  bi-ideal  ca  A  x  B  if  it  la  down-closed  (in  the  product  order)  and,  for 
every  set  /,  has  (V,  Ui.i)  €  5  whenever  (<ti.3)  €  5  for  all  i  6  /,  and  has  (a,  V,  i/j  S  S 
whenever  (a,  6,)  g  5  for  all  i  g  / 

Proposition.  Suppose  A  and  B  are  frsmeF.  Then  tie  coproduct  of  A  and  B  can 
be  represented  by  the  set  A®  B  of  all  bi-ideals  on  Ax  B,  ordered  by  inclusion  The 
injections  va  :  A  ~  AS  B  end  up  B  AS  B  are  given  by  vxfo)  =  1  (a,  1)  and 
i's(t)  =  i(l.i) ,  and  'f  f  :  A  —  C  and  g  •.  B  —  C  are  frame morphisms.  the  mediating 
morpbism  m  AS  B  —  C  is  given  by 

m(S)  =  V{/(<>)As(6):{a.i)g5}. 


12.3.  Coproducts  of  x -frames,  and  ioiinitary  coproducts.  We  record  the 
obvious  modification  for  x-frame$.  A  subset  S  C  A  x  B  is  a  a-bi-ideal  on  A  x  B 
if  It  IS  down-closed,  has  same  closure  with  respect  to  joins  as  above  (when  /  is  a  x- 
set),  and  is  x-generated  (with  respect  to  these  closure  conditions).  The  injections  and 
the  mediating  morphism  ace  the  tame  (except  that  we  define  m(S)  in  terms  of  a  x- 
generating  set,  instead  of  S  itself).  And,  as  with  free  x-ftamea,  the  regularity  of  x  is 
used  here  to  conclude  that  the  join  of  a  x-set  of  x-generattd  ideals  is  still  x-generated 
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Also  for  the  record  we  mention  that  in  the  infinite  case,  one  requires  a  (K')bi*ideal 
to  be  closed  under  (fc*)joms  in  each  coordinate  while  the  others  remain  fixed  and  that 
instead  of  taking  subsets  of  the  whole  cartesian  product,  one  takes  subsets  only  of  those 
elements  that  have  1  in  all  but  finitely  many  coordinates 

12.4.  Colimits  in  K-Om  vs.  Frm.  The  basic  relation  we  will  be  exploiting 
between  /t-frames  and  frames  is  that  “locally”  the  categories  Ftm  and  /c-FVm  ‘look 
the  same  *  First  we  have  that  if  A  is  a  poset  with  |A(  <  x.  then  A  is  a  frame  iff 
A  IS  a  x-frame  Also,  fox  such  an  A, <  frame  congruences  and  X'frame  congruences 
on  A  coincide  Finally,  in  the  case  where  {A.  .•  i  €  /}  is  a  family  of  frames  with 
in,  At  I  <  K,  the  notions  of  bt^ideals  and  K*bMdeals  on  (the  appropriate  subset  of) 
the  product  agree,  and  therefore  the  coproducts,  as  constructed  above,  agree  as  well 
Putting  together  these  observations,  we  get  the  following  result- 

Tbeorem.  If  D  J  —  Firm  is  a  diagram  of  frames,  with  co/imit  cone  u  ■  D  — 
AC.  then  there  exists  a  regular  cardina/  k  (in  fact  ue  can  choose  «  =  1 0/ 1— »  » 

where  the  product  is  over  sll  morpbismsof  3 )  such  that  .  U^o  D  o  AC 

IS  a  coiimit  cone  tn 

Proof  Let  k  be  chosen  as  abo>e  Then  k  is  a  regular  cardinal  larger  than  any 
frame  that  appears  in  the  construction  of  coiimD  from  coproducts  and  coequalizers 
By  the  previous  observations,  it  follows  that  the  colimit.  whether  calculated  in  Frm 
or  in  n'iVm,  is  the  same  poset,  from  which  the  Proposition  follows 

12.5.  Operator  description  of  frame  coproducts.  Given  a  bi-ideal  /  C  A  x  ^ 

and  an  element  a  €  A ,  there  exists  a  largest  element  d{c)  €  B  such  that  (a,  ^(a))  €  / 
(namely  <i(«)  =  €  /) which  is  in  I  by  the  join-closure  property  on  the 

second  coordinate)  Similarly,  for  every  6  6^.  there  is  a  largest  t^(h)  ^  A  with 
(^>(6), 6)  6  /.  Either  operation  determines  /.since 

/=*.{(u,h)  h<^(<i))  =  {(c.h)  o<t^(6)}..  (1) 

and,  considered  as  operations  (b  A  -*  and  v  '■  —  A,,  they  arc  adjoint 

(d  H  Moreover  it  is  clear  from  (1)  that  every  such  adjoint  pair  determines  a 
unique  bi-ideal,  and  so  the  frame  coproduct  of  A  and  B  can  just  as  well  be  presented 
m  terms  of  adjoint  pairs 

Wigner  (51]  gives  such  a  description  m  terms  of  just  the  operations  d,  which  we 
reproduce  here  without  proof 

Theorem.  Suppose  that  A  and  B  are  fremes  Let  A  0  5  be  the  set  of  aii 
operations  d  ■■  A  —  B  satisfying  d{\/S)  =  A^(^)  for  e!l  S  C  A  Then  A  0  5, 
ordered  powtwise.  is  a  frame  coproduct  of  A  and  B  The  injections  :  A  A  ^  B 
and  i/fi  .  5  —  A  0  B  are  given  by 

=  and  =  f  ° 

[f  /  A  -<  C  and  j  B  —  C  are  frame  morp/iisms,  lien  lie  mediating  morphism 
m  A&B  —  C  and  ils  right  adjoint  m,  C  —  A^B  are  given  by 

m(d)  =  V /(a)  and  m.(c)((i)  =  5.(/(a)  -  c). 

.ex 
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12.6.  Pushouts  of  frames.  All  of  the  descnptions  of  binary  coproducts  we 
have  given  can  be  easily  modified  to  give  descriptions  of  the  pusbout  of  two  morphisms 
/  C  — *  A  and  :C  ^  B  We  remark  on  the  necessary  modifications  apd  leave  the 
verifications  to  the  reader 

In  Proposition  12  2.  the  coproduct  of  .4  and  B  was  given  as  the  set  AbB  of  all  bi* 
ideals  on  i4  X  B ,  ordered  by  inclusion  For  the  pushout  of  /  .  C  —►  .4  and  ff:C—*B,; 
one  takes  instead  the  set  A  ^  of  all  bwdeals  5  that  additionally  satisfy 

(aA/(e),6}€5  ifandonlyif  (<itj(c)A6)  €  5  (a  €  A  6  g  B.c  €  C),  (1) 

again  ordered  by  inclusion  The  description  of  the  injections  has  to  be  modified  (for 
£^^(a) ,  for  example,  one  takes  the  smallest  bi-ideal  satisfying  (1)  and  containing  (o,  1} ), 
but  the  description  of  the  mediating  morphism  does  not. 

In  Theorem  12  5  the  coproduct  was  given  as  the  set  B  of  all  operations 
0  •  .4  — *  fl  satisfying  <p(]/S}  =  A^{^)  for  all  5  C  A,  ordered  pointwise  For  the 
pushout,  one  takes  the  set  A  Sc  B  of  those  operations  that  additionally  satify 

o(/(c)  A  a)'  =  ff(c)  —  ^(fl)  (fl  €  X,  c  e  C),  (2) 

again  ordered  pointwise  Unfortunately,  there  doesnH  appear  to  be  any  useful  formula 
for  the  injection  into  the  pushout,  as  there  is  for  the  coproduct,  but  agam  the  formulas 
for  the  mediating  morphism  and  its  adjobt  remain  valid 

12.7.  Directed  colimits  of  frames.  Several  authors  ([51],  [16],  and,  at  least 
implicitly,  [27])  have  observed  that  the  directed  coHmit  of  diagram  in  IVm  is  computed 
by  taking  the  directed  limit  of  the  underlying  sets  and  right  adjoint  maps,  and  have 
used  this  to  prove  that  if  all  of  the  morphimns  in  the  diagram  are  mono,  then  the 
canonical  injections  into  the  colimit  are  mono  as  well. 

We  state  these  results  here  and  refer  the  reader  to  the  papers  above  for  proofs. 

Theorem.  The  functor  (-)• .  Loc  — *  Set  creates  filtered  hmiCs. 

More  explicitly,  suppose  D  .  J  Ftm  is  a  diagram  on  an  u 'filtered  category 
(6  5  5).  Then  the  colimit  of  D  may  be  taken  to  be  the  set  of  all  those  cr  € 
such  that  for  every  morphism  /  i  — ►  j  of  J.  (i?/).(<r(;))  =  a(0,  ordered  pointwise. 
(Meets  in  this  frame  ace  also  pointwise.)  fbr  each  ;  6  J,:  the  canonical  injection 
t/j  .  Dj  eollmf)  is  the  left  adjoint  to  the  projection  on  the  ;th  coordinate.  Given 

a  cone  r  :  D  AA,  the  mediating  morphism  colimD  A  \s  the  left  adjoint  to  the 

function  that  takes  an  element  a  €  A  to  the  function  j  •-»  (rj).(a). 

12.8.  Corollary,  if  in  a  filtered  diagram  D  J  ^  Frm  of  frames,  Df  is  mono 
for  every  morphism  /  of  J .  then  the  canonical  injections  uj  are  ail  mono 

12.9.  Exercises. 

12.9.1.  Products  commute  with  directed  limits  in  Trm 

(a)  Suppose  that  G.H  —»  Trm  are  two  diagrams  in  IVm,  and  r  G  /f  is 
a  natural  transformation  that  satisfies  Gf  o  (ri),  sr  (rj)»  o  (as  functions)  for  all 
morphisms  /  i  — •  j  in  J 
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Let  ^  .  Iimj  <?  —  C  and  1/  •  limj  H  ^  H  ht  limit  cones  let  lim  r  .  lim  G  -^WmH 
be  the  unique  frame  morphism  such  that  rj  o  pj  s=  vjo  hm  r  for  all  j  €  J  and  let 
jimr.  Itm^  —  llmG  be  the  unique  function  such  that  (tj).  e  ifj  =  pj  o  limr.  (as 
functions)  for  all  j  ^  J  Show  that  (limT).  =  limr.. 

(b)  Call  F  I X  J  —  Firm  ♦  ‘compsubk  if,  whenever  /  . »  —  i'  and  g  j  —f  are 

morphismsof  I  and  J,  we  have  F{f,j)cF{i^g)»  =  F{t'.g),oF{f,y)  Use  (a)  to  prove 
that  if  f  is  a  •-compatible  diagram  such  that,  for  every  t  €  I,,  J  —  Erm  is 

filtered,  then  the  canonical  morphism  colimj  limj  F  iimt  colimj  F  is  an  isomorphism 
of  frames. 

(c)  Show  that  if  F  I  x  J  —  Erm  is  such  that,  for  every  t  6  I,  F(i,  -)  is  a 
discrete  diagram,  then  F  is  * -compatible  Conclude  that  in  FVm,  directed  colimits 
commute  with  arbitrary  products 

12.9.2.  Let  K  be  a  regular  cardinal  Use  the  fact  that  the  free  functor  F^  pre- 
serves  colimits  and  ^'-products  to  derive  from  Exercise  12  9  Ithat  k -products  commute 
with  directed  colimits  of  ^ -frames 
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THE  ASSEMBLY  TOWER 


Associated  to  every  frame  A  is  another  frame  NA,  cabled  its  assembly,  and  this 
process  can  be  iterated  transiiniteiy  to  produce  the  assembly  tower  of  A .  The  assembly 
tower  IS  the  mam  tool  used  for  obtaining  information  about  the  “meet-structure*’  of 
a  frame  in  Chapter  7  and  about  pushout-etable  monomorphisms  in  Chapter  8.  The 
assembly  tower  is  also  related  to  the  extenMoiial  operators  of  Chapter  3,  with  the 
regular  operators  of  Chapter  6  as  intermediary  Thus,  the  material  of  this  chapter 
forms  the  core  of  the  thesis 

We  begin  m  Section  13  with  the  equivalence  of  the  complete  lattices  of  congruences, 
nuclei,  and  maxscts  on  a  frame  establishing  the  definition  of  the  assembly.  Since 
congruences  are  naturally  associated  to  quotients,  these  quotients  have  descriptions 
in  terms  of  nuclei  and  maxsets,  as  well,  which  are  looked  at  next  The  section  ends 
with  a  look  at  uow  elements  of  the  assembly  can  be  generated  by  incomplete  data-^ 
congruences  generated  by  secs  of  pairs,  nuclei  generated  by  prenuclei,  and  maxsets 
generated  by  certain  subsets  Section  14  is  devoted  to  showing  that  the  assembly  N  A  is 
a  frame,  this  is  accomplished  by  establishing  a  formula  for  meets  of  maxsets  Section  15 
then  looks  at  special  elements  of  NA  (and  N(NA))  and  their  rules  of  calculation  In 
Section  16,  the  universal  property  of  the  assembly  functor  N  is  established,  and  the 
action  of  N  on  morphisms  is  looked  at  from  three  different  angles.  Some  preservation 
properties  of  N  are  also  proved  Section  17  gives  the  construction  of  the  assembly 
tower  and  its  basic  properties,  and  finally  Section  18  discusses  the  similar  construction 
for  K -frames 


13.  The  assembly:  congruences,  nuclei,  maxsets,  quotients 

13.1.  FVame  congruences.  Recall  that  a  congruence  ^  on  a  frame  A  is  an 
equivalence  relation  on  A  that  is  compatible  with  finite  meets  and  arbitrary  joins.  It 
follows  that  every  equivalence  class  of  ^  has  a  largest  member  (namely  its  join).  Thus, 
there  is  associated  to  each  congruence  ^  on  A  both  an  operation  jt  :  A  A ,  defined 
by 

j,«  =  VoM  (1) 

and  a  subset  A/#  C  A  defined  by 

Af»  =  {a  €  ^  ■  a  >  6  whenever  o  S  J)  (2) 

Thus  ;r  takes  an  element  to  the  largest  element  ^-related  to  it,  and  A/,  is  the  set  of 
all  such  largest  elements 

13.2.  Nuclei  and  Maxsets.  The  properties  of  the  operations  ;«  and  subsets 
Ml  in  (1)  and  (2)  above  can  be  sumaiized  as  follows. 

65 
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Proposition.  Let  A  be  ^  frame 

(a)  .'In  operation  j  A  —  A  is  equal  to  je  for  some  6  £  Con  .4  if  and  only  it  j  is 
a  nucleus  i  e  , 

a<ja  =  ]}tt  and  }(tt  A  b)  =  ja  A  jb  (a.bsA).  (1) 

and  then  6  =  {(a,  6) ;  ja  =  jb) , 

(b)  A  subset  M  C  A  is  equal  to  Afe  for  some  6  6  Con  A  if  and  only  if 

Sc  Af  implies  A S  6  Af  and  a  €  A,m  €  Af  imply  a  —  m  £  .4/  (2) 

and  then  fl  =  {(a, 4)  Vm  g  Af  a  <  m  6  <  m} 

(c)  for  a  frame  congruence  6  the  associated  je  and  Alt  ate  related  to  each  other 

by 

Me  =![%}>  =jf  A  and  Aea  =  A{™  €  A/»  a  <  m}  (3) 


Nuclei,  as  extensional  closure  operators,  were  studied  m  Chapter  3.  A  subset  Af 
satsifying  (2)  will  be  called  a  maxset  We  call  a  subset  Af  c  A  satisfying  the  first  pact 
of  (2)  meet-closed,  and  one  satifying  the  second  part  an  arrow-ideal 

Proof.  The  proof  is  standard  see,  for  example.  [22],  11  2  2-3  [27],  HI  4.  Prop  2, 
or  [50].  Thm  6.2.9.  In  fact  (cf.  [27]),  the  proof  can  be  split  into  two  stages,  corre¬ 
sponding  to  the  compatibility  of  0  with  joins  and  finite  meets;  the  first  stage  is  the 
equivalence  of  the  following  (ef.  Proposition  4  3). 

(i)  there  is  a  complete  join-semilattice  congruence  S  on  A  such  that  for  all  a  g  /4 , 
ja  =  V[4  aS6}. 

(ii)  j  IS  a  closure  operator. 

(iii)  a  <  j6  iff  ja  <  }b  for  all  a  4  g  A 

(iv)  there  is  Af  C  A,  closed  under  alt  meets,  with  ja  =  A{'’’  £  Af  :  a  <  m]  for 
all  a  g  A. 

One  can  moreover  extract  from  these  proofs  the  result  that  if  R  is  the  relation 
defined  between  pairs  (a,  4)  g  A  x  A  and  s£Aby[o.4)fJsiffo— •s=:4  —  5  and  if 
Iv  d  IV  is  the  associated  ‘  universar  adjunction,  then  rv°Iv  =  @  (the  closure  operator 
taking  a  set  of  pairs  to  the  smallest  congruence  containing  them)  and  ly  o  iv  is  the 
closure  operator  that  takes  a  subset  of  A  to  the  smallest  maxset  containing  it  See 
13  7  and  13  9  for  explicit  descriptions  of  these  closure  operators 

13,3.  Ttame  quotients.  Associated  to  every  congruence  9  on  a  frame  A  there 
IS  also,  of  course,  the  frame  quotient  A/6  and  natural  map  A  —  A/6,  o  ►-  o/6  How 
does  this  relate  to  ;V  and  Aft  ? 

Corollary.  Suppose  A  is  a  frame  and  6  €  Con  A.  Tien  Alt .  with  the  order  induced 
by  A,  IS  order  isomorphic  (o  tie  quotient  A/6  (by  the  correspondence  m  -  m/9), 
and,  up  to  this  isomorphism,  jt  A  —  Ms  is  the  quotient  map  The  right  adjoint 
(ji),  .  Aft  — •  A  to  Jt  IS  the  inclusion  (j  is  a  "reSection”) 

Proof  The  order  on  frame  congruence  classes  is  easily  seen  to  be  the  same,  by 
6.4(g)  and  (iii)  in  the  proof  above,  as  the  order  on  their  maximal  elements,  and  (lii) 
moreover  states  that  je  is  left  adjoint  to  the  inclusion.  The  test  is  trivial 
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13.4.  Notational  remark.  It  will  be  coD\ement  to  have  a  notation  fot  the 
quotient  of  a  frame  A  by  the  congruence  associated  to  a  nucleus  Following  John^ 
stone  [22].  we  denote  this  A,  and,  for  concreteness,  take  the  elements  of  Aj  to  be  the 
hxedpoints  of  j  and  the  order  on  Aj  to  be  that  induced  by  >4  as  in  the  Corollary 

13.5.  Quotient  operations,  finite  meets  and  arbitrary  joins  of  equivalence 
classes  in  the  quotient  are  naturally  given  in  terms  of  representatives;  it  is  less  clear 
what  the  infinite  meet  and  arrow  operations  are  For  quotients  given  by  maxsets  (or 
fixedpoints  of  nuclei),  the  reverse  is  true* 

Proposition.  Let  4  be  a  frame  and  j  a  nuc/eus  on  A  If  we  denote  the  meet, 
join,  and  arrow  operations  of  A}  by  y\^ ,,  f^®ti  for  every  S  C  .4.  and 

a,b^Aj,ve  have 

(a)  ^>S  =  ^S. 

(b)  a— 6=  a— *i,  and 

w  vs  =  ]ys 

Proof  As  Aj  is  a  meet'Closed  subset  of  A  with  ;  as  reflection,  (a)  and  (c)  are 
dear  In  particular,  finite  meets  m  Aj  agree  with  those  of  .4  and  since  Aj  is  closed 
under  — *  by  the  second  part  of  13  2(2),  (b)  fdlows  as  well. 

13.6.  The  assembly.  We  have  seen  that  the  complete  lattice  of  congruences 
on  a  frame  A  can  be  described  m  three  equivalent  ways  by  congruences,  nuclei,  and 
maxsets  In  the  sequel  we  make  frequent  use  of  ail  three,  and,  m  an  (admittedly 
weak)  effort  to  remain  neutral  as  to  representation,  we  will  call  this  complete  lattice 
the  aasembly  of  A.  (We  will  also  make  an  effort  when  mtroduang  a  new  concept 
associated  with  the  assembly  to  describe  it  in  terms  of  all  three  representations.)  When 
the  representation  of  the  assembly  is  important,  Wv  w/d  write  Con  .4,  as  usual,  for  the 
lattice  of  congruences  on  A  (ordered  by  inclusion),  NA  for  the  lattice  of  nuclei  on  A 
(ordered  pointwise),  and  Max  A  for  the  lattice  of  roaxseta  on  A  (ordered  by  reverse 
inclusion).  In  general,  however,  we  wiU  stick  to  the  notation  NA,  since  it  has  become 
standard  usage 

13.7.,  Congruences  generated  by  pairs.  In  this  and  the  following  paragraphs, 
we  look  at  how  elements  of  the  assembly  can  hr  generated  by  various  data  The  first 
such  result,  generation  of  congruences  by  pairs,  follows  directly  from  the  observation 
made  m  the  proof  of  13  2 

Proposition.  Suppose  that  A  is  a  frames  and  let  $  he  the  congruence  on  A 
generated  by  ( (o, ,  6,)  -  :  €  i)  •  Then  r  6  y  jf  and  on/y  ifjp-*s  =  y— *5  whenever 
a,  s  =  s  for  aii  i  €  /  ■ 

13.8.  Nuclei  generated  &om  prenuclei.  Recall  that  a  prenucleus  is  an  exten- 
sional  operator  that  is  inflationary  and  monotone  (9.9)  and  that  nuclei  are  precisely 
the  idempotent  prenuclei  (9.10). 

Proposition.  Suppose  ;  is  a  prenuc/eus  on  a  frame  A.  and  define  by  transhnite 
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recursion  the  sequence  {j^  a  €  C  o  >  0}  o/ operators  on  A  by 
j'(a)  =  jo 

j“+‘(a)  =  ;(i’(«)).anrf 
j*(o)  =  V  7“(«)  i/A  IS  a  limit 

a<X 

Then  for  some  ordinal  “i ,  j**  is  a  nucleus,  and  p  is  the  least  nucleus  pointwise  greater 
than  j  fuft/iermore.  =  f»xj. 

Proof  Since  s  j  is  a  prenucieus,  compositions  of  prenuclei  are  larger  prenuclei 
(by  a  simple  argument  from  the  dehmtion),  and  (nonempty)  pomtwise  joins  of  prenuclei 
are  prenuclei  (9  17).  it  follows  by  induction  that  each  p  is  a  prenucleus  and  that 
p  <  p  whenever  $  <  o  If  ib  is  a  nucleus  with  j  <  k,  then  again  by  induction  it  is 
easy  to  verify  (using  9  2(b))  that  p  <k  for  all  o.  Thus,  p .  if  it  is  idempotent,  is  the 
least  nucleus  greater  than  j  But,  since  there  are  only  a  set  of  prenuclei  on  A,  and 
the  sequence  (j*)  is  increasing,  there  must  be  a  7  such  that  j  op  =  p ,  from  which 
It  follows  (by  induction  up  to  )  that  p  is  idempotent 

It  remains  to  verify  that  hxp  a  hxj  But  for  any  a  6  ja  <  u  implies 
pa  <  a  again  by  induction  on  o,  and  the  converse  implication  Is  trivial,  since  {;°} 
IS  increasing  This  completes  the  proof 

13.9.  Proposition.  Suppose  >4  is  a  irame,  T  C  A,  $  is  aa  arrow-ideai  of  A,, 
and  i\f  IS  a  mee(*Wosed  subset  of  A  Then, 

(a)  The  smallest  maxset  containing  T  is  (A*  €  -4.  t,  €  T)  ;■ 

(b)  The  smallest  maxset  containwf  $  is  JflC  $)  ;  and 

(c)  The  largest  maxset  contained  in  .V  is  (m  €  Af  ’  0  -*  m  €  W  for  all  a  ^  A) 

We  call  the  set  in  (c)  the  core  of  .V,  written  core  .4/ 

Proof,  (a)  Let  T  be  the  set  listed  Clearly,  any  maxset  containing  T  must 
contain  T' ,  thus  it  is  enough  to  show  (hat  T  is  a  maxset  It  is  closed  under  meets, 
because  we  can  write  a  meet  of  meets  as  a  single  meet  And  it  is  an  arrow-ideal  because 
of  the  laws 


=  and  a  — (o'  — r)  =  (a  Aa')-*z,, 

for  A*  C  A  and  a:  €  A 

(b)  Let  S'  be  the  set  listed,  which  is  meet-closed  and  contained  m  any  maxset 

containing  ^ .  If  a  €  A  and  A  *  then  a  —  =  since  for  every 

r  €.  R  0— »rfeS,as5is.in  arrow-ideal. 

(c)  let  M'  =  core  A/,'  which  is  an  arrow-ideal  by  definition  If  C  Af^^  then 

A  .  since  M  is  meet-closed,  and  for  every  oEA,  a  ^  s:  f\a  R  e  M 

since  a  C  M  by  the  definition  of  hV  Thus  M'  is  a  maxset  But  any  other 
maxset  contained  in  M ,  since  it  is  an  arrow-ideal,  must  be  contained  m  Af ' ,  showing 
that  M'  18  the  largest  maxset  contained  m  A/ 
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14,  The  assembly  as  a  frame 

14.1.  Lattice  operations  in  the  assembly.  The  assembl)  of  a  frame  A  is 
a  complete  lattice  that,  by  13  2.  we  may  take  to  consist  of  congruences,  nuclei  or 
maxsets  We  now  look  at  the  lattice  operations  in  the  assembly  in  terms  of  these  three 
perspectives. 

Since  arbitrary  intersections  of  congruences  are  congruences,  the  meet  operation  in 
Con  A  IS  just  intersection  The  join  of  a  set  of  congruences  is,  of  course,  the  congruence 
generated  by  their  union  but  this  won  t  have  a  simple  description,  in  general  The 
meet  operation  in  N.4  is  given  b\  pointwise  meet,  as  was  proved  In  Proposition  9.20' 
if  J  C  Nj4.  then 

(/\J)<t  =  /^Ja  (o6.4)  (Ij 

A  formula  for  joins  of  nuclei  will  be  given  in  23  4  as  an  application  of  results  developed 
in  Chapter  6  Finally,  since  intersections  of  maxsets  ace  maxsets.  the  join  operation  of 
Max  A  (remember  that  the  order  is  reversed)  is  given  by  mteisection  This  is  valuable 
in  that  we  have  at  least  one  representation  for  which  joins  aie  easy  to  compute,  see 
Theorem  14.4  below  for  an  application 

14.2.  Meets  of  maxsets.  The  meet  operation  of  Max  A  is  readily  seen  to  be 
given  by  meet-closure  of  the  union,  since  unions  of  arrow-ideals  ace  arrow-ideals,  and 
so  13.9(b)  applies  We  give  another  approach  to  this  result,  which  carries  with  it  some 
additional  formulas  for  meets  of  maxsets 

Suppose  M  C  MaxAf  is  a  collection  of  maxsets  on  A,  each  M  £  M  with  its 
associated  nucleus  jm.  »s  determined  in  13.2(3).  Then  “  associated  to  the 
nucleus  AmIMi  and  since  this  association  is  by  fixedpoints,  we  have,  by  14  1(1), 

AA<  =  {oe  A.  Ayji»o  =  o}.  (1) 

The  following  Lemma  gives  two  other  formulas  for  A  M 

Lemma.  Wj'c/i  the  notation  as  above,  we  have 

f\M  =  (Ao.v  :  OM  e  M  for  each  .W  €  .M)  (2) 

.4Iternatjveiy,  the  meet  of  a  set  of  maxsets  is  the  meet-eJosure  of  their  union' 

/\M  =  {AT:Tc(jM}.  (3) 

Proof  Let  Si,  Si,  and  S,  be  the  sets  on  the  right  sides  of  (1),  (2),  and  (3).  We 
show  that  St  C  Si  C  S}  C  Si ,  and  hence  that  all  of  these  sets  are  equal. 

The  first  two  of  these  inclusions,  Si  C  Si  and  Sj  C  53 .  ate  trivial,  so  we  only  need 
to  argue  for  the  last.  53  C  5i .  Suppose  o  e  Sa,  and  pick  T  C  IJv'd  with  a  =  AT. 
For  each  M  SM,  define 

Tm  ~T  C\M  and  tM  ~  A  Tm  • 
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Then  T  =  Uaj  hue  a  <  <,«  £  'W .  since  A/  is  meet- 

closed  and  T  D  Tu  implies 


0  =  AT  <  A^m  =  *u 

Therefore  jua  <  jutw  =  («  for  all  A'  e  M,  and  thus  we  have 

n  S  Aw/n  S  A<w  =  AlA^w  Af  e.M)  =  AT  =  a 

M  M 

Therefore,  a  =  A/if  J.'rn  ■  nnd  so  a  €  Si 

14.2.1.  Corollary.  If  Af,  A' 6  Max  .4.  then 

Xf  A  A'  =  {m  A  n  m  €  Af  and  n  €  .V}  (4) 

=  {a6.4  ;sraAj,va  =  a}  (5) 

Proof  If  we  put  M  =  {.Af.  A'},  then  (4)  is  just  equation  (2)  of  the  Lemma,  while 
(5)  IS  just  (1) 

14.3.  Remark.  Statement  (4)  of  the  Corollary  above  was  apparently  first  noticed 
by  Dana  Scott,  who  used  this  description  of  binary  meet  of  maxsets  to  give  a  proof  of 
the  following  theorem  Out  proof  is  essentially  the  same,  except  that  we  have  used  (5) 
instead  of  (4)  (so  that  certain  choices  made  in  the  proof  are  canonical) 

14.4.  Theorem.  M.4  is  a  frame 

Proof.  We  verify  the  frame  distributive  law  for  Maxi4.  Suppose  Af  6  M»x4 
and,  for  all  i  e  /  A',  €  Mixi4  We  only  have  to  show  that 

.Af  A  V  fif.  <  V ‘WA.V„  (1)' 

III  III 

since  the  reverse  inequality  holds  in  any  complete  lattice  Recall  that  <  and  V  in  (1) 
ate  reverse  inclusion  end  set  intersection,  and  let  i  e  .Af  A  A’,  Then,  by  14  2  1(5), 
X  =  },MZ  A  jn,x  foi  all  i  e  I  Now  for  any  particular  i  e 

}„z  —  z  =  J.tfi  —  (j,w*  Aja-.*)  =  ;af2'  -“JA-.r  6  ,V., 

since  jjv.  €  A)  and  N,  is  an  arrow-ideal  Thus,  jmz  —  t  g  V  ^'i  But  then,  since 
jAfi  >  *,  we  have  i  =  jnz  A(}mz  —  z),  which  implies,  by  14.2.1(4),  that  i  is  a 
member  of  the  left  side  of  (1) ,  and  we  ate  done 
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IS.  Special  elements  and  their  properties 

15.1.  Priucipal  congruences.  We  assume  throughout  this  section  that  ^  is  a 
frame  Evei>’  congruence  S  e  Con  >4  is  a  join  of  principal  congruences,  and  furthermore, 
for  each  principal  congruence  6((i  b),  we  have 

Q{a  i)'  =  e(O,a)A0(6,l)'  (I) 

by  5  4(f)  Thus  Con  .4  is  generated  as  a  frame  by 

{0(0  «)'  a€^}U{e(i.l):6G/l).  (2) 

We  therefore  begin  our  investigation  of  special  elements  of  the  assembly  by  looking  the 
elements  in  (2). 

Proposition. 

(a)  0(0.  a)  IS  associated  to  the  nuc/eus  c(a)  =  a  V  -  and  to  the  maxset  (a 

(b)  0(6.1)  IS  associated  to  the  nucleus  u(b)  =  6-*-,  and  fixu(6)  is  order- 
isomorpbic  to  lb  by  the  operations  6  A  —  and  b  —  -. 

(c)  For  any  j  S  N.l  and  n.h  €  A  with  a  <  6,  c(6)  A  u(a)  <  j  iff  ja  =  ;6  iff 

b  <ja.  In  particular,  c(6)  <  j  iffb<jO,  and  u(o)  <  j  iff  jo  =  1 . 

(d)  For  any  a  £  .4 ,  c(a)  and  u(a)  are  complementary  elements  of  KA.  Moreover, 
a  and  b  are  complements  in  A  iff  c(a)  =  u(6)  iff  c(6)  =  u(o) 

(e)  The  map  c  A  —  NA  given  by  a  >—  c{tt)  is  a  frame  morphism  It  is  both 
mono  and  ept  and  is  an  isomorphism  iff  A  is  Boolean. 

(f)  The  map  u  ■  A  —  NA  a  an  “anti-frame  morphiam"!  u(^F)  =  yu(F)  for 

every  finite  set  P  C  A ,  and  u(V  S)  =  A  tf(S)  for  every  set  5  C  A 

Proof  (a)  That  the  operation  c(a)  is  a  nucleus  follows  from  basic  properties  of  a 
distributive  lattice  By  s.4(e),  (c,  d)  €  0(0,  a)  iff  aVe  =  aVd,  and  so  c(o)  is  associated 
to  0(0, a)  by  13.2(a)  We  have  e(a)i  =  *  iff  aV*  =  »  iff  a  <  r,  and  so  fixc(o)  =  la. 

(b)  That  u(6)  is  a  nucleus  follows  from  basic  properties  of  a  Heyting  algebra 
By  5  4(e).  (c,  d)  £  0(6, 1 )  iff  6Ac  =  6Ad,  and  this  is  equivalent,  by  8  3,  to  6-»c  =  6—d, 
so  u(6)  is  associated  to  6(6, 1)  If  a  <  6,  then  6A(6->z)  =  6Az  =  z,  and  if  b—z  —  z^ 
then  6  —  (6az)  =  6  —  z=:z  Thus,  since  both  6  A  —  and  6  — *  —  are  monotone,  they 
constitute  the  required  order-isomorphism 

(c)  Suppose  that  a  <  6  Then  by  (a),  (b),  and  (1),  the  nucleus  c(6)  A  u(o)  is 
associated  to  the  principal  congruence  6(o,6),  and  so  for  any  f  £  Con  A,  jio  =  jab 
iff  (a,  6)  £  S  iff  0(o,  6)  <  fi  iff  c(6)  A  u(o)  <  j#  Since  every  j  £  NA  is  ja  for  some 

€  Con  A ,  this  proves  the  first  equivalence.  Since  a  <  6 ,  the  second  equivalence  follows 
from  13.2(iii).  Finally,  since  c(6)  and  u(a)  correspond  to  @(0,o)  and  0(6,1),  the  last 
pact  of  (c)  follows  from  the  first 

We  prove  (d)  and  (e)  together.  Starting  with  (e),  if  S  C  A,  then  the  pointwise  join 
of  the  nuclei  c(S)  is  clearly  given  by  c(y  S) ,  which,  since  it  is  a  nucleus,  must  be  the 
join  of  c(5)  in  NA .  Siniilary,  if  f  c  A  is  Unite,  then  the  (pointwise)  meet  of  c(F) ,. 
by  the  dual  distributive  law.  is  c{/^F).  Thus  e  is  a  frame  morphism.  It  is  obviously 
mono  since,  for  instance,  e(a)0  =  e(6)8  iff  a  =  6. 

Now  back  to  (d),  we  have  6(0,a)A9(o.l)  =  0(o,o)  by  5.4(f),  and  so  c(a)Au(a)  = 
0;  and  we  have  (0, 1)  £  0(O,a)o  0(o,l)  C  0(0, a)  V  0(o,l),  and  so  c(a)  V  u(o)  =  1. 
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Thus  c(ii)  and  u(a)  are  complementary.  Since  c  is  a  frame  monomorphism  a  and  6 
are  complementary  in  A  iff  e(fl)  and  c(6)  are  complementary  in  Nj4  But  complements 
are  unique  and  so  this  is  iff  c(6)  =  u(a),  or  c(o)  =  «(t),  completin;  the  proof  of  (d) 
To  finish  off  (e).  we  obserte  that  any  two  frame  morphisms  out  of  Nj4  that  agree 
on  c(.4)  must  also  agree  on  u(4),  since  by  (d)  these  are  the  complements  of  the 
elements  c{A)  Therefore,  they  must  agree  on  all  of  N.4 .  since  this  frame  is  generated 
by  c{A)  U  u(4)  Thus  c  4  —  N4  is  epi  If  c  is  an  isomorphism  in  particular  onto, 
then  for  every  a  G  A.  u(a)  =  c(h)  for  some  b  e  A,  and  so  a  is  complemented  by 
(d)  Hence  A  is  Boolean  Conversely,  if  every  element  of  4  is  complemented,  then 
u(j4)  =  c{A)  and  so  N4  is  generated  by  e(i4)  alone.  But  c(A)  is  already  a  subframe 
of  and  so  c{A)  =  N.4  and  c  is  an  isomorphism 

(f)  By  (c),  u(a)  <  j  iff  j  =  1  But  j  preserves  finite  meets,  so  for  any  finite  set  F, 
Vu^f)  <  J  iff  Vn  e  /■  u(a)  <  J  iff  Vn  e  f  jo  =  1  iff  }{f\F)  =  1  iff  u(Af)  <  j 
Thus  V''(^)  =  “(A^)  Voneda  (3  3)  For  the  other  part,  we  simply  recall  that 
meets  of  nuclei  ate  pointwise  and  apply  7  2(o) 

1S.2.  Discussion.  The  nuclei  c(a)  ate  called  closed,  and  the  u(o)  ate  called 
open,  because  they  correspond,  through  the  duality  Loe  =  Frm°’’.  to  open  and  closed 
sublocales  of  the  locale  4  Note  that,  since 

a  — (j  — v)  =  (a  At)-y  =  (aA(o  — *))  — y  =  (a  — z)  — (o  — y), 

the  nucleus  u(a)  preserves  arrow,  we  already  know  (7.2(n))  that  it  preserves  meets. 
Thus,  since  arrow  and  meets  are  the  same  in  A„(,)  and  A  (13.S),  the  quotient  map 
u(a)  ■  A  —  4„(o)  is  open  in  the  sense  of  10  3  Conversely,  it  can  be  shown  that  if 
;  ;  4  -•  4,  is  open,  then  ;  =  u(o)  for  some  a  €  4  (in  fact,  a  =  ^{*e4;t=  1}) 
By(a)and  (b),  the  intervals  [t,l]  and  [0,s]  are  quotients  of  4 ,  with  quotient  maps 
z  >-  4  \/  i  and  z  ►-  a  A  z  By  (c),  the  fact  that  every  congruence  is  a  join  of  principal 
congruences  can  be  expressed  with  the  formula 

J  =  V(eO«)  4  u(o)  .  a  e  4)  (I) 


15.3.  Quasiclosed  nuclei.  By  15  2(1),  every  nucleus  is  generated  from  ‘below’’ 
by  open  and  closed  nuclei  We  now  look  at  nuclei  that  generate  from  “above”.  Recall 
from  Proposition  9  18  that  the  operator  q)(a,o).  where  jj(o,n){z)  =  z  — •  a,  is  a 
nucleus  We  denote  this  nucleus  more  simply  by  q(o).  and,  following  Johnstone  [25]. 
we  call  such  nuclei  quasi-closed.  The  basic  properties  of  quasi-closed  nuclei  are  given 
in  the  following  result 

Proposition.  Let  j  be  a  nucleus  on  A  and  a  €  4 

(a)  fixj(a)=  {z  — 0  zg  4). 

(b)  J  <  j(<i)  iff  JO  =  0 

(c)  J  =  ;'>  =  »}• 

(d)  4;  IS  Boolean  iff  j  =  q(j(l). 

Proof.  Every  element  z  —  a  is  a  fixedpoint  of  q(a)  by  7  2(1)  Conversely,  if 
0—4  =  4,  then  4  =  z  —  a  for  z  =  a  —  4,  proving  (a)  Part  (b)  is  just  (1)  of 
Proposition  9  18  Since  nuclei  are  determined  by  their  fixedpoint  sets  (cf.,  13.2),  a 
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simple  argument  derives  (c)  from  (b)  For  (d),  we  recall  that  a  frame  is  Boolean  iff  every 
one  ofits  elements  is  regular  (7  5)  Thus,  by  13.5,  Aj  is  Boolean  iff  (jo— »j0)— ;0  =  ja 
for  all  0  e  But  ;a  —  jO  =  o  -•  jO  by  9 11,  and  so  (c)  follows 

15.4.  Discussion.  It  follows  from  part  (a)  of  the  Proposition  chat  fix^fa)  is 
the  smallest  maxset  containing  A  and  therefore  (b),  read  in  terms  of  fixedpoints,  says 
something  obvious,  a  €  ftxj  iff  fixg(a)  C  fixy.  Similarly,  (c)  becomes  an  obvious 
statement  about  (unions  of)  fixedpoint  sets.  Also,  note  that  (c)  is  the  ‘'completeness” 
result  for  nuclei,  analogous  to  the  results  of  9  91,  that  was  alluded  to  in  9.18  Pact 
(d)  says  that  the  Boolean  quotients  of  A  are  precisely  the  quotients  for  o  €  A. 
since  q(a)0  =  o  And  since  every  frame  quotient  of  a  Boolean  frame  is  Boolean  (as 
frame  morphisms  preserve  complements),  it  therefore  follows  that  the  set 

Q  =  {,(o)  aeA]  (1) 


IS  an  up-closed  subset  of  NA 

A  special  quasi-closed  nucleus  is  double-negation,  g(0) ,  so-called  because  g(0)a  = 
-i-ia  We  often  write  A-,-,  for  A,([i)  Note  that,  since  At(a)  ■  to ,  it  follows  from  13.6 
that  (Aj(j)).,  =  A, (a)  (apparently  e.xplaining  the  term  “quasi-closed”)  A  nucleus  j 
IS  called  dense  if  jO  cs  0 .  It  follows  from  part  (b)  that  j  is  dense  iff  j  <  }(0) 

15.5.  Calculation  with  special  nuclei.  We  now  collect  together  the  rules  we 
will  be  using  for  calculations  involving  closed,  open,  and  quasi-closed  nuclei 

Proposition,  fret  y  €  NA  and  u  €  A. 

(a)  j  V  e(a]  =  j  o  e(o) 

(b)  u(a)vy  =  u(a)«;. 

(c)  j-4(a)  =  q(ja-.a). 

(d)  ;Vj(o)  =  q(jo  — a). 

Proof.  For  any  nuclei  ;i ,  yj,  and  k,  if  yi  <  b  and  y'j  <  k.  then  vyr  <  b  by 
9.2(b).  Thus,  if  one  can  show  that  y'l  oyy  »  anucleus  (in  fact  just  idempotent),  then 
yioyj  =  yiV;2 

•Now,  since  oVj(«Vr)  <  j(oVi),  wehave  y(oVy(oVi))  <y(oV*)  by  13.2(iii), and 
so  yoc(a)  is  idempotent.  proving  (a)  And  since,  by  extensionality  of  ; ,  a— y(a-*yz)  = 
0  — •  yy'i  =  u  — •  yi ,  u(o)  o  y  is  idempotent,  proving  (b). 

To  prove  (c),  let  b  e  NA  be  arbitrary  Then  b  <  y  -•  j(b)  iff  b  A  y  <  }(o)  iff 
(b  Ay)a  <  a,  by  15  3(b)  But 

(b  Ay)«  =  bo  Ayo  =  b(yo  -•  o)  A  y'o, 

by  extensionality  of  b.  and  so,  continuing  the  chain  of  equivalences,  (b  A  y)u  <  o  iff 
b(yo  — •  o)  <  y'o  -•  a  iff  b  <  q(yo  -*  o) ,  again  by  15.3(b).  Thus  (c)  follows  from  Yoneda 
(3.3). 

For  (d),  we  observe  that,  since  y  Vq(o)  >  g(o)  and  Q  is  up-closed  (15.4),  y"vq(o)  = 
q{z)  for  some  x ;  we  must  only  show  that  x  =  yo  — «  o .  First,  since  yo  ->  u  6  hxy  by 
922.1, y  <  }(yo-»a).  And  since  (y'o— a)-»o  =  yo-»o,  j(o)<  }(y'a— o)  by  15.3(b), 
and  thus  yV?(o)<9(yo  —  a)  Conversely,  we  need  to  show  that  if  y  V  4(0)  <  q(x) ,. 
then  yo  —  a  <  X ,  this  will  suffice  since  i  <  y  whenever  j(i)  <  )(ji)  (which  means 
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y  r  =  y  by  15  3(b))  So  suppose  t  is  such  that  jx  =  z  and  r  —  a  is  ar  Then  since 
a<x  and  both  j  and  -  —  a  are  monotone,  we  have 

ja  — ‘  a  <  jx  —  =  X  —  o  =  r, 


as  required 


ir».6.  Some  higher  identities.  Some  of  the  nucleic  identities  we  will  need  later 
involve  the  secood  assembly  of  A.  namely  H^A  «  N(Ni4).  Elements  of  this  frame 
are  nuclei  on  N/4 ,  and  we  denote  them  with  capital  letters  J,  A',  :  First  we  prove  a 
Lemma,  which  should  be  thought  of  as  a  continuation  of  7.4 

Lomma.  Let  j  he  a  nucleus  on  a  frame  A,  and  let  t  ^  A  be  SooleaTi  Then 
j6  =  h  V;0 

Proof  We  clearly  hate  b  <  jb  and  jO  <  jb,  and  so  6  V  ;0  <  jb  Conversely 
by  7  4(a),  jb<byjO  iff  (6— *0)  A;h  <  jO  But  this  follows  from  the  extensionality  of 
; ,  since  (fc  —  0)  A  ji  =  (6  —  0)  AjO  <  jO. 

15.7.  Propostion.  Let  a  €  .4  and  J  €  Then  the  following  hold 

(a)  f J0)a  =  (;c(a))0 

(b)  c(c((i))  =  u(u(a)) 

(c)  e(u{(j))  =  u{c(a)) 

(d)  5(^(a))  =  c(?(a)) 

Proof  (»)  Since  e(a)  is  a  Boolean  element  of  NX  by  15  1(d),  we  can  use 
Lemma  IS  6  and  15  5(a)  to  get 

(;c(o))0  =  (;0  V  e(a))0  =  (JO  0  e(o))0  =  (;0)(c(o)0)  =  (;0)o 

(b,c)  Since  c(o)  and  ti(o)  are  complements  of  one  another  by  the  first  part  of 
IS. 1(d),  both  (b)  and  (c)  follow  directly  from  the  second  part  of  15  1(d) 

(d)  For  any  J  €  y ,  we  have,  by  15  5(c). 

?(d(<i))j  =  O’  -  5("))  —  ?(«)  =  «(ja  —  a)  —  q{a)  =  o((o  —  (;b  —  a))  —  a) 

Now,  by  9  7.1,  (a  — -  (;a  —  a))  — •  a  =  (jo  —  (a  a))  -•  a  =  (ja  — •  o)  -•  a  But, 
by  15.5(d).  }(;a —a)  =  ;  V?(a)  =  c(j(a))j,  completing  the  proof 


16.  The  functor  N  and  its  universal  property 

16.1.  Recall  from  5  3  that  for  every  frame  morphism  /  A  B,  there  is 
an  adjunction  x  f)  d  (/  x  /)"’  between  Con.4  and  Confi,  which 've  will 

write  here  as  N/  d  (N/). .  the  left  adjoint  of  which  takes  a  congruence  on  A  to  the 
congruence  generated  by  its  image  under  f  m  B.  and  the  right  adjoint  of  which  takes 
a  congruence  on  B  to  its  inverse  image  under  /  We  also  write  N/  d  (N/).  for  the 
associated  adjunction  between  N.4  and  NS  and  between  MixX  and  MaxS 
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Proposition.  For  every  frame  mofp/wF/w  /  1  5,  ffte  map  N/  •  Ni4  —  NB  is 

also  a  frame  morphism,  and  in  this  way  N  becomes  a  functor  Frm  -•  £Ym.  for  every 
<2  €  ^  we  have 


(N/)(c(a))  =  c(/(a))  and  (N/)(u(a))  =  i/(/(o)),  (1) 

Ja  psrticuJar,  tie  motphisms  ca  A  — >  N^l  are  components  of  a  nstuisl  trsnsfoimstiOu 
from  the  identity  functor  to  N 

Proof  Since  (N/)(0(a,6))  =  9(/(o), /(>)),  and  since  /  preserves  0  and  1,  the 
equations  of  (1)  are  clear  by  15  I(a.b)  Also,  since  /  preserves  binary  meets  and  joins, 
the  formula  5  4(f)  shows  that  Nf  preserves  binary  meets  of  principal  congruences 
But  every  congruence  is  a  join  of  principal  congruences,  and  so  the  meet  of  any  two 
congruences  can  be  reduced,  via  frame  distributivity,  to  a  join  of  a  set  of  binary  meets 
of  principal  congruences  .Now  N /  preserves  joins,  since  it  is  a  left  adjoint,  and  it 
preserves  binary  meets  of  principal  congruences,  as  observed  above  thus  it  folio-  s  that 
N/  preserves  all  finite  meets,  and  hence  is  a  frame  morphism  It  is  straightforward  to 
verify  that  /  >-•  N/  is  a  functor. 

The  statement  about  c  being  a  natural  transformation  follows  from  the  first  equa¬ 
tion  of  (1),  which  IS  e.xactly  the  naturality  condition. 

16.2.  The  universal  property.  The  frame  NA  and  the  embedding  ca 
A  —  NA  can  be  charactented  independently  of  representation  by  the  (“universal") 
property  that  every  element  of  A  becomes  freely  complemented  in  NA.  Since  it  doesn’t 
involve  any  extra  effort  to  prove  a  more  general  theorem,  we  construct  the  universal 
complementation  of  an  arbitrary  subset  5  C  A;-  the  stated  result  about  NA  then 
follows  by  cahing  5  =  A . 

Theorem.  Suppose  A  is  a  frame  aad  $  C  A.  let  Ns  A  be  the  subfrune  of 
NA  generated  by  e(A)  U  u(S).  and  note  that  '  A  -»  NyA.  Then,  given  a  frame 
morphism  /  A  —  B  such  that  /(s)  is  complemented  for  every  s  6  S,  .here  exists  a 
unique  frame  morphism  /  NsA  -•  S  .uch  that  f  =  f  oe  a- 

Proof  Since  every  element  of  NjA  is  generated  by  images  of  elements  of  .4 
and  (some  of)  their  complements,  the  morphism  c^s  A  — *  NsA  is  epi,  as  in  15, 1(e), 
Thus,  the  requited  morrl.  sm  7 .  if  it  exists,  is  unique,  ""t  show  existence,  consider  the 
morphism  N/  •  NA  —  N6  By  16  1(1),  we  have  (N/)(c(a))  =  c(/(o))  for  all  o  €  A; 
and'  uce  every  element  /(s)  is  complemented m  fl,  with  complement  --/(s),  we  have 
(N/)(u(s))  =  u(f(a))  =  e(-/(s))  by  15.1(d).  Thus,  the  image  of  the  generators  of  Nj  A 
under  N/  is  contained  in  cp(fr),  which  is  a  subframe  of  NB  (and  is  isomorphic  to  B, 
since  CB  is  mono).  Hence  (N/)(NsA)  C  ca(fl),  and  wi  can  take  7  =  cj‘ o(Nf)|N,.i . 

16.3.  Although  we  have  dePr.ed  Nf  and  (N/).  in  terms  of  congruences,  these 
operations  have  nice  descriptions  in  terms  of  nuclei  and  maxsets,  as  well  Recall  (13  9) 
that  core  Af ,  Lr  a  meet-closed  subset  Af  C  A,  is  the  largest  maxset  contained  in  M. 

Proposition.  Suppose  f  A  —  B  is  a  frame  morphism  Then, 

(»)  (N/)(j),  for  j  6  NA,  IS  the  smallest  nucleus  k  on  B  for  which  /(ja)  <  h/(o) 
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for  all  a€  A 

(b)  (N/),(jfc)  =  It]  for  ei’erji  h  c  Nfi,,  ’.ibrrt  is  f/ic  iiuc/cuS  on  A  uriificu  by 

[i]a  =  A(t/(a))  (aeA)-  (i), 

(c)  (N/)(//)  =  core  (f,  for  every  i\f  €  M*x ^4 '  and 

(d)  {N/).(A^)  =  /.{iVj  for  every  :V  €  Max5 

Proof  (a)  Given  j  €  N/1.  consider  Nf  on  the  congruence  &  €  Con^  associated 
to  j  Clearly,  B  =  B{{{a.ja)  a  €  ^)),  and  so  (N/)(^)  =  ©({(/(a)./(;o))  a  €  /!}), 
But  this  IS  easily  seen  to  imply  (a) 

(b)  Given  t  €  we  again  consider  the  associated  congruence  V  6  Con  5  The 
nucleus  (N/),  (t)  takes  a  €  ,4  to  the  largest  6  €  such  that  {a,b)  6  (N/),(tl.)  = 
(/  X  Of  equivalently  {/(a)  /(6))  6  i'  But  if  o  <  6.  then  {/(a),/{6))  €  tp 

exactly  when  f{b)  <  tf{a)  or  by  adjomtness.  b  <  /.(t/(a))  The  largest  such  b  is. 
of  course,  /•(t/(a)),  proving  (b)  (Note  that  it  follows  from  this  line  of  argument  that 
[t]  actually  ts  a  nucleus  on  /  ) 

We  prove  (d)  before  (c)  Note  that  (d)  will  follow  from  (b)  if  we  can  show  that,  for 
every  t  €  NB,  /.(fixt)  =  hx[t]  Suppose  H  =  5  Then,  since  /.  and  k  are  montonc 
and  fif,(b))  <  b  by  adjomtness 

(*)/.(*) = /.(*/(/.(»)))  <  f.m = f.w. 

showing  that  /.(*)  €  fix*  Conversely,  suppose  that  (*]fl  =  a,  i  e ,  U{kf(a))  =  a 
But  */(o)  S  fix  * ,  an<j  so  a  S /.(fix*),  aa  requited  (Again,  it  follows  from  this  line  of 
argument  that  /.(A')  is  a  maxset  on  A  For  a  direct  proof,  use  10  7  ) 

For  (c),  let  M  e  MjxA,  and  observe  that  (l•i/)(A/)  is  the  least  .V  6  MaxB  with 
M  <  (N/).(A'),  i.e.,  using  (d),  ,\f  3(N/).(A')  =  /.(A')  This  is  equivalent  to  the  con¬ 
dition  A’  C  (/•j'H-W).  and  since  A/  is  meet-closed  and  /.  preserves  meets,  it  follows 
that  (/.)‘V(Af)  IS  meet-elosed,  and  so  the  required  Af,  by  13  9(c),  is  core 

16.4.  We  finish  this  section  with  a  few  preservation  properties  of  the  functor  N . 
Recall  that  a  nucleus  ;  e  N.4  is  dense  if  yO  =  0.  We  say  that  a  frame  morphism 
h  ■  A  —  B  IS  dense  if  fi.(O)  =  0.  or  equivalently,  A(o)  =  0  implies  a  =  0  Thus  A  is 
dense  just  in  case  the  nucleus  associated  to  kerb  is  dense 

Proposition.  Suppose  that  /  A  —  R  is  a  frame  morphism  Then, 

(a)  If  f  IS  onto,  then  N/  is  onto, 

(b)  If  /  is  then  Nf  is  epi.  and 

(c)  /  is  mono  if  md  only  if  Nf  is  dense 

Also,  the  functor  N  Frm  —  Frm  preserves  products 

Proof  (a)  If  /  is  onto,  then  by  16  1(1).  (N/)(c(.4))  =  r{B)  and  (N /)!ii(  'l  l)  = 
u(fl)  Since  NB  is  generated  by  c(B)Uu(B),  this  ptoies  that  Nf  is  onto 

(b)  The  preservation  of  epis  is  elementary  category  tlieor..  if  /  is  epi,  then  since 
CB  IS  epi.  we  have  that  cb  °/=  N/ccx  is  epi,  snd  so  Nf  is  epi 

(c)  ff  dt  =  0  IS  the  identity  congruence  on  B,  then  obviously 

(N/).(A)  =  (/x/)-‘(d)  =  Ver/, 
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which  IS  0  iff  /  IS  mono 

Finally,  by  1 1 . 1 1 ,  congruences  on  frame  products  are  products  of  congruences  on  the 
factors  In  addition  to  this,  we  need  only  observe  that  the  projection  from  a  product 
of  congruences  to  one  of  ti  e  factors  •-»  d,  in  the  proof  of  11  10)  is  the  same  as  the 
direct  image  of  the  congruence  under  the  projection  mapping  (i  e  ,  (N:r,)(^)  =  ) 


17.,  The  assembly  tower  of  a  frame 

17.1.  The  coQstructioQ.  Let  ,<4  be  a  (iame  We  construct  an  ordinal  sequence 
'  a  £  0}  of  frames  and  a  doubly-indexed  ordinal  sequence  {cj  •  —  N".!  | 

3.  a  e  O,  d  <  o)  of  frame  morphisms.  together  called  the  assembly  tower  of  4 ,  by 
simultaneous  ordinal  recursion  For  the  frames,  we  set 

N“4  =  A, 

K‘‘^A  =  H{N'’A),  and 

N*  =  colimN^id,  if  A  is  a  limit, 

«<* 

where  more  explicit!),  the  diagram  D  over  which  the  colimit  is  taken  is  indexed  by 
the  ordinal  A  and  has  Da  -  N“4  for  a  <  A  and  D{0  -•  a)  =  cj  for  3  <  a  <  A,  For 
the  morphisms,  we  set 

cj  =  idN»x., 

el**  =  c.N*x  ocyi  0<a, 

Cs  =  the  canonical  injection  N'll  —  N“4, 

when  A  >  3  ia  a  limit,  and 

cj  .a  the  mediating  morphism  determined  by  {cj  0  <  A}, 
when  A  <  a  IS  a  limit. 

By  induction,  note  that,  for  all  y  <  3  <  ».  c?  =  cj  c  c^ .  When  more  than  one 
frame  is  being  discussed,  it  may  be  necessary  to  add  an  extra  subacnpt,  as  in  (cx)| 
and  (cfl)J ,  to  distinguish  between  the  morphisms.  On  the  other  hand,  we  write  c“  for 
eg  and  (as  usual)  c  for  eh  whenever  possible 

If  /  1 .4  •—  fl  IS  a  frame  morphism,  then  we  define  N“/  :  N“4  — •  by  recursion 

as  follows:  N°/  =  /,  N“*’/  =  N(N“/),  and  if  A  is  a  limit,  then  N*/  is  the  mediating 
morphism  determined  by  {(cs)*  o  N'/  a  <  A}.  It  is  essy  to  see  by  induction  (using 
.he  universal  property  of  the  colimit  at  l.mit  stages)  that  each  N"  becomes  a  functor 
Finn  —  Frm .  We  can  again  show  by  induction  that  if  3  <  a ,  then 

N‘'/«(cx)|  =  {eB)?oKV.,  (1) 

and  so  cj  becomes  a  natural  transformation  N'*  —  N“ .  We  also  note  that 

(cnm)?  =  (ux);:S  and  N’((c,,)5)  =  (cx)J+,"  (5) 
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17.2.  Here  arc  a  few  more  facts  about  the  assemblv  tower  of  a  frame,  also,  of 
course,  established  by  induction 

Proposition.  Suppose  ^  is  a  frame  and  the  assem6/y  tower  of  A  is  constructed 
as  above  Then  the  folhvrmg  hold- 

(a)  For  aii  ordinals  with  3  <  a,  the  morphism  is  both  mono  and  epi 

(b)  for  every  morphism  f  A  ^  B,  where  B  is  a  Boolean  frame,  and  every 

ordinal  a,  there  exists  a  unique  frame  morphism  /  — •  B  such  that  /  =  Jo  c® 

Proof  (a)  By  the  first  equation  of  (2)  above,  we  can  assume  that  d  =  0  For 
any  A,  is  mono  and  epi  b>  15  1(e),  and  compositions  of  monos  or  epis  are  likewise 
monoor  epi  Thus  (a)  will  follow  by  induction  if  we  can  show  that  limit*ordinal-indexcd 
cohmits  of  monos  and  epis  are  mono  and  epi  For  monos  this  is  just  Corollary  12  8 
For  epis,  this  follows  from  the  universal  property  of  the  colimit  in  detail,  if  A  is  a  limit 
ordinal  and  PA  —  FVm  is  a  diagram  with  coltmit  cone  i/  P  —  A  colimA  P.  and  if 
f,g  eolirriA  P  —  .4  are  morphisms  such  that  /o  i/0  =  p  o  i/O,  then  for  every  ordinal 
o  <  A ,  we  have 

/  0  I/O  3  P(0  —  0)  =  /  Oi/0=pOl/0sspOl/OO  P(0  —  Ot), 

and  thus,  since  P(0  —  o)  is  epi.  f  ouo-^  govct  Setting  ro  Da  —  ^4  to  be  this 
common  value  results  in  a  cone  r  P  —  A.4.  and  since  both  /  and  g  are  mediating 
morphisms  with  respect  to  r,  we  have  /  by  the  universal  property  of  the  colimit 

(b)  Each  c®  is  epi  by  (a),  so  any  such  /  will  be  unique  Morpjiisms  7<,  N®/1  — 
P,  Q  €  0,,  can  be  constructed  by  recursion  on  a  by  setting  Jo  s  /,  using  the 
universal  property  of  N  (16  2)  for  all  successor  ordinals  (since  every  element  of  B 
1$  complemented),  and  using  the  mediating  morphism  from  the  colimit  for  all  limit 
ordinals  Uniqueness  is  guaranteed  by  the  universal  properties  of  N  and  colimits. 

17.3.  The  reflectioa  problem.  Since  cBa  is  a  subcaiegory  of  iVm,  17.2(b) 
implies  (hat.  for  a  frame  A,  if  N®v4  is  Boolean  for  some  a,  then  N®.4  (along  with  the 
morphism  o® )  is  a  reflection  of  A  into  cBa  In  tbjs  case,  we  say  simply  that  A  ‘‘has  a 
reflection”  Gaifman  [9]  and  Hales  (14)  showed  independently  that  (m  out  terminology) 
the  free  complete  Boolean  algebra-class  fwith  unary  negation  and  joins  of  every  arity) 
on  a  countably  infinite  set  is  a  pioper  class.  Thus,  since  the  reflection  of  Foo(w).  if 
It  existed,  would  be  the  free  cBa  on  w,  the  frame  /^(w)  has  no  reflection,  and  its 
assembly  tower  grows  arbitrarily  large  The  reHecUon  probhm  is  to  characterize  those 
frames  with  reflections 

17.4.  Exercises. 

17.4.1.  Use  16  4  and  Exercise  12  9.1  to  show  that,  for  every  ordinal  a .  the  functor 
N®  preserves  products 
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18.  The  assembly  tower  for  K-framcS 

18.1.  The  K-assembly.  Throughout  this  section,  we  let  /i  be  a  fixed  regular 
cardinal 

The  universal  property  of  N  on  IVm  can  be  easily  generalized  to  K-IVm  Thus, 
for  a  <c-frame  A ,  we  let  .4  —  B/  be  the  result  in  ic-Rrm  of  freely  complementing 
the  elements  of  A  This  can  be  constructed  as  a  quotient  of  a  free  extension  of  A 
by  new  elements  {e'  a  €  .4},.  where  we  divide  by  (the  congruence  determined  by) 
equations  saying  that  a'  is  the  complement  of  a  A  concrete  description  of  this  k- 
frame  is  given  by  the  following  result,  which  moreover  shows  the  close  relation  B  has 
to  l\l. 

Proposition.  Suppose  A  is  a  ic-frame.  Then  Con  A  is  a  frame  and  BA  is  the  sub- 
K -frame  of  Con  A  generated  6y  the  principal  congruences  The  morphism  d.i  A  — BA 
IS  given  by  da(tt]  =  6(0  a)  and  for  any  morphism  f  A  —  B,Sfis  the  restiction  to 
BA  of  the  (Join-preserving/  function  Con  A  -•  Con  B  taiing  a  congruence  on  A  to  the 
congruence  generated  by  its  image  ( under  f  x  f)on  B .  The morphisms  d^  ;  A  —  B A 
are  mono  and  epi  and  are  the  components  of  a  natural  transformation  from  the  identity 
functor  to  B 

Proof  See  [32],  5  1  and  5.2.  The  statements  not  proved  there  may  be  proved 
entirely  analogously  to  the  corresponding  statements  about  N. 

18.2.  The  K-assembly  tower.  Just  as  with  the  assembly  tower  for  frames,  we 
can  Iterate  the  functor  B  to  produce  an  ordinal  sequence  {B®  ■  o  g  0)  of  functors  and 
a  doubly-indexed  sequence  (d|  8^  —  B"  1  d,  a  €  0,  /?  <  o)  of  natural  transforma¬ 
tions,  and  this  sequence  will  have  properties  analogous  to  those  of  17.1(1,2)  and  17.2. 
However,  when  it  comes  to  the  reflection  problem,  there  is  an  important  difference: 
since  the  ordinal  a  (by  regularity)  is  a-filtered  as  a  category  sod  a-IVm  is  locally 
a-presentable,  the  colimit  used  to  construct  B'A  is  just  the  union  of  the  B“A  for 
a  <  a  (assuming  that  we  identify  each  a-frsme  in  the  tower  with  its  image  under  d) 
Thus  the  result  is  a  Boolean  a-frame,  and  it  follows  Chat  the  full  subcategory  a-cBa 
of  a-coraplete  Boolean  algebras  is  reflective,  with  reflection  functor  B* . 

We  mention  one  additional  connection  with  the  functor  N .. 

Proposition,  let  A  be  a  frame.  Then  for  every  ordinal  a  there  is  a  unique 
a-frame  morphism  ej  ;  6“ A  —  C1£N“A  such  that  U^e%  =e%od%. 

We  remark  that  ej  is  proved  to  be  a  monomorphism  in  28.0. 

Proof.  The  morphism  ej  is  constructed  by  recursion,  as  follows  We  start  with 
e^  =  id|.  Next,  if  e^  B®A  — .  tf^N"A  is  defined,  then  every  element  in  B“A 
becomes  complemented  in  l'4N“''’'A  via  the  morphism  o  ej ,  and  so  we  take 

ej'^*  to  be  the  unique  morphism  guaranteed  by  the  universal  property  of  B.  Finally, 
for  limit  A ,  we  define  e^  to  be  the  mediatmg  morphism  corresponding  to  the  cone 
{(/•cjoej  •a<  A) 

18.3.  The  category  a-cBa.  We  have  just  seen  that  s-cBa  is  a  reflective 
subcategory  of  a-Prm  The  advantage  of  this  stems  from  the  following  result  of 
Lagrange  [23]. 
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Theorem.  In  the  category  N-cBa. 

(a)  the  pushout  of  a  /nonomorpbism  aiong  any  morphism  is  liiOliC.  oTid 

(b)  every  epi  is  surjective 

18.4.  Foundations:  oc*Frm  and  oo>cBa.  We  recall  from  6  6  that  v.e  may 
assume  the  existence  of  an  maccesstble  cardinal  oc  (equivalently,  we  may  assume  the 
existence  of  a  single  universe  U .  and  let  oc  =  |ff|)  and  restrict  our  attention  to  small 
frames,  i  e  ,  those  of  cardinality  less  that  oc,  thereby  making  FVm  a  full  subcategory 
of  oo'FVm  In  addition  to  making  possible  a  uniform  treatment  of  frames  and  K^ 
frames,  we  also  have  the  fact  that  oo«Frm  contains  oc-cBa  as  a  reflective  subcategory 
(whereas  cBa  is  not  roflective  m  Frm),  and  this  allows  us  to  bypass  an  excursion 
through  K-fVm,  and  the  choice  of  a  sufficiently  large  regular  cardinal,  to  give  a  more 
straightforward  proof  of  Theorem  28  5  in  Chapter  8 

However,  since  the  only  properties  of  V  (or  cc)  we  use  are  of  the  kind  axiomatizable 
using  the  predicate  5 ,  the  work  of  Feferman  shows  that  anything  we  prove  about  frames 
using  these  assumptions  and  restrictions  has  a  proof  without  them  Thus,  the  use  of 
oo-fVm  IS  really  a  matter  of  convenience,  and.  to  illustrate  this  point,  we  give  m  28  6 
an  alternate  proof  of  Theorem  28  5  without  any  extra  assumptions  or  restrictions 
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This  chapter  builds  on  the  material  m  Chapter  3  on  extensional  operators  using  the 
information  on  frames  and  the  assembly  tower  of  a  frame,  as  developed  in  Chapters  4 
and  0.  After  the  basic  definitions  and  examples  in  Section  19,  and  the  observation 
that  the  set  RA  of  regular  operators  on  a  frame  A  is  a  cBa,  Section  20  introduces  the 
regularity  ordering  and  stable  sets,  which  are  the  key  to  understanding  the  properties 
of  regular  operators  and  developing  their  applications  These  notions  are  thoroughly- 
studied  in  this  section  and  then,  in  Section  21,  used  to  establish  the  many  properties 
of  regular  operators  In  Section  22.  hxpoints  sets  of  regular  operators  are  characterised 
as  being  the  complete  filters  in  the  regularity  ordering,  and  this  characterization,  in 
addition  to  being  a  culmination  of  work  on  fiitedpoint  sets  of  logical  operators  started 
in  Chapter  3.  is  also  the  base  for  establishing  the  relation  between  tegular  operators 
and  the  assembly  cower,  which  is  the  subject  of  Section  23.  This  section  begins  by 
establishing  a  formula  for  joins  of  nuclei,  and  then  proceeds  to  show  that  RA  is  iso¬ 
morphic  to  the  double-negation  quotient  of  the  second  assembly  N’A.  In  this  way,  a 
canonical  Booleanisation  of  A  is  given  a  concrete  description  by  operators  on  A  The 
rest  of  the  section  is  devoted  to  giving  a  formula  for  double  negation  on  N‘A  in  terms 
of  operators,  and  then  using  this  formula  to  show  that  double  negation  is  an  open 
quotient  Finally,  in  Section  24.  it  is  shown  how  RA  is  a  limit  of  a  diagram  consisting 
of  all  of  the  Boolean  quotients  of  A 

19.  Extensional,  logical,  and  regular  operators  on  frames 

19.1.  Oefloitions.  Throughout  this  chapter,  A  will  denote  a  fixed  frame. 

Recall  that  an  extensions!  operator  on  A  u  a  function  I  .  A  —  A  satisfying  the 
equivalent  conditions  of  Proposition  9.4.  and  that  a  logical  operator  is  an  inflationary 
extensional  operator  As  explained  in  9.17,  it  follows  from  9.13  and  9.20  that  the  class 
of  extentional  operators  on  A .  ordered  pointwise,  has  pointwise  meets,  joins,  and  arrow, 
and  hence  is  a  complete  Heyting  subalgebra  of  the  cartesian  power  A-* .  By  definition, 
an  extensional  operator  I  is  logical  if  ids  <  f,  and  therefore  the  logical  operators  also 
form  a  frame,  being  the  closed  quotient  [ida,l]  (cf.,  13.2)  of  the  frame  of  extensional 
operators  Meets  and  arrow  in  the  frame  of  logical  operators  ace  the  same  as  those  of 
the  frame  of  extensional  opearators  by  13.5,  i  e.,  pointwise.  (Non-empty  joins  are  also 
pointwise,  since  it  is  a  clostd  quotient ) 

We  define  a  regular  operator  on  A  to  be  a  tegular  element  of  the  frame  of  logical 
operators,  and  let  RA  be  the  set  of  regular  operators  on  A,  ordered  pointwise  Thus, 
a  regular  operator  r  satisfies  (r  — ida)-»ida  =  r,  or 

ra  =  (ra  — o)  — a  (a  6  A)  (1) 

It  follows  immediately  from  15.3(d)  that  RA  is  a  cBa,  and  (again  from  13  5)  the  meet 
and  arrow  operations  on  RA  are  pointwise. 

81 
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10.2.  Examples  of  regular  operators.  Since  (r  —  a)  —  a  =  i  —  a  for  any 
elements  z  and  a  of  a  frame  A .  the  following  is  an  easy  consequence  of  the  definitions 

Proposition.  let  1  he  an  operator  on  A,  and  define  operators  /'  and  J  by 
l'(x)  =  tz~z  (*  €  j4) 
and 

7(r)  =  ("(i)  =  /r-.r  (z^A) 

If  I  IS  extensional,  then  I'  and  1  are  regular  operators 

We  note  that  the  converse  is  also  true,  because  every  regular  operator  r  has  the 
forms  and  Ij  for  the  extensional  operators  ti  =  r'  and  Ij  =  r,  since  (r')'  =  r  =  r 
by  definition 

19.3.  Corollary.  For  an.i  a  £  A,  the  following  are  regular  operators 

(a)  u(a)i  =  a  — r 

(b)  !(a)i  =  (a  Vr)  —  r  =  a -H* . 

(c)  q'(a)r  =  (r  — a)-r. 

(d)  }(a)i  =  (z  — a)  — r  _ 

Note  that  we  have  written  c(a)‘,  and  ?(o)  instead  of  the  more  correct  e(a). 

q(ay ,  and  9(0}  Later,  we  wili  be  treating  q‘ ,  and  q  as  functions  /4  R/t,  and  so 
this  notation  is  more  appropriate 


20.  The  regularity  ordering 

20<1<  Regularity.  Recall  that  an  element  i  of  a  frame  A  is  called  regu/ar  if 
Our  mam  notion  is  a  generaliration  of  this 

Proposition.  If  a  and  6  Ate  ckments  of  &  frame  A,  then  the  following  statements 
are  equivalent 

(a)  6  is  regular  m  Ae^)  =  (0, 1] 

(b)  6-^a  =  6 

(c)  9(a)  <?(6). 

If  these  statements  are  true  of  a  and  6.  then  we  say  that  b  is  regular  over  a.  and 
write  6  >  a  or  a  <  6 

Proof  The  frame  =  (a  IJ  has  c  as  its  least  element,  and  as  arrow  operation 
agrees  with  that  of  a  by  13  5  It  follows  that  (a)  and  (b)  are  equivalent 

Next  6  a  =  6  moans  that  6  is  a  fixedpomt  of  9(a).  and  this  1$  equivalent  to 
9(a)  <  9(6)  by  15.4(b),  thus,  (b)  is  equivalent  to  (c),  and  the  proof  is  complete. 

20.2.  Here  are  a  few  simple  facts  concerning  the  reiaiton  ^ 

Proposition.  Suppose  is  a  frame  and  o,  5,  c€  .<4.  Then 

(*)  (-^1  «  partial  order  (which  ^e  denote  A'  )  that  is  isomorpAic  to  the 

subset  Q  =5  {9(a)  •  a  €  yi)  of  HA  with  the  induced  order 

(b)  a  <  6  implies  a  <  6 
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(c)  a  <  i  implies  (b  ~  a)  —  b  =  i 

(d)  a<c  and  a<b<c  implyb<c. 

Proof.  Since  g(a)0  =  a  for  all  a  €  A,  the  map  j  .  A  -•  NA  is  1-1.  so  (a)  follows 
from  2B.l(c). 

Suppose  that  a  <  b  Then  i  =  6— »*a  >  a.  and  so  8  >  a,  which  proves  (b) 
Furthermore,  since  a  —  6  =  1 ,  we  have,  by  9.7.5. 

(6  —  o)  —  6  =  (6  •—  a)  A  (a  — •  i)  =  5  — V*  a  =  6, 


which  proves  (c) 

Finally,  suppose  that  a  <  c  and  a  <  b  <  c.  Then  by  the  (anti-)monotomcity 
properties  of  —  it  follows  that 

(c  — M  — 4  <(c-v6)-»c<(c  — aj  — c 
But  (c  —  a)  -•  c  =  c  by  (c),  so  that  c  —  6  <  c  and  thus  b<e.  proving  (d). 

20.3.  Upper  sets  in  4-.  If  a  €  vl,  the  iip-closute  of  a  m  .49.  which  we 
denote  9a,  is  defined  as  usual  by 


(fa  =  {4 . 4  g  a). 

By  15.3(a),  it  is  clear  from  the  definitions  that  Da  is  none  other  than  the  maxset  fix  ;(o) 
of  A,  and  thus,  by  15.3(d)  is  a  cBa.  Being  a  maxset  of  A,  it  also  follows  that  Da  is 
meet-closed' 

s6  a  for  alls  €5  implies  /\S>a.  (1) 

20.4.  Stable  sets  and  elements.  We  will  call  a  subset  S  C  A  stable  if  it  bas 
a  lower  bound  in  A9  ,  i  e  ,  if  there  exists  a  €  .4  such  that  a  4  s  for  all  s  €  5.  Notice 
that  by  this  definition  all  one-element  subsets,  as  well  as  the  empty  subset,  ace  stable. 
Given  two  elements  a, 4  €  A,  we  indicate  that  {a, 4}  is  stable  with  the  notation  a  ^  4. 
Finally,  a  subset  S  C  A  is  psirmse  stable  it  a  w  4  for  all  a.  4  £  £,  and  Baitely  stable  it 
every  finite  subset  of  S  is  stable  (these  two  notions  will  be  shown  equivalent  in  20.10). 

20.5.  Propostion.  Suppose  S  CA  is  stable.  Then  the  meet  of  S  in  .49  exists 
and  is  equal  to  f\S 

Proof,  let  so  be  such  that  so  4  s  for  all  s  €  S.  Then 

*o<A5  (1) 

by  20.3(1)  Thus  it  is  enough  that  AS  2  *  ibr  all  s  £  S.  But  this  follows  from  20.1(d) 
and  the  assumption  Vs  so  4  s ,  because  for  any  s  €  S  we  get 

se  2  A  5  4  s 


by  applying  20.2(b)  to  (1) 
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20.6.  We  can  characterize  pairwise  stability  as  follows 


Proposition.  The  follomng  statements  are  eqmvalent  {or  elements  a  and  b  of  a 
frame  A 

(a)  0-^6 

(b)  (o  —  i)  —  0  =  0  and  ((6  —  a)  —  6  =  6 

(c)  a-“6  =  8  — a 

Proof  By  20  5  (a)  is  equivalent  to  the  conjunction  of  a  ^  a  A  4  and  i  a  A  4, 


i.e ,  to 


a  — •  (a  A  4)  =  a  and  4  —  (a  A  4)  =  4, 


(1) 


But  (1)  is  equivalent  b>  9  7  2.  to  (bj 

The  equivalence  of  (b)  and  (c)  is  shown  by  (he  following  chain  of  equivalences 
where  we  have  used  9  7  o  between  the  second  and  third  lines 


a  —  fl  »  a)  6  =  6 

(a  —  6)  —  a  <  a  and  (6  —  a)  —  6  <  6 
(a  —  6)  A  (6  —  a)  <  a  and  (6— **0)  A  (o  — »6)  <  6 
a  — *•  A  <  6  —  a  and  A  -**  a  <  a  —•  A 


20.7.  The  relation  between  <  and  A.  We  formulate  a  general  relation 
between  A  and  < ,  from  which  we  can  derive  several  others  by  instantiation 

Proposition.  Suppose  .4  is  a  ftune  and  Q.h,c,d€  A  axe  such  that 

a>b  and  c>d.  (1) 

Then 

oAc^AAd  iff  ((a  —  d)— *a)  A((c— 6J-*  c)  <  0  A  c 

Proof  Assume  (1),  and  note  that  a  >  bAd  and  c  >  A  Ad  Then  the  result 
follows  easily  from  this  calculation 

(a  A  c)  — *  (6  A  d)  =  (a  —  (A  A  d))  A  (c  (A  A  d))  by  9  7  4 

=  ((a  -  (A  A  d)}  -  a)  A  ((c  -  (A  A  d))  -  c)  by  9.6(d) 

=  (((a  -  4)  A  (n  -  d))  -  0)  A  (((c  -  4)  A  (c  -  d))  -  cj 
=  ((<■  -  d)  -  ((0  -  4)  -  0))  A  ((c  -  4)  -  ((c  -  d)  -  c)) 

=  ((0  — d)  — a)A((c  — 4)  — c)  by  20  2(c) 

20.8.  Corollaries. 

(a)  If a>b,  then  aAc04Acilf(c— *4)— .c<a  —  c. 

(b)  ff  o  V  4  g  a ,  then  4  g  a  A  4 

(c)  If  0  g  4  and  n  g  c,  then  o  g  4  A  c 
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Proof  (a)  Suppose  u  >  6.  Since  e  >  c,  we  can  use  the  Proposition  to  get 
a  Ac  ^  6  Ac  iff  ((a  —  c)- *a)  A((c  — 6)— *c)  <  oAc 
The  latter  is  equivalent  by  adjointness  to 

(c_6)_(.<  ((o_c)_o)-.(aAc) 

=  (a  (a  A  e))  -» (a  A  c)  by  9.7.2 
=  a— •(aAc)  =  a— •« 

(b)  We  can  use  (a)  on  a  V  t  &  a  and  6  to  obtain  i  >  a  A  i,  if  we  can  show  that 
(4— a)— •6<(aV6)-<4  =  a-‘i  But  this  follows  tiivially  from  the  anti-monotomcity 
of  -  — •  4 

(c)  We  can  apply  the  Ttopostion  to  a  >  4  and  a  >  c,  to  obtain  a  >  4  A  c.  if  we  can 
show  that 

((a  —  c)  —  a)  A  ((a  —  4)  —  a)  <  a 

But  both  expressions  on  the  left  are  equal  to  a  by  20.2(cj,  so  this  is  trivial. 

20.9.  Discussion.  If  we  call  an  interval  (o,4]  reju/ar  if  o  4  4,  then  20.8(b) 
says  that  the  set  of  regular  intervals  is  closed  under  downward  transposition  It  is 
not,  however,  closed  under  upward  transposition,  let  3  be  the  three-element  chain 
(0  <  1  <  2)  and  .4  =  (3  X  3)  -  ((0,2)}  have  the  induced  ordering.  Then  the  interval 
1(0,0),  (0, 1)]  IS  tegular,  but  this  projects  up  to  ((1,0).  (1,1)],  which  is  not  regular. 

If,  ID  analogy  with  20  3,  we  define 


(la  =  {c .  a  £  c} , 


then  20.8(c)  and  20.2(d)  say  that  (|a  is  a  filKc  is  |C,  a] 

(a)  agda,. 

(b)  c  6  Da  and  v  <  4  <  a  imply  4  €  Da ;  and 

(c)  c,  d  e  Da  imply  c  A  d  e  (la 

20.10.  The  stability  of  a  set  is  not  m  general  determined  by  the  stability  of  its 
finite  subsets.  For  example,  consider  the  subframe  of  (Pw,  c)  consisting  of  0  along 
with  all  the  cofinite  subsets  of  w  (i  e ,  those  X  such  that  w  -  X  is  finite).  Then  every 
fimte  subset  of  5  =  Pu  -  {0}  is  stable  (over  its  intersection,  which  is  cofinite),  but  S 
IS  not  itself  stable  (since  no  element  of  S  is  stable  over  0) 

However,  using  20.S(c),  we  can  show  that  finite  stability  and  pairwise  stabibty  are 
the  same 

Proposticm.  A  subset  of  frame  is  pairwise  stable  iff  it  is  finitely  stahie. 

Proof.  That  finite  stability  implies  pairwise  stability  is  trivial;  we  pro«  the 
converse.  Suppose  A  is  a  frame,  S  C  A  a  pairwise  stable,  and  si,.  .,5„  e  5  By 
pairwise  stability  and  20.5,  s,  >  s,  As;  for  every  1  <  i,j  <  n  It  follows  by  repeated 
applications  of  20  8(c)  that 

Si  >  Si  A  ;  As„  (ISiSu).  (1) 
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Thus  IS  Stable 

20.11.  Joins  and  arrow  in  Tbe  set  Q  of20.2(a)  is  up«closed,  as  observed 
m  15  4.  Thus,  every  non«empt>  subset  of  has  a  join  If  a,b  e  A  and  5  C  >1  is 
nonempty,  then  we  denote  the  join  of  a  and  b  and  the  jom  of  S  in  A~  by .  respectively, 

a  7  6  and  VS 

Another  consequence  of  Q  being  up-closed  is  that  it  is  closed  under  the  arrow 
operation  of  NA  This  induces  an  operation  on  A-  which,  for  a,  6  €  A .  we  denote 

a  •^b 

Proposition.  Suppose  0,6  6  A  Then 

a  7  6  =  (a  — «  6)  —  a  =  (h— =  (a  6)  — 'X.  (1)' 

where  z  is  any  element  of  {a,  h,  a  A  h,  a  V  6} .  and 

a-oA  =  (h  — a)  — h  (2) 

Pnoor  The  first  two  equations  m  (1)  follow  from  15  5(d) 

3(a)  V  3(6)  =  9(3(a)6  —  6) a  3((6 --.a)  —  6), 

3(6)  V  3(a)  a:  3(^{6)a  —  a)  =  3((o  6)  —  o) 

We  get  the  last  equation  in  (1)  by  caicuiating 


((a  — 6)  — a)- 

a  =  ((o  —  6)  — a)  -*(o  —  6) 

=  ((a-5)A((a-.5)-a))-6 

b>  9.6(d) 

=  ((a-i)A(5-o))-.i 

by  9  6(b) 

=  (a_6)-jr. 

by  9  6(a) 

We  get  (2)  from  15  S(c). 

?(«)■ 

-?(*)  =  ?(«(«)*  —  *)  =  «((J  —  a)  -  5) 

20.12.  Here  are  some  basic  facts  about  7  and  -o. 

Proposition.  Suppose  a  66  A.  Then. 

(a)  a  4  6  jff  a  -o  6  =  1 

(b)  7f  a  >  6,  or  ;f  0  6,  then  a  -e»6  =  a-»6  and  a  7  6  =  o-**6 

(c)  Xf  a  6,  then  a  <  6  jS’a  <  6 

(d)  7  h)  -oa  s:  (a  7  6)  — ♦  a  =  6  -oa. 

(e)  ^aAt)-.c=  (o-c)  V  (6-c). 

Note:  It  will  follow  as  a  special  case  of  21  2.8  that  both  —  aad  -o  distribute  over 
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Proof  Since  l=o-c»6  =  (i— *0)— <*a<6,(a)is claar. 

Next,  note  that,  b>  20  11. 

a76  =  (a-<»i)— »6  (1) 

If  a  >  6,  then  &  <z  =  1 ,  so  that  6  a  =  a  and  thus 

<i-c*6  =  (6— »»a)— *fc=o— *6; 
if  a  b,  then  b-^asa-^b  by  20.6,  so  that 

a-o6  =  (6-»a)-.6  =  (<i-»6)->6  =  o  — 4 

In  either  case,  o  -©  4  =  a  —  4 ,  thus,  we  also  have,  by  (1) , 
a04  =  (a-o4)-4  =  (a-4)-.4 

Therefore  (b)  holds 

If  a  w  6.  then  by  (b)  a  -o  4  =  a  — .  4  Since  a<4iffa— .4=1  and  a  <  4  iff 
a  -0  4  =  1  by  (a),  this  proves  (c) 

The  first  equation  of  (d)  follows  from  (b),  the  second  follows  from  20.11  since 
(aV4)  —  a  =  ((a— •4)  —  o)-.o  =  (o-»-4)->o  =  4->o 
Finally,  a  —  c^  b  —  c,  since  both  are  tegular  over  c;  thus 

(o-tc)7(4  — c)  =  (a  — c)— •(4-.C)  by  (b) 

=  4-((a-e)-»c)  by  9  7.1 

=  4  — (a-»c)  =  (aA4)  — e 

Therefore  (e)  holds,  and  the  proof  is  complete. 

30.13.  Inflnite  and  relative  joins  in  A-.  We've  seen  that  exists  only 
when  S  is  nonempty  A  closely  related  operation,  which  is  defined  for  all  S  C  A ,  is 
the  relative  join;  if  a  €  A,  we  define  the  relative  join  of  5  over  a.  denoted  V“  S,  by 

7‘5  =  (VS)-o  =  (,.,  a)-a  (1) 

Notice  that,  by  13  5(c),  7°  is  just  the  join  operation  in  the  frame  A,(,j  The  relation 
between  V  and  is  spelled  out  in  the  following  ptopostion. 

Propostion.  Suppose  that  A  is  a  frame,  o€A,andSC'(lais  nonempty.  Then 

75  =  7*5  (2) 

Afore gencraJIy,  for  any  SC  A,  the  operations  ^  and  ^  are  related  by  the  equations 

7S  =  7“aVS,  ifaeS.  (3) 

7“5  =  7{a)'d(S-.o).  (4) 
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Proof  Observe  that  for  any  a  and  i  m  A,  q(a)x  =  x  a  is  the  least  elemeot 
greater  than  x  which  is  regular  over  a  It  follows  that  5  is  the  least  element 
regular  over  a  and  greater  than  each  s  €  S.  Thus,  if  5  C  1^<i  is  nonempty,  then 
since  >  s  >  0  for  each  s  €  S  SJS  >  7*S  But,  since  ^  and  <  coincide  on 
by  20  12(c),  It  follows  that  S  k  regular  over  every  s  €  5  Thus  V5  =  V*  5 
Now  suppose  •?  C  IS  arbitrary  If  a  €  5,  then  a  V  5  is  nonempty,  and  so 

VS  =  VaCS  =  7°o7S 

by  (2) ,  since  a  7  S  C  tfa  This  proves  (3)  Finally,  since 
a  6  {a}u(5-»fl)  C  (fa, 


we  can  use  (2)  again  to  obtain 

V{a}U{S  — a)  =  7‘{a}U(5-.a)  (5) 

But  the  second  equation  of  (1)  shows  that  to  compute  ^T,  each  o  e  T  can  be 
ignored  and  each  s  — ~  a  e  T  can  be  replaced  by  a .  Thus  the  right-hand  side  of  (3)  is 
equal  to  ^  S,  and  we  have  proved  (4) 


21.  Properties  of  regular  operators 


21.1.  A  characterization  of  regular  operators.  As  with  the  equation  9.11(2) 
for  nuclei,  we  can  give  a  single  equation  characterizing  regular  operators 

Proposition.  The  following  statements  are  equivalent  for  an  arbitrary  operator  r 
on  a  frame  A . 

(a)  r  IS  a  regular  operator 

(b)  r(o  —  J)  =  a  -*  ri  hi  ill  a  6  €  A 

Proof  Suppose  that  r  is  a  regular  operator,  and  o,  6  6  A  Then,  since 

3  <  a  — .6 <  r(o  — ‘3),  (1) 

we  have 


T(a  — .  6)  =  r(<j  —  6)  -w  (c  — >  3) 
=  o-(r;a-3)  — 3) 
=  a  —  r(a  —  /»' 

=  a  —  r6 


by  (1) 
by  9.7  1 
by(l) 

by  extensionality 


Thus  (a)  implies  (b) 

Suppose  r  satisfies  (b)'  let  a.x,}/  €  A  and  suppose  that  a  — *  x  =  o  y  Theii 


j  rx  =:  r(a  —  x)  =  r(c  —  y)  =  a  -•  ry, 
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thus,  r  IS  extensional  by  9  4(d)  It  remains  to  show  that  ra  — »  a  <  ra  for  aii  a  €  /i 
But, 

(ra  — •  a)  — •  ra  =  r((ra  a)  — *  o) 

=  r(ra  —  o) 

=  ra  — •  ra  =  1. 

Thus,  r  IS  a  regular  operator,  and  (b)  implies  (a). 

21.2.  Basic  properties.  We  now  prove  a  series  of  results  about  regular  opera¬ 
tors.  Looking  over  the  examples  in  18  3,  we  see  that 

a-*-,  o-»-,  a -a-,  and  a7-  (1) 

ate  all  tegular  operators,  for  every  a  €  A.  It  will  be  useful  to  keep  these  examples  in 
mind  as  we  develop  the  properties  of  regular  operators  below  (Some  cf  these  properties, 
when  applied  to  the  operators  in  (1),  at*  even  somewhat  surptuing.) 

In  the  following,  4  is  a  frame,  I  is  an  extensions!  operator  on  .4 ,  and  r  is  a  tegular 
operator  on  A . 

21.2.1.  (r  is  idempotent)  r(ra)  =  ra. 

Proof.  We  have 

r(ra)  =  r((ra  -•  a)  -•  a) 

=  (ra  -  a)-*™ 

=  (ro  — a)  — a  by  9.6(d),  since  re  >  a 

=  ra. 

21.2.2.  (fix r  IS  upward-closed)  If  ra=  a  and  a  <6,  then  ri  =  i. 

Proof.  We  have 

ri  =  r((6  -•  a)  -•  a) 

=  (4  -•  a)  — •  ra 
=  (4  -t  a)  — •  a  =  4 

21.2.3.  l(ra) -•  ra  =  f(a)  —  ra . 

This  is  another  replacement  principle  we  shall  use  frequently. 

Proof  We  have 

l(ro)  —  ra  =  I(ra)  —  (ra  -«  a) 

=  ((ra  —  a)  A  l(ro))  ->  a 
=  ((ra  a)  A  I(o))  —  a  by  9.6(d) 

=  l(a)-.(ro-»o) 

=  <(a)  -•  ra. 
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It  follows  that  (a  6)  -•  a  (6  a)  6  Also. 

a  A  6  =  (a  A  6)  (a  A  6) 

=  (a-**  (a  A  6))  A  (6-^  (a  A  6))  by  9  7.4 

=  ((a-6)-a)A((6-.a)-.6).  by  (1) 

Thus,  by  21.2.6,  we  have. 

r(a  A  6)  =  r(((o  -•  J)  ->  u)  A  ((6  -» a)  t)) 

=  r((a  — •  4)  — .  o)  A  r((4  -•  a)  -*  4) 

=  ((a  -•  4)  —  ra)  A  ((4  -•  a)  r4) 

This  proves  (a),  (b)  is  a  trivial  cossequence  cf  (s) 

21.2.8.  (r  sub-preserves  V) 

(a)  rVS  =:  V'S  (S  C  A). 

(b)  a  7  r4  s:  ra  7  r4  =  ra  V  4 

Note  that  (a)  and  (b)  can  be  combined  into  the  following:  Zf  S  =  5i  U  5j ,  snd  both 
$1  and  Sj  are  nonempty,  then 

rV5  =  (7Si)7(7rSj). 

Proof,  (a)  Suppose  S  C  .4  has  So  6  5,  and  so  rso  €  rS.  For  any  s  6  S,  V5>  s,, 
so  by  21.2.4(b),  rVS  >  rs.  Thus 


tVSpVfS 

Conversely,  for  every  seS,  s<rs<7r5.  Thus, 

VS<^rS.  (1) 

Now,  rso  18  a  fixedpoint  of  r  by  21.2.1,  and  rso  <  V^S  Thus,  ^rS  is  also  a  fixedpoint 
of  r  by  21.2.2,  and  so  we  can  use  21.2.4(a)  on  (1)  to  obtain 

rVS  <^rS. 

(b)  We  prove  the  hrst  equation,  the  second  follows  by  symmetry.  Since  r4  is  a 
fixedpoint  of  r,  so  is  o  v  r4  by  21.2.2.  Thus,  using  (a), 

a  7  r4  =  r(a  V  r4)  =  ro  7  r(r4)  =  ra  7  r4. 


21.3.  Joiiu  in  Rj4.-  Suppose  R  C  R<4  Since  Rd  is  Boolean,  the  De  Morgan 
laws  (7.6)  hold.  Thus,  using  the  fact  that  meets  and  arrow  in  Rd  are  pointwise,  and 
the  formula  20.13(1),  we  get,  for  every  a  6  d, 

(VR)<i  =  (-'A''R)a  =  (AZJo  —  u)  ->a  =  7“  Ro 
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22  3 

Thus,  we  have  the  formula 


(Vff)<i  =  V“«<>  (“e--!)  (1) 

If  R  IS  nonempty,  then  (1)  reduces  b>  Proposition  20  13  to 

(VR)<i  =  Vfia  (oeX),  (2) 

since  then  Ra  is  nonempty  and  each  of  its  elements  is  regular  over  a.  Thus,  just  as 
with  meets  and  arrow,  joins  in  Rj4  are  calculated  pointwise  (provided  we  use  V)  We 
also  note  the  following 

Proposition.  For  every  ri .  rj  €  R/4 . 


rj  V  rj  =  r,  o  rj 


Proof  This  follows  from  (2).  with  Ro:  (r^ri).  and  21.2.5. 


22.'  Fixedpoint  sets  of  regular  operators 

22.1.  Complete  filters.  We  define  a  complete  filter  in  a  partial  order  (P,  <) 
to  be  a  subset  F  C  P  that  is  up-closed  and  closed  under  whatever  meets  exist  in  P. 
Note  that  if  P  hat  a  largest  element  1.  then  1  €  P  for  every  complete  filler  F,  since 
it  is  the  empty  meet  We  denote  the  set  of  complete  filters  in  P  by  CompFiltP  and 
order  it  by  reverse  inclusion.  In  this  way  CompFiltP  becomes  a  complete  lattice  (since 
arbitrary  intersections  of  complete  filters  are  clearly  complete  filters) 

We  continue  our  assumption  that  .4  is  a  frame 

22.2.  Proposition.  If  r  is  *  regular  operator  on  A,- titeit  imr  IS  i  complete 
filter  in  /I-  Moreover  if  r'  is  another  regular  operator,  then 

r  <  r'  implies  fix  r  D  fix  r' 

Proof  That  fix  r  is  up-closed  is  just  21.2.2.  Suppose  S  C  fix  r  and  /\  S  exists  in 
.4- .  i.e.  5  is  stable  Then,  since  r  preserves  stable  meets  by  212  6. 

r(AS)  =  A>-S  =  AS. 

and  so  A  5  €  fi*  F  Thus  fix  r  is  a  complete  filler 

For  the  second  part,  we  simply  note  that  r's  =  a  and  r  <  r'  implies 

a  <  ro  <  r'o  =  a. 

so  that  ro  =  a 

22.3.  ttegular  operators  from  complete  filters.  The  previous  proposition  is 
one  direction  in  an  equivalence  between  regular  operators  on  A  and  complete  filters  in 
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.4- ,  analogous  to  the  equivalence  between  nuclei  and  maxsets.  For  the  ether  ditection, 
suppose  F  IS  a  complete  filter  in  .  For  a  €  .4 .  pat 

f,  =  F  n  fta  =  {4  €  f .  o  <  i} 

Then  we  define  the  operator  rp  on  A  by 

rfa  =  AF..  (1) 

Proposition.  If  F  is  t  complete  filter  in  .4-,  then  rp,  as  deSaed  above,  is  a 
tegular  operator.  .Moreover,  if  F'  Is  another  complete  filter  in  A- ,  then 

FcF'  implies  rp>rF.. 

Proof  Assume  o,r,y  €  A  ace  such  that  atzz:  a«y,  we  then  show  that 
avrpz  =  a»rpy,  establishing  that  rp  is  extensional  by  9.4(d).  Suppose  4  g  F,  If  we 
put  4'  =  47  y,  then  4'  &  4  €  F  implies  4'  g  F  since  F  is  up-closed,  and  so  4'  g  F, 
But 


as4  =  a«(47f)  since  4  >  x 
=  a  « (4  7  y)  by  replacement 
=  0.4'. 

Thus,  we  have  shown  that  for  every  4  g  Ft  there  exists  4'  g  Ff  such  that  a.4  =  a«4'. 
It  follows  that  0  .  rpt  >  o  «  rpy.  A  similar  argument  shows  that  a  t  rpx  <  a  *  rpy 
Thus  rp  is  extensional 

For  regularity,  we  simply  note  that,  since  each  element  of  Fj  is  regular  over  o,  it 
follows  from  20.3(1)  that  rpa  is  also  tegular  over  a. 

For  the  second  part  of  the  Proposition,  suppose  F'  g  CompRItAS  and  F  C  F'. 
Then,  for  any  a  g  A,  Fa  C  F' ,  and  so  rpa  ^  rpia.  Since  a  was  arbitrary,  ry  >  ry 

22.4.  Proposition.  Suppose  A  u  a  Irame.  Then, 

(a)  fixry  =  F,  for  all  F  g  CompFiltAS,  and 

(b)  =  r,  for  all  r  €  RA. 

Proof  If  a  g  A  is  a  fixedpoint  of  rp,  then  since  F,  is  stable  and  F  is  closed 
under  stable  meets,  it  follows  that  a  =  rpa  =  ^Fo  SF.  Thus  fixry  C  F.  Conversely, 
if  0  g  F,  then  a  g  Fo,  and  so  rpa  =  a  and  agfixry.  Thus,  F  Cfixry ,  proving  (a) 
-Next,  suppose  r  is  a  tegular  operator  on  A ,  and  choose  a  g  A .  Since  r  is  idem- 
potent  (21.2  1),  ra  g  fixr.  Thus,  since  ra  >  a,  ra  g  (fixr), .  If  also  4  g  (fixr), ,  then 
r4  =  4  g  a ,  so  that  4  >  ra  by  22.2.4(a).  Thus,  ra  is  the  least  element  of  the  set 
(fix  r)j ;  hence,  rf,^^a  =  ra .  Since  a  was  arbittary,  r^^^  =  r ,  proving  (b). 

22.5.  Theorem,  The  two  operations 

rr..fixr  and  Fi—ry 
are  inverse  isomorphisms  between  RA  and  CompFiltAS 
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Proof  Put  together  22  2  22.3,  and  22  4. 

22.6.  Finally,  we  state  for  the  record  the  consequence  of  22  5.  as  it  waa  pointed 
out  in  9  22 

Corollary.  The  sets  that  can  arise  as  the  Sxedpoint  sets  of  logical  operators, 
or  equivalently  as  the  prefixedpoint  sets  of  extensionaJ  operators,  on  a  frame  A  are 
precisely  the  complete  filters  in  A- . 

22.7.  Meets  in  CompFilt.4.'  We  can  easily  adapt  the  results  for  meets  in  the 
lattice  of  maxsets  (14  2]  to  meets  in  the  lattice  of  complete  filters 

Proposition.  Suppose  that  T  C  CompFilt.4-  Then 

{o€.4  A  rFa  =  ii} 

ftT 

=  {  A  as  UfZyfor  each  F  &T,  and  (op  F  fiF)  is  stable ) 
rex 

^  {/\T  T  C[JF  and  T  is  stable} 

Proof  Analogous  to  14  2,  using  the  results  of  this  section  and  the  piOperties  of 
stable  sets 

22.7.1.  Corollary.  If  S.T  €  CompFillAS.  then 

5aT  =  {sAt .  s€S  andteT) 

Proof  For  all  s  €  S  and  t  €  T  «e  have  (see  the  proof  of  21  2  7) 
sAI  =  ((s-()-s)A((f-s)-0e5Ar, 
since  (s  —  t)  --  s  ^  (t  —  s)  —  t  The  Corollary  follows 

23.  RA  and  the  assembly  tower 

23.1.  The  embedding  of  NA  into  RA.  Recall  that  a  maxset  of  a  frame  A  is 
an  arrow-ideal  of  A  closed  under  all  meets,  while  a  complete  filter  in  A-  is  an  arrow- 
ideal  of  A  closed  under  ell  stable  meets.  Thus,  Max  A  C  CompFiltA-  Moreover, 
in  both  lattices,  arbitrary  joins  are  given  by  intersection,  binary  meets  ate  given  by 
“pairwise”  meets  (14.2  1(4)  and  22.7.1),  and  the  top  elements  ate  the  same  (namely, 
the  set  (1)),  hence,  MaxA  is  really  a  subframe  of  CompFilt  AS 

Because  of  the  isomoprhisms 

Max  A  =  NA  and  CompFilt.AS  Z  RA, 

the  subframe  inclusion  of  the  previous  paragraph  induces  a  frame  embedding  N.4  — 
RA  This  embeoding  is  given  by  j  >—  J,  where  (recall  19  2) 

Ja  =  (ja  — a)'  —  a  (aeA),  (1) 
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since  (1)  gives  a  regular  operator  with  fix}  =  fix  j .  by  9.22(a) 

33.3.  The  right  adjoint.  Ihe  operation  being  a  frame  homo.morph:sm, 
has  a  right  adjoint,  which  we  denote  r  •->  r° . 

Proposition.  Suppose  r  is  a  regular  operator  on  A.  Then. 

(a)  fix  r*  is  the  meet-closure  of  fix  r . 

(b)  r“a  =  /\{rb  b>a] 

Proof.  For  (a),  note  that,  by  adjointness,  fixr“  must  be  the  smallest  maxset 
of  i4  that  contains  fixr  But.  since  fixr  is  an  arrow-ideal,  this  maxset  is  just  the 
meet-closure  of  fixr,  by  13.9(b). 

To  prove  (b),  recall  from  13  2(c)  that  every  nucleus  j  satisfies 

;a  =  A{*efixj:»>n}  (1)' 

To  show  that  the  meet  in  (1).  with  j  replaced  by  r° ,  is  equal  to  the  meet  in  (b),  we 
therefore  need  to  show  that  the  two  sets 

(i 6 fixr'  4>a)  and  {r6:6>a}  (2) 

are  cofinal  (i.e.,  have  the  same  meet)  Going  right  to  left,  since  fixr  C  fixr' ,  we  have 
a  <  r4  g  fix r'  whenever  6  >  a  Conversely,  suppose  that  4  6  fixr', 5  >  a  By  (a),  4 
IS  a  meet  of  fixedpoints  of  r ,  each  of  which  (since  r  is  idempotent  and  inflationary)  is 
of  the  form  rc  for  tome  e  >  a  This  completes  the  proof 

33.3.  Lemma.  Suppose  7  C  N.4  and  ji,j)  €  N4.  Then. 

(a)  V.f  =  (V7)V 

(b)  = 

Proof.  Since  j  i—  j  is  1-1  we  have  (J)'  =  }  for  all  j  6  NX;  therefore,  since  ;  i—  ; 
is  a  frame  morphism, 

{\i7y=my=yj- 

Aifo,  using  Proposition  10.7, 

( JT  -  jj )*  =  it  -  (*)"  =  11  -  js 

23.4.  Joins  and  arrow  of  nuclei.  Using  the  Lemma,  we  can  now  take  advantage 
of  the  pointwise  formula  for  joins  of  regular  operators  (21.3),  and  the  pointwise  arrow 
operation,  to  get  formulas  for  joins  and  urow  of  nuclei- 

Theorem.  Under  Ihe  hypotheses  of  Ihe  Lemma. 

k>a  »>« 


and 

Wi— ;s)<'=  A  jib  — 2r4  (2) 

t>a 
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Proof.  By  the  Lemma  and  previous  proposition  (as  well  as  7  6  and  91  3), 

(V^)a  =  (V7)'fl  =  (-'A-’7ra=  A(-'A-'7)‘= 

i>i  i'>a 

The  second  equation  of  (1)  is  clear 

For  (2)  we  have,  again  by  the  Lemma  and  previous  proposition, 

Oi  —  J2)e  =  (JT— H)°«=  A  JT*  — 

»>« 

But 

576  —  5:^  =  —  6)  =  jiUib  —  6)  =  yi6  -* 

thus,  to  establish  (2)  it  suffices  to  show  that  the  seta 

0:6  —  52  6  6  >  a}  and  Oi^  ^  ^ 

are  eohnal.  Now,  since  Jib  >  j2b  for  all  6 ,  each  element  on  the  left  is  greater  than  one 
on  the  right.  For  the  converse,  we  note  that,  since  jjh  6  hxjj, 

ji 4  —  jj6  >  ;i ( A6)  —  Ja4  =  Ji (jj4)  -•  jHhl>) 


23.S. 

have 


Lemma.  Suppose  .4  is  a  frame.  Then,  for  any  r  6  R,4  and  0  6/4.  we 
rV7(o)  =  5(ro). 


Proof.  For  any  t  €  /4  we  have 


(r  V f(a))i  =  r(j(a)i)  by  Proposition  2i.3 
-  r(a  7  i) 

=  ro  7  X  by  21  2  8 

=  f(ro)x 


23.G.  Theorem.  R/4  o:  (N^.4),-. . 

Proof  Let  /  N*.4  —  R.4  be  the  unique  extension  (guaranteed  to  exist  by  16  2 
since  every  element  of  R.4  is  Boolean)  of  the  frame  embedding  N4  -*  R.4  of  23.1 
Since  the  latter  is  mono,  /  is  dense  by  16.4(c)  As  double  negation  is  the  only  nucleus 
that  is  at  the  same  time  dense  and  quasi-closed,  it  will  be  enough  to  show  that  /  is 
surjective — equivalently,  that  /.  is  1-1  By  16  3(b)  and  NR/4  2  RA,  /.r  =  [r],  where 

Hi  =  (rVJ)'. 

So,  suppose  ri  and  rj  ate  such  that  (rj)  =  [rj]  Then,  for  any  o  6  A,  evaluating  at 
the  nucleus  q(a)  gives,  by  the  Lemma, 

IriJj(a)'  =  (ei  V?((i))’  =  (5(rio))*  =  j(ria1, 
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and,  similarly,  [r2];(<i)  =  q{ria).  But  ;  is  1-1.  so  ria  =  r^a  Since  a  was  aihitrary, 
Cl  =  rj,  proving  that  /.  is  1-1.  as  desired 

23.7..  We  now  aim  to  get  j  description  of  the  map  .  N’X  -•  Rj4  in  terms  of 
operators.  We  do  this  by  going  through  RNi4,  with  the  following  extra  lesult. 

Proposition.  Tie  map  d  ■  RNX  — •  Rj4  defined  for  R  6  RN/  by  iR  =  r,  where 
ra  =  6  tS  Rq{a)  =  q{b)  (a,ig.4),  (1) 

IS  a  cBa  morphism. 

Proof  First  of  all  note  that  r,  as  given  in  (1),  is  well-defined,  since  the  regular 
operator  R  is  inflationary  and  the  set  of  nuclei  of  the  form  q{a)  for  a  £  4  is  up-closed 
(15  4)  Next,  ue  check  that  r  is  a  regular  operator,  using  21.1  and  that  q  is  1-1'  for 
every  a. he .4, 

j(r(a  — 4))  =  R»(a  — 4)  by  (1) 

=  fi(c(a)  —  5(4))  by  15.5(c),  since  (aV4)  —  4  =  a  —  4 
=  c{a)  —  Rq{b) 

=  e(a)  — ?(r4)  by  (1) 

=  }(a  -  r4). 

Next,  we  check  that  d  preserves  meets.  Suppose  £  is  a  subset  of  Rh.-!  and  put 
Q  =  dQ.  Then,  since  meets  in  RNX  are  pointwise,  we  have,  for  every  a  €  /I, 

(A  Q)f{‘>)  =  A  27(“)  =  A«(C»)' 

Ikanspoting  to  (N4)^  by  20.2(a).  we  see  that,  since  the  set  Qa  is  stable,  we  can 
use  20  5  to  conclude  that  A2(9a)  =  q(AQ^)-  ‘7'hus.  since  meets  in  R4  ace  also 
pointwise, 

(A  =  7(A  Qa)  =  «((A  0)o). 

Hence  d(AO)  =  proving  that  d  preserves  meets.  We  complete  the  proof  by 
checking  that  d  preservu  Suppose  R  £  RN4  and  a  £  4,  and  put  r  =  dR.  Then, 

{■^R)q(a)  =  Rq{aj  —  q(a]  =  q(ra)  —  j(a)  =  j(ra  -o  a). 

by  20  11  Now  ra  >  a ,  so  that  ra  -t>  a  =  ra  -•  a  by  20.12(b).  Thus, 

(^R)q{a)  =  q(ra  -  a)  =  «((->r)a), 

and  so  d(-'R)  =  -«iR. 

23.8.  Proposition.  The  morphism  /  ■  iM’.4  —  Rvi  by  tuz  CuiupOSiti 

N’rl  —  N’4  ^  RN4  -i.  R/S  (1) 

satisfies  fJ  =  r,  where 

ra  =  4  ifl'  Jq(a)  =  q(b)  (a,  4  £  4).  (2) 
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Moreover,  —  R.4  is  girm  by  the  same  formula:  thus  /= 

Proof.  By  23.1.  the  map  —  RN/4  is  given  by  J  i—  J.  Thus,  the  firsj[  part 
of  the  Proposition  will  follow  if  we  can  show  that  for  every  0  6  4,,  Jq(a)  =  Jq(a) 
Indeed,  suppose  that  J  £  N^j4.  and  let  r  be  defined  as  in  (2)  Notice  that  since 


q(a)  <  Jq{a)  =  «(ro). 


we  have  ra  >  a  for  all  n  £  .4.  But  now  for  any  a  £  4, 

7q{a)  =  {Jq(a)  —  j(o))  —  <(a) 

=  («(ra)  — e{a))  — »(«) 

=  ?(ra->a)-.j(o) 

=  q{(ra  —  a)  —  a)  =  }(ra)  =  J  j(a) 

For  the  second  part  of  the  proposition,  note  that  we  now  have  two  morphisms 
N4  -  R/i 

N4  —  N’.4::4R4 

The  hottcm  composite  is  given  by  ;  J  (as  we  know  from  23  1).  But  the  calculation 

?((/«(;))■>)  =  «(j )(«(«))  by  (2) 

=  J  V  5(o) 

-  40'a  <t)  by  15.5(d) 

=  «(;»). 

for  all  i  €  N4  and  a  €  .4,  shows  that  the  top  composite  is  given  by  the  same  formula 
Therefore,  as  c  •  N4  —  N’4  is  epi  by  15.1(e),  we  have  /  =  ■'-■ 

23.9.  Corollary.  The  morphism  NN4  —  R4  is  open. 

Proof  In  any  Heyiing  algebra  double  negatio.n  preserves  ->:■ 

((a  -  4)  _  0)  -  0  =  (((a  _  0)  -  0)  A  (4  -  0))  -  0  by  9.7  3 
=  ((a-0)-0)-.({4-0)-.0) 

The  proof  that  N*4  -•  R.4  preserves  meets  is  identical  to  the  proof  that  the  map 
d  :  RNj4  -•  RA  of  23  7  preserves  meets 

24.  R/1  as  a  limit 

24.1.  Given  a  frame  4,  we  can  construct  a  diagram  of  cBa’s  as  follows.  The 
vertices  of  the  diagram  are  the  frames  A,{,)  for  each  o  £  4 ,  and  there  is  an  arrow 
All,)  —  A, II)  iff  5(a)  <  5(6),  in  which  case  the  morphism  is  the  natural  quotient 
morphism.  Let  us  cal!  this  diagram  27(4)  In  terms  of  maxsets,  it's  easy  to  see  that 
what  we  have  arc  the  maxsets  pa  for  each  a  £  4.  and  a  morphism  (fa  — •  p4  whenever 
a  <  4,  which  is  given  for  all  i  £  po.  by  i  •—  4  Vi. 
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We  now  describe  »  cone  from  R.d  to  D(A).  For  every  a  £  A,  ve  have  the  map 
Ca  :  Rj4  — *  ita,  ‘evaluate  at  a’’,  given  by  e^r  =  ro  Since  a  <  ra  for  each  f  €  Ri4, 
this  indeed  maps  Ri4  to  fia;  it  preserves  all  meets,  since  meets  in  R^  are  pointwise 
and  meets  in  fla  ate  the  same  as  in  .4 .  and  it  preserves  complements,  since  (r  -•  0)a  = 
ra  —  a  Thus,  the  evaluation  maps  are  cBa  morphisms.  They  determine  a  cone  since, 
for  each  a  <  6  and  each  r  e  Ry4 .  we  have,  by  21.2.8(b), 

6  7  ra  =  r(6  V  a)  =  rh 

Theorem.  H'lth  notation  as  above,  the  cone  (cj  .  Rj4  -•  1)0)314  «  a  limit  of  the 
diagram  D(A). 

Proof  Suppose  (/a  .  C  —  lto)a£4  is  another  cone  to  U(.4).  This  means  in 
particular  that,  for  all  c  £  C, 

a4/ac  (a€jl)  (1) 

and 

6  7/aC  =  /»e  (0.46  A  036)  (2) 

The  goal  is  to  define  a  morphism  /  .C  —  ftA  by  which  this  cone  factors  through  the 
cone  (ea)ae4 .  Such  a  morphism,  were  it  to  exist,  would  thus  have  to  satisfy 

(e.  0  /)c  =  /(c)o  =  /.c  (c  6  C) 

for  every  as  A  Xsking  the  second  equation  as  the  delimtion  of  /,  it  remsins  to  show 
that 

(a)  /(c)  IS  a  regular  operator  for  all  c  €  C,  and 

(b)  /  18  a  frame  morphism 

For  (a),  it  suffices  by  21.1  to  check  that 

/a-ic  =  a  -•  Ac 

for  all  a.  4  6 But.  as  4  <  a  -•  6,  we  have 

/._jc  =  (a  -  6)  V  Ac  hy  (2) 

=  a -*(6  7  Ac)  by  21.2.5 
=  a  —  Ac.  by  (1) 

For  (b),  recall  (20.13)  that  joins  in  the  maxset  Da  of  A  ate  given  by  V“i,  then,  for 
every  a£  A  and  S  ZC, 

/(V  5)0  =  A  V  S  =  V*  AS  =  (V/(S))o, 

by  21.3(1),  so  that  /  preserves  joins  Sirailatiy,  given  0  6  j4  and  a  fimte  set  T  C  C, 
nAT)a  =  MAT)  =  A  f.T  =  (A/(r))a, 
proving  that  /  preserves  finite  meets.  This  completes  the  proof. 


ADA289360 


Chapter  7 
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This  short  chapter  answers  the  “local”  question  of  which  meets  m  a  frame  A  are 
preserved  by  every  frame  morphism  out  of  A  and  the  corresponding  “global’'  question 
of  which  frames  A  have  the  property  that  every  frame  morphism  out  of  A  preserves 
all  meets  The  answer  to  the  first  question  is  given  in  Section  25.  and  this  is  used 
to  give  a  characterization  of  the  dual  kernels  of  frame  morphisms,  The  answer  to  the 
second  question,  which  is  simply  that  .4  is  a  biframe  (i  e..  its  dual  is  also  a  frame)  and 
N;4  IS  Boolean,  is  given  in  Section  26  Two  examples  follow,  showing  that  these  two 
conditions  on  A  are  independent 

25.  The  characteri2ation 

25.1.  DcAnitions.  A  subset  5  of  a  frame  A  has  a  Tree  meet  if  /(A  S)  =  /\fS 
for  every  frame  morphism  /  A  ~  B  The  frame  A  itself  has  Tree  meets  if  every 
subset  S  CA  has  a  ftee  meet 

Note  that  since  frame  morphisms  preserve  finite  meets  (and  ate  monotone)  a  subset 
5  of  has  a  free  meet  just  in  case  the  filter  generated  by  5  has  a  free  meet  We  could 
therefore  restrict  attention  to  filters  without  any  loss  of  generality,  although  we  won't 
have  any  reason  to  do  so  (except,  perhaps,  in  Corollary  25  4,  where  a  restriction  to 
up-closed  sets  would  make  the  statement  of  the  result  simpler) 

25.2.  Lemma.  Suppose  A  is  a  frame  sod  5  C  A.  Then  V u(S)  s  u(a)  implies 
a  =  AS  and  simiiariy  /\c^(S]  =  c^(o)  implies  aei  f\S. 

Pnoor.  Suppose  yv{S)  =  u(a)  Then  negating  both  sides  and  using  16.1(d).  we 
get 

Ae(S)  =  c(a).  (1) 

and  evaluating  both  sides  of  this  at  0,  we  get  AS  =  o  For  the  second  part,  we  evaluate 
both  sides  of  Ae^(S)  =  c’(u)  at  0  €  NA  to  get  (1),  and  then  evaluate  again  at  0.  as 
before,  to  get  A  S  =  o . 

25.3.  Theorem.  Suppose  (hat  S  is  a  subset  of  a  frame  A  Tbes  the  following 
live  statements  are  equivalent' 

(a)  5  has  a  free  meet  in  A 

(b)  Ae’(S)  =  c»(AS)  in  NM 

(c)  V'i(S)  =  “(AS)  111  NA 

(dl)  A(S  —  o)  —  o  =  ((A  S)  —  a)  — a  in  A.  for  every  o  6  A 

(d2)  A(S  —  u)  -•  a  =  a  in  A,  foi  every  u  >  AS 

Note  that  condition  (b)  can  be  leplaced  by  =  c*(a)  for  some  a  €  .4” 

and  that  condition  (c)  can  be  replaced  by  'VuCS)  =  u(o)  for  some  a  £  A”,  for  then 
a  =  AS  m  both  cases  by  25.2 
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Proof.  W'e  prove  ((i)=>(6)i»(c)=>(a)  and  (a)=>(dl)=»(d2)::»(c) 

First.,  (a)  trivially  implies  (b),  since  <?  A  —  N^A  is  a  frame  morphism.  Because 
v(\/  u{S))  =  A  “^(5)  '’y  15  1(f)  and  =  c*  by  15.7(b),  (b)  is  the  result  of  applying 
u  to  both  sides  of  (c);  since  u  is  1-1,  this  shows  that  (b)  implies  (c)  N'ow  assume  (c), 
and  let  /  :  .4  -•  j5  be  a  frame  morphism  Then,  again  using  IS.l(f),  and  the  second 
part  of  16.1(1), 

«(/A5)  =  (N/)(u(A5)) 

=  (N/)(V<«(S))  =  V(N/)(u(S)) 

=  V«(/S), 

and  so  /  A  ^  =  A  follows  from  25.2.  Thus  (c)  implies  (a). 

Next,  considering  for  every  n  €  vl  the  frame  morphism  f(a)  A  -*  /,(,),  and 
the  fact  (13.5(a))  that  meets  in  both  frames  are  the  same,  (a)  clearly  implies  (dl). 
Condition  (d2)  is  a  special  case  of  (dl),  since  ((AS)-*o)  — o  =  a  whenever  a  >  AS. 
Finally,  since  V  “(S)  i  “(AS)  always,  (c)  is  equivalent  to  u(AS)  <  V  “(S)  and  thus, 
by  15  1(c),  to  (V  u(S))(A  5)  =  1  •  An  application  of  the  fot"nula  23.4(1)  for  joins  in 
N.4  (and  expansion  of  the  definition  of  u)  reduces  this  to 

A  [A(S-a)-a]-«  =  t. 

S>AS 

As  the  expression  in  square  brackets  is  >  a,  the  equivalence  of  (t)  and  (d2)  follows, 
completing  the  proof 

25.4.  Recall  the  definition  of  stability  from  20.4.  The  following  corollary  gives 
another  way  of  expressing  condition  (d3)  aWe. 

CorolUry.  A  subset  S  of  t  frame  A  has  a  free  meet  iff  every  element  o  >  A  5 
can  he  written  as  the  meet  of  a  stable  subset  of  the  upward  closure  of  S. 

Proof.  Since  (5  -•  a)  —  a  is  a  stable  subset  of  the  upward  closure  of  S ,  necessity 
follows  trivially  from  tbe  implication  (o)=»(<12)  of  the  Theorem.  ConverKly,  if  T  is  a 
stable  subset  of  the  upward  closure  of  5  with  meet  a,  then 

«<  A(5-o)-.a<  A(r-s)— a  =  AT’  =  a, 
and  so  a  =  A(5  —  a)  -•  a .  verifying  condition  (d2)  of  the  Theorem. 

25.5.  As  an  application  of  Theorem  25.3,  we  can  denve  a  characteriration  of 
the  “dual  kernels”  of  frame  morphisms,  i  e.,  the  sets  /"’(I)  C  A  for  frame  morphisms 
f:A->B. 

Theorem,  A  subset  F  of  a  frame  A  is  equal  to  /"‘(I)  for  some  frame  morphism 
f  :  A  —  B  iff  F  is  a  free  filter,  i.e , 

(a)  F  IS  upward  closed,  and 

(b)  if  S  CF  and  A(S  —  o)  —  a  =  a  for  every  a  >  f\S,  then  AS  6  F. 

Note  that,  by  the  previous  theorem,  (b)  is  equivalent  to  saying  that  F  is  closed 
under  free  meets. 
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Proof  Considering  the  shove  note,  sets  of  the  form  /"‘(I)  are  clearly  free  filters 
Conversely,  supposing  that  P  C  ,4  is  a  free  filter,  consider  the  nucleus  J  =  V  “(^')  If 
o  €  P,  then  ja  >  u(a)a  i=  1.  and  so  ja  =  1  And  if  Ja  =  1.  then  «(a)  <  \/ u{F)  by 
15  1(c),  and  so  u(a)  =  u(a)  A  V  u(P)  ez\/u(aV  F),  using  15  1(f)  Thus  a  V  P  has  a 
free  meet  andA“'^^  =  “  ButaVPcPby  (a),  and  therefore  a  £  P  by  (b).  We 
have  therefore  shown  that  a  £  P  iff  ja  =  1 .  and  so  P  =  y"'l  for  the  frame  morphism 
j:A~  A, 

26.  FVames  with  free  meets 

26.1.  We  noiv  turn  to  the  question  of  which  frames  have  free  meets.  Using  the 
previous  theorem  and  a  result  of  Bearer  and  Macnab  (5]  this  question  can  be  answered 
as  follows' 

Theorem.  A  frame  A  has  free  meets  iff  both  of  the  following  conditions  hold 

(a)  A  IS  a  biframe 

(b)  NA  IS  Boolean. 

Proof  First  of  all  observe  that  A  is  a  biframe  iff  e  A  ~  NA  preserves  meets, 
for  e(AS)  =  f\c(S)  is  equivalent  to  a  V  x  /\aV  S  for  every  a  £  A  Suppose 
now  that  A  has  free  meets  By  the  preceeding  comment,  A  is  a  biframe  Also,  by  the 
previous  theorem, 

A(5  — a)  — a  =  ((A5)  — a)— o, 

and  so  for  every  «  £  A,  there  is  a  smallest  element  if(a)  with  (d(a)  —  a)  —  a  =  1 
Therefore,  according  to  the  result  of  Bearer  and  Macnab.  NA  is  Boolean 

Conversely,  suppose  A  is  a  biframe  and  NA  is  Boolean  Then,  as  e  A  -•  NA 
preserves  all  meets,  and  e  NA  —  N’A, being  an  isomotphismby  15  1(e). alsopreserves 
all  meets,  the  composite  .  A  —  N’A  preserves  all  meets  Hence,  A  has  free  meets 
by  the  previous  theorem 

36.a.  Examples.  The  conditions  (a)  and  (b)  above  are  independent,  as  the 
following  two  examples  show 

(i)  Let  A  =  (w  +  1)°'’  (i  e  ,  the  chain  w  <  . .  <  2  <  1  <  0)  Then  A  is  complete 
and  therefore  a  biframe  (in  fact,  even  a  completely  distributive  frame)  But  n  is  a 
dense  element  of  A  for  every  n  56  w ,  in  the  sense  that  n  —  w  =  w ,  and  AnXi..  n  s  w , 
showing  that  n  doesn’t  have  a  least  dense  covet  d(n),  and  therefore  that  NA  is  not 
Boolean.  Notice  that  u.  may  be  replaced  here  by  any  limit  ordinal  and  that  together 
these  complete  chains  form  a  class  of  canonical  examples  of  frames  whose  assemblies 
are  not  Boolean,  in  the  sense  that  the  failure  of  a  frame  to  have  a  Boolean  assembly 
may  be  traced  to  the  existence  in  the  frame  of  such  a  complete  chain  with  every  element 
dense  over  the  meet 

(ii)  The  same  A,  with  N  applied,  yields  an  example  of  a  non-biftame  with  a 
Boolean  assembly.  In  detail,  using  the  isomorphism  of  NA  with  the  poset  of  maxsets 
of  A  ordered  by  reverse  inclusion,  and  the  degeneracy  of  —  and  A  m  A,  NA  can  be 
identified  with  the  set  of  all  subsets  of  A  (ordered  by  reverse  inclusion)  of  the  following 
two  types; 
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(a)  finite  sets  containing  0,  and 

(b)  infinite  sets  containg  both  0  and  u/. 

Join  is  given  by  intersection,  and  meet  is  given  by  union,  with  w  added  if  the  result  ts 
infinite  N>4  is  not  a  biframe,  because  a  counterexample  to 

5vA{r„.n<u)  =  A{5vT„.n<u)  (1)' 

cK)  be  found  by  setting  S  =  {0,u)  and  Tn  =  {0,n},  for  then  w  is  sn  tlsment  of  th: 
left  side  of  (1)  but  not  the  right 

On  the  other  hand,  it  is  easy  to  see  that  {0}  and  {0,w}  are  the  leaat  dense  elements 
over  seta  of  type  (a)  and  (b),  respectively,  and  thus  that  is  Boolean. 

26.3.  Remark.  The  independence  of  conditions  (a)  and  (b)  above  can  also 
be  used  to  show  the  independence  of  the  statements  “f  preserves  meets”  and  “N/ 
preserves  meets.”  If  N  4  is  Boolean  and  A  is  not  a  biframe,  then  f  =  c  •.  A  —  tiA 
doesn’t  preserve  meets  while  N/  (being  an  isomorphism)  does.  And  if  A  is  a  biframe 
with  NA  not  Boolean,  then  the  same  /  preserves  meets,  but  N/  doesn’t  (otherwise 
NA  would  be  a  biframe  and  hence  Boolean) 

26.4.  Exercises. 

26.4.1.  Modify  the  proof  of  Theorem  25  3  to  obtain  the  equivalence  of  the  fol¬ 
lowing  statements,  for  5  C  A  and  i  €  A . 

(a)  AfS  <  fh,  for  every  frame  morphism  f  :  A  — B 

(b)  Ao’W<c’(»- 

(e)  V«(5)>oW 

(dl)  A(5  — o)  —  a  S  (*“  o)“0,  forevety  a  €  A. 

(d2)  Ai^  —  o) —  0  =  0.  for  every  a  2  i- 

26.4.2.  Given  a  frame  A ,  define  MA  to  be  the  subframe  of  N*A  generated  by 
all  elements  of  the  form  A{o*(») ' s  €  S) ,  where  S  C  A .  Show  the  following; 

(s)  If  /  ;  A  —  B  18  a  frame  rootphisro  such  that  every  subset  of  the  image  /(A) 
of  A  has  a  free  meet  in  B,  then  the  morphism  N^/  restricted  to  MA  factors  through 
cj  •  B  -•  N’B ,  and  therefore  /  extends  to  a  morphism  /  :  MA  ->  B  in  a  canonical 
way. 

(b)  M  can  be  made  into  an  endofunctor  on  {Vtn  so  that  the  embeddings  :  A  -> 
M A  are  components  of  a  natural  transformation  from  the  identity  functor  to  M . 

(c)  A  has  free  meets  iff  c’  ■  A  -•  MA  is  an  isoraorphism. 

(d)  Is  •  A  —  MA  epi?  (I  don’t  know  the  answer.) 
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UNIVERSAL  MONOS  AND  COMBINATORIAL  MORPHISMS 


In  Chapter  7  we  used  the  second-level  assembly  N’A  of  a  frame  A  to  characterize 
the  free  meets  in  X  In  the  first  half  of  this  chapter,  we  make  use  of  the  whole  assembly 
tower  to  characterize  those  monos  whose  pushouts  are  always  mono  These  results  make 
essential  use  of  the  theory  developed  m  Chapters  4  and  5  and  ate  a  further  example  of 
the  use  of  x-frames  to  obtain  results  about  frames.  Section  27  introduces  the  class  of 
universal  monos  proves  some  closure  properties  of  the  class  and  gives  several  families 
of  examples  In  Section  28.  the  notions  of  o-mono  and  a-epi  are  introduced  and  their 
basic  properties  investigated.  Then  the  main  results  ate  proved  /  is  a  universal  mono 
iff  it  IS  a-mono  for  every  a.  and  /  la  (a  +  l)-mono  if  the  pushout  of  /  along  every 
a-epi  IS  mono  The  first  of  these  results  is  proved  in  two  ways,  once  using  the  categories 
oo-Ftm  and  oc-cBa  introduced  in  Section  18  (which  rely  on  inaccessible  cardinals 
and  entail  a  restriction  of  the  frames  considered),  and  a  second  time  using  an  excursion 
through  the  category  x-frames  where  x  is  chosen  based  on  the  size  of  the  instance 
of  the  result  to  be  proven,  this  second  proof  depends  on  a  Lemma  about  the  relation 
between  the  assembly  tower  of  a  frame  and  its  x-assembly  tower  when  it  is  considered 
to  be  a  K-frame  The  section  closes  with  a  proof  that  o-epis  are  stable  under  pushout. 

The  second  half  of  the  chapter  is  concerned  with  combinatorial  morpbisms.  These 
provide  a  means  of  treating  categorical  properties  of  a  morphism  J  .  A  —  B  (like 
being  an  epi  or  regular  mono]  in  terms  of  algebraic  data  on  A  (namely  congruences). 
Section  29  treats  the  general  theory,  while  Section  30  treats  the  finitely  generated  case 
Section  29  starts  with  a  concrete  description  of  the  free  extension  A[X}  of  a  frame 
by  a  set  X  of  ''indeterminstes"  including  the  effect  of  the  functor  A  >->  AlX]  on 
morphisms  Then  the  notion  of  standardization  of  congruences  is  introduced  and  sev¬ 
eral  results  relating  congruences  and  their  standardizations  are  proved  Finally,  both 
pushouts  and  iterated  extensions  of  combinatorial  morphisms  are  considered,  and  a 
connection  is  established  with  free  meets  In  Section  30,  finitely  generated  combinato¬ 
rial  morphisms  are  examined  since  standardization  no  longer  plays  a  role,  the  theory 
becomes  considerably  simpler  in  this  ease  The  results  lead  up  to  a  characterisation, 
in  terms  of  properties  of  congruences,  of  finitely  generated  epis  and  regular  monos 


27.  Universal  monos 

27.1.  Definition.  A  morphism  /  •:  A  —  B  in  a  category  with  pushouts  is  a 
universal  mono  (or  just  universal)  if  the  pushout  of  /  along  every  morphism  h  .A  —  D 
is  mono. 


27.2.  Here  are  some  basic  properties  of  universal  moncs  in  any  category  with 
pushouts 

Proposition.  Every  universal  mono  is  motto,  and  evtry  pushout  of  a  universal 
mono  IS  Itself  universal  Suppose  /  A  —  B  and  g  ■  B  ~  C  ate  morphisms  Then 
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(a)  If  f  and  g  are  ua^versai,  then  so  is  go  f. 

(b)  If  go  f  IS  universal,  then  sots  f. 

(c)  If  go  f  is  untversil  and  f  is  epi,  then  g  is  universal 

(d)  If  go  f  is  epi  and  g  is  universal,  then  f  is  epi 

We  summarize  (a)  and  (b)  by  saying  that  composites  and  first  factors  of  universal 
monos  are  mono 

Proof.  Every  morphism  u  a  pushout  of  itself  along  the  identity,  so  umversal 
monoe  are  mono  Part  (a)  of  the  Pusfaout  Lemma  (6  4)  says  that  iterated  puahouts 
are  puahouts  along  the  composite;  it  easily  follows  from  this  that  pushouts  of  umversal 
monoe  are  universal  Parts  (a)  and  (b)  also  easily  follow  from  the  corresponding  parts 
of  the  Pushout  Lemma,  since  composites  and  first  factors  of  monos  are  mono,  as  does 
part  (c),  since  if  /  is  epi  then  ^  is  a  pushout  oi  go  f  along  /  and  hence  universal. 

For  part  (d),  suppose  that  ^  c  /  is  epi«  g  »  universal,  and  .  B  ••  £)  are 
morphisms  such  that  ki  o  f  zz  k^o  f .  The  idea  will  be  to  '*push  out"*  the  pair  k\ ,  /ts 
along  g  and  then  use  the  fact  that  go  f  \s  epi.  Thus,  we  construct  the  following 
diagram 


where  k[  and  are  the  pushouts  of  ki  and  along  g  (with  g[  and  g'j  as  the 
remaining  morphisms  of  these  pushout  squares),  and  where  g'/  and  gg  are  the  pushouts 
of  ^'i  and  ^2  ^ong  each  other,  with  t  s  gj  og[  z:  g"  o  92  ^  ‘‘diagonal”  of  this 
pushout  square  Since  g  is  universal,  both  $[  and  gg  are  univenai,  and  so  both  gg 
and  g'{  are  mono,  thus  I  is  mono 

The  rest  of  the  proof  is  a  diagram  chase  showing  that  lok\  =  lokj  follows  (rom  the 
asaumptioos  that  ktofsmkgof  and  that  gof  is  epi.  In  detail  (where  I  am  vroittiog 
the  symbol  ‘‘o” ,  and  where  parentheses  mdicate  the  expression(s)  to  be  replaced  in  the 
next  step),  we  have 

= (5?j;)(*i/) = t'Mh)/ = 

and  therefore,  since  j/  is  epi,  jjiJ  =  s'{k',.  Now,  using  this. 

(0*1  =  Jj(s'i*ii  =  =  (pI'p's)*!  =  "tj. 

Finally,  since  I  is  mono,  we  conclude  that  kj-i,. 

27.3.  Examples,  (i)  Every  isomorphism  and,  more  generally,  every  stetion  (i  e  , 
a  morphbm  f  ■.  A  —  B  ioj  which  there  is  j  ■  S  -•  4  with  y  o  /  =  ida )  is  universal, 
as  can  be  easily  shown  (6.4). 
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(n)  Evet>  open  mono  is  unl^«rsat  (For  a  proof,  see  [27j,  V.4,  Proposition  1 )  Recall 
that  a  frame  morphism  is  open  iff  it  is  a  cHa  morphism,  i  e  ,  iff  it  preserves  arrow  and 
arbitrary  meets 

(iii)  The  monos  corresponding  to  localic  proper  surjections  ate  universal.  This  fact 

appears  as  Proposition  4  2  in  the  paper  by  Vermeulen  [49],  see  that  paper  for  a  detailed 
account  of  proper  maps  We  recall  the  lattice-theoretic  characterization:  J  .  A  -•  B 
is  proper  iff  f,  preserves  directed  joins  and  V  6)  =  a  V  f,(h)  for  all  a  €  X  and 

beB 

(iv)  For  any  category  C  with  pushouts,  if  r  .  /  —  F  is  a  natural  monomorphism 
from  the  identity  functor  /  C  --  C  to  an  arbitrary  functor  F  .C  —  C,  then  every 
component  tA  of  r  is  universal  This  is  because,  for  every  morphism  h  A  —  D, 
the  monomorphism  rD  D  —  FD  factors,  by  naturality  of  r ,  through  the  pushout  of 
tA  '  A  FA  along  h .  making  the  latter  mono  In  particular,  all  of  the  morphisms 
c°  .4  —  (as  defined  in  17  1)  are  universal 

(v)  Combining  (iv)  and  27  2(bJ,  we  conclude  that  first  factors  of  components  of 
natural  monomorphisms  from  the  identity  ate  universal  As  eicamples,  we  have  the 
morphisms  c’  •  A  —  MA  of  Exercise  26  4  2  Conversely,  as  is  sketched  in  Exer¬ 
cise  27,4  2  below,  if  directed  coIimiLs  of  monos  are  mono  (as  is  the  case  with  IVm' 
see  12,8).  then  every  universal  mono  is  the  first  factor  of  a  component  of  an  appropri¬ 
ately  constructed  natural  monomorphism  t  I  F  Treating  f  as  a  kind  of  "free 
extension”  functor,  this  lends  some  credence  to  the  intuitive  idea  that  universal  monos 
represent  free  extensions 

27.4.  Exercises. 

27.4.1.  Show  that  Che  construction  used  in  the  proof  of  Proposition  27  2(d)  of 
pushing  out  a  pair  of  morphisms  along  another  morphism  can  be  given  a  universal  prop¬ 
erty  similar  to  that  of  an  ordinary  pushout  Obaerve  that  if  a  category  has  pushouts. 
It  also  has  pushouts  of  pairs  and  that  pushouts  of  uoiveral  monos  along  pairs  are 
universal. 

27.4.2.  Let  C  be  a  cocomplete  category.  The  phrase  “directed  colimits  of  monos 
are  mono”  in  part  (c)  below  means  that  whenever  {A  •  A  —  Bi)  is  a  directed  source 
of  monos — i.e.,  a  family  of  monos  with  common  domain  such  that  for  any  pair  of  in¬ 
dices  I.  j ,  there  is  an  index  k  such  that  ft  factors  through  both  /,  and  /;  —then  the 
common  map  from  A  to  the  colimit  of  the  family  is  mono 

(a)  Fix  a  morphism  /  A  —  B  of  C  For  every  morphism  g  ■  A  —  0,]et  u, 
be  the  pushout  of  /  along  g,  and  for  every  object  of  C,  let  t/D  .  D  —  FjD  be 
the  morphism  from  D  to  the  colimlt  F/D  of  the  source  (uy  :  p  €  hom(A,  fl)}  Show 
that  Ff  IS  the  object  pact  of  a  functor  F;  .  C  —  C  and  that  the  morphisms  t/  D  ate 
the  components  of  a  natural  transformation  tj  I  Fj.  Moreover,  show  that  r/  A 
factors  through  f 

(b)  The  identity  functor  I  is  an  object  of  the  functor  category  [C,C]  of  all  end- 
ofunctors  on  C ,  and  the  comma  category  (f,  (C,  Cj)  has  as  objects  all  natural  trans¬ 
formations  J  —  C.  Show  that  for  each  object  A  of  C ,  the  assignment 

(7-;/-G).-(rA.A-CA) 

determines  a  functor  (/,  [C.  Cj)  —  (A,  C) ,  and  that  this  functor  is  right  adjoint  to  the 
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functor  determined  by  the  assignment 

(/ 

(c)  Show  that  if  directed  colimita  of  monos  are  mono  in  C  and  f  ■  A  —  B  is  i. 
universal  mono,  then  tj  is  a  natural  monomorphism  Conclude  that  every  universal 
mono  is  the  first  factor  of  a  component  of  a  natural  monomorphism  from  the  identity 


28.,  Relation  to  the  assembly  tower 


28.1.-  Definitions.  Let  /  .4  — •  8  be  a  frame  morphism  We  say  that  /  is 
a-moBo  if  N°f  is  mono  and  that  /  is  a.epi  if  the  image  of  e“  8  —  N“8  is  contained 
in  the  image  of  N*/  N“.4  -•  N“8  In  symbols:  im(e|)  C  im(N“/) 

This  last  condition  can  be  expressed  diagramatically  in  two  ways: 


N*  f 

NO/t - ^  N“8 


*>.  r*  '* 

\  i 

•8, 


N*/l - N»8 


•8. 


In  the  left  diagram,  the  morphism  N°/  has  been  factored  through  its  image,  and  c% 
factors  through  this  In  in  right  diagram,  the  puUbaclc  of  N^f  along  c|  is  onto. 

28.2.  Here  ate  a  few  simple  facts  concerning  these  notions. 

Proposition. 

(a)  Composites  and  first  factors  of  a-moBoe  are  a  -moao 

(b)  Aa  a-moBO  is  fi-mono  for  all  fi  <  a . 

(c)  Ab  a-mono  composed  with  a  fi.mono  is  a  min(ar,8)-moiio. 

(d)  Second  factors  of  a  -epis  are  o  -epi. 

(e)  j4n  a-epi  is  S-epi  foisJI  0>  a. 

Proof.  Part  (a)  is  trivial,  since  general  monos  satisfy  these  conditions  and  N”  is 
a  functor  For  part  (b),  suppose  /  is  o-monoand  0<a  Let  7  be  the  unique  ordinal 
for  which  o  +  7  =  ^.  Then,  since  N*/  is  mono,  so  is  (N'f)  0  cj.,,  =  0  N^f, 

and  thus  is  mono  as  well.  Part  (c)  is  a  simple  corollary  ot  parts  (a)  and  (b). 
Part  (d)  follows  from  a  simple  property  of  images,  namely,  the  image  of  a  composite  is 
contained  in  the  image  of  the  second  factor.  Finally,  suppose  /  is  a-epi  (as  in  the  left 
diagram  above)  and  B  >0.  Then,  with  7  such  that  04-7  =  0,  appiying  N'  to  the 
image  factorization  of  H"}  and  recalling  that  N't  preserves  surjections  (by  16.4(s)  and 
induction),  we  see  chat  8  also  factors  through  the  image  of  N^f  and  thus  is  0spi 

28.3.  Proposition.  II  f  .  A  ->  B  is  a -epi  and  g  .  B  ->C  IS  0-epj,  Sien  50/ 
is  (o  4.  0)-Spl 
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Proof  Let  y  be  such  that  ^  7  =  o  +  ^,  and  consider  the  following  diagram. 


N’+^/l - ^  N»+*B  ^ 


^ - j - -B - 5 - ’■C 


(N’otice  that  I  hav<  simplihtd  ch«  subsciipta  on  the  atrows  labelled  c'  )  Since  g  is 
J-epi,  iin(ej)  C  im(N‘’5l  Thus,  by  composing  with  cj  r  ** 

imlej*")  C  im(cj  o  N«,)  =  e cj).  (1) 

.Now,  since  f  is  a-epi.  iin(c|)  C  imCN"/)  Applying  the  functor  N*,  we  get  im(cg)  C 
so  that  composing  with  yields 

inK(N<-'‘’ j)  0  cj)'  C  im((N*+»,)  o  N‘«/)  =  im(N“+^y  o  /))  (2) 

Putting  together  (1)  and  (2),  we  have  imfcj*'’)  C  im(N*'*’*(p  e/)),  aa  requited. 

28.4.  Other  properties,  and  distinctness.  Informally,  the  notions  of  o- 
mono  and  o*epi  give  a  **rank{ng’'  (o  arbitrary  morphtsmt  tf  a<  0.  then  as  ff^mono 
IS  “more  mono"  than  a  o^mono,  and  an  Qr*epi  is  “more  epi"  than  a  (Formally, 
we  could  define  the  mono-rank  of  a  morphism  /  to  be  the  (potnbly  empty  or  total) 
miiial  segment  of  the  ordinals  consisting  of  those  o  for  which  /  is  a-mono,  and  the 
epj-ranJc  of  a  morphism  to  be  the  smallest  ordinal  o  for  which  /  is  a-epi  (or  oo  if 
there  aren’t  any),  but  this  technicality  won't  be  necessary.)  At  one  extreme  of  the 
ranking  are  (he  O^epis,  which  are  just  the  surjections,  and  the  monos  that  are  a-mcoo 
for  all  ordinals  <t,  which  we  will  prove  shortly,  are  precisely  the  universal  monos.  At 
the  other  extreme,  0-mono  is  synonymous  with  mono,  and  Madden  and  Molitor  [33] 
show  that  (id  out  terminology)  a  morphism  is  epi  iff  it  is  or-epi  for  some,  and  therefore 
for  any  sufficiently  large,  ordinal  a . 

We  have  already  seen  what  happens  to  the  ranks  of  monos  and  epis  under  com¬ 
position  and,  respectively,  first  and  second  factors  Although  pullbacks  of  monos  are 
always  mono,  there  doesn’t  seem  to  be  any  connection  between  the  rank  of  a  mono  and 
the  rank  of  its  pullback  On  the  other  hand,  we  will  show  (Corollary  28.9)  that  ranks 
of  epis  are  preserved  under  pushout 

Finally,  we  consider  examples  showing  that  the  notions  of  o-roooo  and  o-epi  are 
different  for  each  ordinal  a,  stated  another  way,  each  possible  mono*  and  epi-rank 
is  achieved  by  some  morphism  let  A  be  any  non-reflective  frame  (for  example  the 
free  frame  on  w),  fix  an  ordinal  o.  and  lei  B  be  the  cBa  Consider  the 

morphism  /a  =  o  cj  -4  -•  B.  Since  fl  is  a  cBa.  it  follows  that  for  all  ^  <  o, 
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=  -^-10  ,  where  ;?  +  7  =  q  .  This  is  mono  for  all  ^  <  q  but  not  mono 

when  ^  =  a  (for  then  it  is  just  which  is  mono  only  if  i4  is  reflective)  Thus  /« 
18  5-roono  for  all  0  <  a,  but  it  is  not  cr-mono.  By  similar  reasoning,  N^/o  is  onto  lif 
3><x^  and  hence  /«  is  o>epi  but  not  d-epi  for  any  0  <  a. 

28.5.  Cbaractemation  of  univenal  monos.  The  next  two  theorems  are 
the  main  results  of  the  section  They  charactttise  universal  monos  in  terms  of  their 
mono-rank  and,  conversely,  the  mono-rank  of  a  morphism  in  terms  of  its  degree  of 
“universality” 

Theorem.  A  motphtsm  /  1$  a  unive/sai  monotf  and  only  if  it  is  o-mono  for  every 
ordinal  o 

Proof  Suppose  /  is  universal,  let  a  be  an  ordinal,  and  consider  the  diagram 


NM - -«■  WB 


whcK  thi  lower-left  '‘s<)uue”  le  »  pushout  <uid  the  dotted  morphism  is  the  unique 
morphism  from  the  pushout  Sinee  /  it  uoiverttl.  /'  is  mono  The  morphism  d  is 
epi,  since  it  is  the  pushout  of  an  epi,  and  therefore,  smee  c%  is  universal,  the  dotted 
morphism  is  also  mono  (in  fact  univenal)  by  27.2(c).  Thus  the  compoeite  H"/  is 
mono,  and  henee  /  is  o-mono 

Conversely,  suppose  /  is  o-mono  for  all  ordmais  or,  let  h  ;  .4  —  f?  be  an  arbitrary 
morphism,  and  consider  the  two  diagrams 

D-L^P 

*1  !»'  and  N”»|  j.v-*'  (1) 

A  -j*-  B  N~y4  N=“jB, 

where  the  first  diagram  is  a  pushout  in  Frm  and  the  second,  living  id  the  category 
oc-cB«  (and  hence  also  in  oo-FVm),  u  the  functor  N°°  applied  to  the  first.  (See 
Section  18.4  for  information  about  oo-cBa,  oc-Flm>,  and  the  functor  N°°  )  Since 
N°°  is  a  left  adjoint,  it  preserves  cohmits,  and  so  tbe  second  diagram  is  a  pushout  in 
oo-cBa  (but,  incidentally,  not  necessarily  in  oo-firm).  Also,  since  N*/  is  mono  for 
all  Or,  N°°/  IS  mono  m  oo-Firm  (since  by  6.5.8  it  is  a  union  of  monos),  and  hence  also 
in  oo-cBa.  But  all  monos  are  universal  in  oo-cBa  by  18.3(a),  and  so  N— /'  is  mono 
10  oo-cBa  Thus  N"/'  is  mono  in  oc-IVni,  and  hence  /'  is  mono  in  ftm 

28.6.  An  alternate  proof.  The  second  part  of  the  proof  above  uses  the 
categories  cc-cBa  and  oo-Frm.  which  depend  (in  a  set-theoretical  foundation  fot 
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category  theory)  on  an  inaccessible  cardinal  or  a  Grothendieclc  universe,  as  well  as  im¬ 
plying  a  limitation  on  the  “frames”  considered,  this  is  ducussed  in  Section  6.6  (see  also 
184)  As  also  mentioned  there,  these  assumptions  and  limitations  ate  not  necessary, 
but  merely  convenient.  For  illustruion,  we  give  an  alternate  proof  of  28  5  using  only 
ZFC.  The  proof  starts  with  the  following  lemma,  which  answers  the  question  asked  at 
the  end  of  [33]  “Is  the  morphism  (in  the  diagram  below)  always  mono?”. 

Iiemma.  Let  k  be  a  regular  cardinal  Then  the  atotpbism  e^  m  the  diagram 
A - ^4 - 


B'A 

ofK-ftames,  as  constructed  in  18.2,  is  (a  universal)  mono.  (.Vote  that  we  have  implidcly 
applied  the  forgetful  functor  L’^  to  cj  .  A  — •  N*A.) 

Proof.  The  notation  follows  that  of  Section  18.  We  first  extend  the  functor 
N*  .'  IVm  -•  Frm  to  a  functor  N*  ■  n-IVm  -•  x-Fitm  by  ptecomposmg  with  the 
free  functor  ;  K-Ftm  —  tVm;  that  is,  for  every  ic-frame  A,  we  define  N^A  := 
Then,  themorphisms  cjo  ;.  A-»  F'i(A)  —  N“A  ate  mono  and,  moreover, 
components  of  a  natural  transformation  /  -» N*  from  the  identity  functor  on  x-Frm 
By  Example  (iv)  of  27.3.  these  morphisms  are  therefore  universal  in  x-Ikm  (just  as. 
when  A  IS  a  frame,  m  already  knew  they  were  m  IVm).  Since  rfj  is  epi  and  K-tm 
has  pushouts,  we  can  therefore  apply  27.2(c)  to  conclude  that  is  universal. 

Theorem  (bis).  A  frame  morphism  f  is  a  universal  mono  if  and  only  if  it  is 
a-mono  for  every  ordinal  a 

Proof.  The  “only  iP  direction  is  just  as  before. 

For  the  ‘if  direction,  we  start  with  the  same  pushout  appearing  as  the  first  diagram 
of  (1)  above  As  is  explained  in  12.4,  this  pushout  becomes  a  pushout  in  x-IVm  when 
*  is  large  enough  (for  instance,  «  =  |fl  ©x  Cl'*'  suffices).  Then,  applying  the  Boolean 
reflector  B“  ;  x-tVm  —  x-oBa,  we  obtain  a  pushout  in  x-cBa.  Thus,  if  we  can  show 
that  B*/  is  mono,  then  the  test  of  the  proof  proceeds  as  before  with  oe  replaced  by 
X  But  to  show  this,  we  can  form  (in  the  category  X'lVm)  the  diagram 


m  which  the  morphism  e\  is  mono  by  the  Lemma  Thus,  as  N'/  is  mono  by  assump¬ 
tion,  so  IS  (N*/)  0  ej  =  Cg  0  B'/,  implying  that  B‘/  is  also  mono,  as  requited. 
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28.7.  The  universality  of  O'-monos.  As  the  second  main  result  of  this  section, 
we  obtain  a  kind  of  converse  to  Theorem  28.5.  We  start  with  a  lemma  that  is  actually 
the  case  o  =  0  of  the  theorem  that  follows  it. 

Lemma.  Suppose  that  /  is  a  frame  motphsm  Then  Kf  is  moao  if  and  os!y  if 
pushouts  of  f  along  suyections  are  mono 

PhooF  The  proof  refers  to  the  following  diagram:’ 


A-r<-p-T^Q 

Suppose  first  that  N/  is  mono,  g  is  onto,  and  the  left  square  above  is  a  pushout:  we 
show  that  /'  is  mono  Factor  /'  as  a  surjection  h  followed  by  an  imection  /" ,  as 
shown  in  the  right  square  Since  h  is  ept,  the  right  square  is  a  pushout  by  part  (c) 
of  the  Pushout  Lemma  (6  4).  and  hence  the  outer  rectangle  is  a  pushout  by  part  (a) 
Therefore.  (N/)(kef  j)  =  (N/)(kef(A3ff))  and.  using  that  N/  is  mono,  kcrg  s:  kef(/io^) 
Thus  h  is  an  isomorphism  and  /'  is  mono. 

Conversely,  suppose  that  pushouts  of  /  along  surjections  are  mono.  Let  $i  and  ^3 
be  congruences  on  A  such  ’  hat 

(N/)(<»>)  =  (N/)(fj)  (I) 

Since  (N/)(9i)  =  (N/)(Sj)  iff  (N/)(S,  A  $j)  =  (N/)(tfi  V  «,),  we  mey  aesiune  in  what 
follows  that  ii  <  9} .  Put  P  B  Afti  and  Q  x  A/ii  with  natutal  maps  as  shown  in 
the  bottom  row  of  the  diagram,  and  assume  that  both  squares  are  pushouts;  by  (1), 
the  pushout  of  h  along  J'  is  an  isomorphism.  But  now,  by  assumption  on  /,  we  have 
that  S'  >a  mono,  and  so,  composing  with  the  isomorphism  and  tahing  the  first  factor. 
h  is  mono  as  well.  Thus  d|  x  d, ,  showing  that  N/  is  mono. 

38.8.  Tli«>r«m.  A  frame  morphism  f  is  {a+l)-ttiono  if  lunf  ooty  if  thl  pusksst 
of  f  along  every  o-epi  is  mono 

Proof,  bet  /  ■  .4  B  be  such  that  pushouts  of  /  along  o-epis  are  mono  Then, 
for  any  congruence  S  on  N“A,  we  construct  the  following  diagram: 


Here,  the  right  square  is  a  pushout,  /'  is  the  pushout  of  /  along  cj ,  and  f"  is  the 
pushout  of  /'  along  p  (and  thus  also  a  pushout  of  /  along  pscj  by  part  (a)  of  the 
Pushout  Lemma)  The  dotted  morphiim  u  is  the  umque  morphism  such  that 

uoc'xcg  and  u*/'  =  N“/.,  (1) 
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and  «'  IS  the  unique  morphism  such  that  (with  the  help  of  the  first  part  of  (1)) 

u'  o  p'  o  c'  =  p"  o  Cfl  =  p"  o  u  0  o'  and  u'of'sg.  (2) 

Since  c'  is  the  pushoui  of  an  epi.  it  is  epi  as  well,  and  so  we  conclude  from  the  first 
part  of  (2)  that  u'  o  p'  =  p"  o  u .  As  in  first  part  of  the  proof  of  28.5,  u  is  universal 
\ow.  both  the  right  square  and  the  lower-nght  “t^Uque”  square  (with  /'  and  p  as 
base)  are  pushouts,  and  both  of  the  adjoining  triangles  commute  by  the  second  parts  of 
(1)  and  (2)  Thus,  since  the  upper-right  oblique  square  is  commutative  (as  we  pointed 
out  above),  it  is  also  a  pushout  by  part  (b)  of  the  Pushout  Lemma.  Hence  u'  is  mono 
But.  since  poc^ ,  being  the  composite  of  an  a-epi  and  a  0-epi,  is  a-epi  by  28  3,  /"  is 
therefore  mono  by  the  assumption  on  /,  and  so  j  is  mono  Since  $  was  arbitrary,  we 
conclude  by  the  lemma  that  N"*'/  is  mono,  and  hence  that  /  is  (a  -(•  l)-mono. 

For  the  other  direction,  suppose  g  d  -•  C  is  an  arbitrary  o-epi,  and  consider  the 
following  diagram 


This  diagram  is  constructed  as  follows,  starting  with  /  and  p,  we  form  the  pushout. 
given  by  the  inner  square  with  vertex  P.  The  outer  square  is  N'*  applied  to  the  inner 
one,  and  we  factor  N°g  as  a  surjection  q  followed  by  an  injection  i  Since  g  is  o-epi, 
c^  factors  through  Q  by  a  morphism  m,  which  is  therefore  mono,  as  shown.  Next, 
the  middle  vertical  arrow,  labelled  t>,  is  the  pushout  of  N*/  along  g.  By  the  universal 
property  of  this  pushout,  we  have  the  dotted  morphism  e  such  that 

e  0  q'  =  N°g'  and  e  e  e  =  N*f  o  i.  (3) 

Finally,  since 

j’oc|o  /  =  9'o(N“/)oc3  =  »oqocJ|=tiomep, 

the  universal  property  of  the  inner  pushout  gives  the  dotted  morphism  d  such  that 

dog'  =  g'oe%  and  dofsvom.  (4) 

Now,  having  constructed  this  diagram,  we  can  complete  the  proof  of  the  theorem:  If  / 
is  (a  -t-  l)-roono,  then,  by  the  Lemma,  puahouts  of  14“/  along  surjections  ate  mono;  in 
particular,  u  is  mono  But  then  v  o m ,  which  equals  do  f  (as  in  the  second  equation 
of  (4)),  IS  mono,  and  thus  so  is  /' 
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26.9.  Stability  of  epi-rank  uodf  r  pushout.  In  the  second  part  of  the  proof 
above,  we  didn't  use  a]l  of  the  information  contained  in  the  diagram  constructed  there 
In  particular,  we  didn't  use  (3)  or  the  first  equation  of  (4)  Extracting  this  information, 
we  get  the  following  corollary 

Corollary.  The  pushout  of  au  q  -epi  a/ong  any  niOfp.h;sm  js  o*epj 

Proof  The  proof  uses  the  diagram  constructed  above,  starting  with  an  o>ept 
g  :  A  •»€  and  a  morphism  /  A  B,  which  we  assume  this  time  is  arbitrary.  As 
pointed  out  in  28  4,  every  o*epi  is  epi;  thus  g  ts  epi  and  therefore  so  is  g*  Now,  using 
the  first  equations  of  (4)  and  (3), 

eodog'  =  eci,'ac%=(H'’g')cc%  =  c%og' 

Since  is  epi,  ue  conclude  that  eod  =  Cp  But  then,  since  g'  is  onto  it  factors 
through  the  image  of  ,  showing  that  c^  (via  d)  does  as  well.  Hence,  g'  is  o-epi. 
and  the  proof  is  complete 


29.  Combinatorial  Morphisms 


29.1.  IVee  extensions  of  frames.  The  theorem  below  gives  a  concrete  de¬ 
scription  of  the  free  extension  of  a  frame  .4  by  a  set  X  of  “indeterminates'  First, 
however,  we  look  at  how  this  description  was  derived.  The  free  extension  of  A  by 
generators  X  is  isomorphic  to  the  coproduct  A  ®  F{X) ,  where  f  (X)  is  the  free  frame 
on  A',  can  easily  be  seen  from  the  universal  property  involved  By  12.5,  this  frame  is 
isomorphic  to  the  frame  of  all  functions  i  :  F{X)  —  A  such  that  d(V5)  =  A  ^(5) 
for  all  S  C  FiX),  ordered  pointwise  Since  F'(X)  is  the  free  V"**™il»Hice  on  the 
A-semilattice  PfX  of  finite  subsets  of  X  ordered  by  reverse  inclusion,  such  operators 
di  are  completely  determined  by  their  values  on  PfX ,  which  can  be  arbitrarily  chosen 
subject  only  to  the  restriction  that  d  turn  into  meets  any  joins  of  F{X)  under  which 
PfX  is  closed.  But  the  only  such  joins  are  the  trivial  ones'  sClt  =  s  for  s  C  t .  and  so  d 
must  be  anti-monotone,  but  otherwise  can  be  arbitrary.  Finally,  instead  of  considering 
anti-monoroiie  functions  on  the  finite  subsets  of  X  ordered  by  reverse  inclusion,  we 
prefer  to  turn  things  right  side  up. 

Thus,  with  this  motivation,  we  define  yl[XJ  to  be  the  set  of  ail  monotone  functions 
PfX  —  A,  ordered  pointwise,  where  PfA'  is  ordered  by  inclusion.  We  denote  elements 
of  PfX  by  s,  t, . . .,  and  elements  of  A[X)  by  m.n  .  Just  as  with  polynomials  in  X 
over ring  A,  we  may  think  of  an  element  m  €  AfXl  as  assigning  a  “coefficient”  m(s) 
to  each  “monomial' s  £  PfX  (be  careful,  though;  these  polynomials  have  been  “satu¬ 
rated”  to  make  them  unique,  and  lattice  arithmetic  is  different  from  ring  arithmetic). 
For  each  o  e  .4  and  j  e  X,  we  define  the  following  elements  of  /llX]  by  then  action 
on  an  arbitrary  s  €  PfX  ;■ 

m,(s)  =  ii; 


m,{e)  =  { 


I 

0 


if  r  €  s, 
otherwise 


The  functions  and  m,  are  clearly  monotone.  Finally,  we  define  A  ■  .4  —  /4[X;  by 
A(a)  =  m.  for  every  a  €  A  We  can  now  state  the  following  result. 
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Theorem.  For  »ny  frame  .4  and  set  X,  .4[A’.1  is  a  frame  and  A  A  —  /t[AJ  is  a 
frame  morphism  making  A[A]  freely  generated  over  A  with  the  mapping  z~~m^  as 
the  insertion  of  generators  Meets  and  joins  in  the  frame  are  pointvise.  and  the 
arrow  operation  is  given  by  the  formula 


(m  -  n)(i)  =  /\  -  n(<)  (1) 

sCt 

For  any  frame  morphism  /  A  —  B  and  mapping  y  ■  X  —  B,  the  umque  ortension 
7  •  .4[.y]  ->  B  IS  given  by 


7(m)  =  V  /(m(s))AA-)W  (2) 

■  «PiA- 


Proof  Arbitrary  pointwiso  meets  and  joins  of  monotone  functions  are  monotone, 
and  so  AlA]  is  a  subframe  of  the  product  A''’^  (Elements  of  this  product  will  be 
written,  as  usual,  a.s  functions  a  PtX  i4  )  The  function  A  is  Just  the  diagonal 
morphism,  and  hence  is  a  frame  morphism  I  claim  that  the  right  adjoint  f.  to  the 
inclusion  t  •  AlA]  —  A'’'*  is  given  by  the  formula 

i,(ff)(s)s  /\<^(t)  (3) 

*ct 

Indeed,  for  any  s,  we  have  m(5)  =  A,ci'’’(0  *>y  monotonicity  and  so  m  =  i.(i(m)) 
for  every  m  g  A(A);  conversely,  for  any  s,.  we  clearly  have  (r(s)  >  i.(o-)(a),  and 
therefore  <r  >  i(i.  (o))  for  every  c  e  A^'^  ■  Since  meets  are  computed  pointwise  in 
A[A] ,  it  follows  that  the  arrow  in  A[A‘]  is  given  by  reflecting  the  pointwise  arrow  using 

(3) .  But  this  is  just  (1) 

We  now  show  the  extension  property.  First,  note  that  for  any  o  g  A .  m,  A  Are,  m, 
IS  that  monotone  function  which  is  a  on  all  sets  containing  s .  and  0  otherwise  It 
therefore  follows  easilj  by  rnonotonicity  that  every  m  g  AJA)  can  be  written 

m  =  y  m„(,j  A  A  mr  (4) 

i(P,X 

Thus,  A[X]  is  generated  (using  finite  meets  and  arbitrary  joins)  by  (m,  ■;  a  €  A)  U 
(mi :  I  g  X)  and  moreover,  the  forrnula  (2)  is  defined  in  the  only  way  possible,  given 

(4)  Thus,  It  remains  to  show  that  7  defined  in  (2)  is  a  frame  morphism.  The 
preservation  of  joins  is  easy,  since  joins  are  pointwise  in  A(AJ,  ate  pr^rved  by  /, 
and  commute  with  both  binary  meets  and  «bitcary  joins  in  A .  Since  /  is  therefore 
monotone,  the  inequality  /(mAn)  <  7(m)A/(n)  is  clear,  and  since  A?!®)  =  1  =  7(1). 
7(1)  =  7(mi)  =  1  is  likewise  clear  For  the  final  inequality,  we  use  the  monotonicity 
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of  m,  n,  and  /  to  get 

7(m)A7(n)=(  V  /(m(s)5AA7(«))  a(  \/  /(n(t))  A  A  7(0) 

.eP,Jt  t£P,x- 

=  V  /('n(«)*n(‘))AA7(*U<) 

i.iehx 

<  y  /(m(<(J0  Atl(«Ut))  AA7(«  Uf) 

.  lePiAf 

=  V  /«”>*'")(“))  A  AtM 

uEPiAT 

=  /(m  A  n) 

25.2.  A[X]  as  a  functor  of  A.  Let  X  be  a  set.  For  each  frame  morphism 
J  A  —  B,  (here  is  by  the  universal  property  of  A[X]  a  unique  morphism  /[X]  : 
AIX]  —  BIX]  such  that  /[X](m,)  =  m,  Por  all  *  €  X  and  such  that  the  left  square 
of 

A  — ^  AIX]  -t- 
/  |/|xl  |/P'*=/.- 

commutes  It  is  easily  seen  (e  g  ,  by  using  (4)  above)  that  this  morphism  is  given  by 
/[X](m)  =  /  o  m .  Thus  the  right  square  also  commutes  By  the  isomorphism  A(XJ  :: 
A  $  f  (X)  and  the  fact  that  colunits  commute  with  themselves  (or  just  argue  from 
the  universal  property),  the  left  square  aboie  is  a  pusbout.  Since  pushouts  preserve 
products  (see  Section  1.9),  the  outer  rectangle  is  also  pusbout,  so  that,  by  the  Pushout 
Lemma  (6  4),  the  right  square  is  as  rrell. 

29.3.  Congruences  on  A[X].  Just  as  any  frame  is  a  quotient  of  a  free  frame 
F{X)  for  some  sec  X .  so  any  frame  A  —  B  over  A  is  a  quotient  of  tome  free  extension 
A[X]  of  A .  We  ate  thus  led  to  consider  congruences  on  A[X) .  If  {6, )  is  a  family  of 
congruences  on  A  indexed  by  PrX,  then  the  relation  H,  A[X],  defined  by 

m  (FIi ^<)  "  S  P(X  m(s)  9,  n(s)  (1) 

IS  clearly  a  congruence  on  .4[X]  In  general,  a  congruence  on  any  subframe  of  a  product 
will  be  called  standard  if  it  is  the  restriction  of  a  product  of  congruences,  as  in  (1); 
by  11.11,  all  congruences  on  “fuH”  frame  products  are  standard.  On  A[X],  however, 
there  can  be  non-standard  congruences:  see  Exercise  30.6.1. 

29.4.  Standardization.  If  i  is  the  inclusion  A[X}  —  A^'^ ,  then 

N(A(X1)  ii.  N(AP‘^)  -IL.  (NA)’’"*' 

takes  congruences  on  A[X]  to  the  coogiueaces  they  generate  on  the  product,  and  (Nt)» 
restricts  congruences  on  the  product  to  the  subframe.  U  follows  that  the  mapping 


i 
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S  >-•  (N!).((Ni)6)  gi\«  the  smallest  standard  congruence  of  j1[A'1  greater  than  fl,  i  e  , 
its  ‘standardization  ’  It  also  follows  from  this  that  the  standard  congruences  on  A[X] 
form  a  maxset  in  N{y4(.V]) 

The  following  result  gives  an  explicit  description  of  standardization,  to  state  it, 
we  introduce  some  notation  If  m  PfX  —  i4  is  a  function,  a  6  PrAT,  and  a  €  A, 
then  we  denote  by  mia/s)  that  function  which  is  identical  to  m  except  (possibly)  at 
s,  where  its  value  is  a  If  m  is  monotone,  then  we  say  that  the  substitution  (a/s) 
is  appropriate  for  m  if  m{a/s)  is  still  monotone.  Note  that,  because  operations  are 
pointwise,  in(a/s)  A  n{b,'s)  =  (m  A  n)(a  A  6/s),  etc 

For  every  a  6  A  and  s  6  Pr A' ,  we  introduce  the  monotone  '  test  function”  6,j  ,■ 
Pf  A  —  A .  defined  for  every  t  €  Pf  A  by 

/  0.  if  t  C  s  and  t  y6  s, 

6c  ,{t)  =  I  c,  if  I  =  s. 

1 1  otherwise 

Clearly,  every  substitution  (o/s)  is  appropriate  for  6,,, ,  and  we  have 

(>.>{“1^)  =  K>-  (1) 

The  reader  may  verify  the  following  important  property  of  these  test  functions. 

=  /\mc)\l  y  m,  (m e  il[A),s 6  PfA)  (2) 

The  importance  of  this  property  is  that  the  “coefficient”  of  s  in  m  can  be  extracted 
(with  the  test  function  as  result)  using  finite  meets  and  arbibrary  joins  with  elements 
of  i4[A]  not  depending  on  m 

Tbeorom.  With  notation  as  above,  suppose  that  6  is  a  congruence  on  A  Then  for 
every  s  e  Pf  A  the  following  conditions  on  a  pur  of  eiemerits  a,  6  6  A  are  equivalent 

(a)  m(a/s)  S  m{b/s)  for  every  (appropriate)  ra  e  ,4(Aj . 

(b)  6c  c  S  6s  c  \ 

(c)  m(o/s)  S  m(b/s)  for  some  m  6  .4(A]. 

These  conditions  define  a  congruence  6,  on  A,  and  tbemeppisg  N(A[A])  —  N(/!^'*) 
given  by  9  n.  standardization  morphism  Ni,  which  moreover  ts  onto 

Proof  We  first  show  the  '.quivalence  of  (a)-(c)  If  (a)  holds,  then  for  any  ceA 
vie  can  take  m  =  6c,  and  use  (1)  to  get  (b).  The  implication  (6):0(c)  is  trivial.  For 
(c)=»(a) ,  let  m  be  as  in  (c),  and  suppose  that  n  €  jd[A]  is  appropriate  for  both  {a/s) 
and  (6/ s) .  Then  n  is  also  appropriate  for  (a  A6/s)  and  (o  V6/s) .  and  so  by  reflexitivity 
of  9  we  have 

n{o  A  6/s)  6  n(a  A  6/s)  and  n(o  V6/5)  9  n(a  V  6/s).  (3) 

Now,  we  can  join  ni(n/s)  9  m{6/e)  with  the  left  side  of  (3)  to  obtain 

(m  Vn)(o/s)  =  m{a/s]  V  n(o  A  6/e)  9  m(6/s)  Vti(o  A6/s)  =  (m  Vn)(6/s), 

and  thus  (m  V  n)(a/s>  9  (m  V  n)(6/s)  and  we  can  can  meet  this  with  the  right  side  of 
(3)  to  obtain 

n(o/s)  =  ((m  V  n)  A  n){o  A  (a  V  6)/s)  9  ((m  V  n)  A  n)(6  A  (a  V  6)/s)  =  n(6/s). 
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and  thus  n(a/s)  S  n(6/s)  Hence  (c)  implies  (a). 

Next,  since  fvT.i  =\/hi  and  “  A  ^.»  ‘''“y  T  C  ,  it  is  clear  from  (b) 

that  S,  1$  a  congruence  Optimistically  denoting  the  mapping  6 
now  prove  that  Ni  H  (M). .  Tor  every  s  €  PiX  and  a, i  £  usmg  condition  (b)  we 

get 

0  (H.  *<),  *  ‘If  (Ill 

and  so  fl,  (FIj  )•  =  fli  ■  ptoymg  that  (N»)  o  (Ni),  is  the  identity.  Thus  it  remains 
to  show  that  6  <  (Nij.((Ni)(d))  for  all  congruences  9  on  i4[X].  So,  let  9  be  such  and 
suppose  that  m9n.  Then,  writing 

S  =  A  a®d  S'  =  W  m„ 

x«X\. 

we  can  use  (2)  to  get,  for  every  s  6  PfAf , 


<^(.1..  =  (m  A S)  V S'  d  (n  AS)  V S'  =  «„(»,, 

and  therefore  m(s)  9,  n(s),  by  (b)  Hence,  tn(J],d,)n 

Finally,  since  (Ni)  e  (Ni).  Is  the  identity,  Ni  is  onto,  and  the  proof  is  complete 

29.6.  Extraction  congruences.  The  notion  of  “extraction"  of  coefficients  via 
meet  and  join  with  fixed  elements,  as  described  above,  is  naturally  associated  with  a 
congruence. 

Lemma.  Let  ..4  be  a  distributive  lattice  or  a  frame.  Then, 

(a)  For  every  four  elements  a,b.x,y^A,  vteknvt 

(t  Aa)  V6  =  (y  Ao)  Ve  it  Mad  only  if  (x  Vb)  Ao  =  (y  Vb)  An.  (1) 

(b)  Fixia$  o.ie  A,  tie  relation  9(a,  b)  between  x  and  y  defined  by  tie  equations 
in  (1)  IS  a  congruence  on  A  If  A  k  a  frame,  9{a,  b)  is  the  congruence  associated  to 
the  nucleus  u(a)  V  c(b) . 

Proof,  (a)  Applying  the  operation  -  A  a  to  the  first  equation  and  using  the 
distributivity  law  twice  yields  the  second  equation.  Similarly,  applying  -  V  b  to  the 
second  equation  yields  the  first. 

(b)  Since  the  operation  (-  A  a)  V  b  preserves  binary  meets  and  all  existing  non¬ 
empty  joins,  its  kernel  is  clearly  is  a  congruence.  tVhen  A  is  a  frame,  we  have,  by  15.6, 
(u(a)  V  c(b))i  =  (u(o)  o  c(b))x  =  0  -•  (b  V  i),  and  so  the  equality  of  the  associated 
congruence  and  d'(a,b)  follows  from  8  3. 

29.6.  Test  functions  and  extraction  congruences.  We  extend  the  notation 
d(o,  b)  of  the  Lemma  to  sett  S,  T  C  A  by 

9(S  r).-d(A5.  V^) . 

The  relation  between  test  functions  and  extraction  congruences  is  spelled  out  m  the 
following  result. 
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Proposition.  Suppose  f  A-<  B  isi  {rime  morphism,  7  ;  A'  —  B  is  a  mapping, 
and  /  j4[A]  —  B  is  the  unique  extension  of  f  mth  /(m,)  =  7(1)  for  all  xSX.  Let 
s  S  PiX ,  and  let  B,  denote  the  congruence  B(y(s).  y(X  \  s)} .  Then 

(a)  7(^*,t)  =  7(^1  <)  ‘f  aod  only  if  /(a)  9,  f{b),  for  all  a.be  A  and 

(b)  f(m{s))  B,  /(n(s))  if  and  only  if  J(m)  6,  7(a),  for  every  m  n  £  AIX] 
Proof.  Suppose  m,n  6  /1[A’  VVe  first  show  that 

7(«m„)..)  =  7(ia(.).)'  iff  7(01)  9.  7(n)  (1) 

By  the  basic  pcopetty  29  4(2)  of  test  functions, 

7(^m(.).)  =  7(('nA  A  aixlv  y  m,)  (2) 

tex\, 

Since  7  preserves  the  meets  and  joins  in  (2)  (s  is  finite),  and  since  7(’ar)  =  by 
assumption.  (2)  becomes 

7(lr,uu )  =  (fmA  At(s))  V  y y{X  \  s)  (3) 

We  have  a  similar  formula  for  J(Sn(,jj),  and  so  (1)  holds  by  the  definition  of  B, 

Now  to  prove  (a),  we  let  a.4  €  A  and  apply  (1)  to  m  >«  m,  and  n  =  m*  Since 
7(ma)  =  /(a)  and  7('at)  -  /(^)  l>>'  assumption,  this  prove*  (a)  To  prove  (b),  it 
suffices  by  (1)  to  prove  that  .  and  similarly  for  n .  But  this  is  clear,, 

since  =  m(e). 

29.T,  Combinatorial  morpfaisms.  Let  us  call  a  morphism  A  —  B  combi¬ 
natorial  if  It  is  isomorphic  to  one  of  the  form  A  —  A[X]/  n,  B, ,  for  some  family  {8, ) 
of  congruences  on  A  indexed  by  PfX.  Although  we  don’t  expect  combinatorial  mor- 
phisms  to  behave  nicely  with  respect  to  pushouts,  to  that  for  example  the  right-hand 
square  (and  hence  the  whole  rectangle)  of  the  diagram 


A-*A(Ari-.A(A’l/n.i’. 

I  I  =  (N/)(8i). 

1  r'  I'  j(m/n,  >.)(»)= /(Ms))/ n.^;. 

B  —  B[X}  — 


IS  always  a  pushout  (lor  the  same  reason  that  we  don’t  expect  direct  images  of  maxsets 
to  be  maxsets),  pushouts  do  respect  the  process  of  itandariration.  as  the  following 
commutative  diagram  (which  is  just  N  applied  to  the  right-hand  square  of  the  diagram 
in  29.2)  shows' 

N(A[Xl)-2i*(NA)'’'^ 


N(B[X1)-^(NB)M’. 
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Thus,  even  though  the  right-hand  square  in  (1)  is  not  always  a  pushout,  it  does  always 
commute  (which  establishes  the  formula  for  g  in  (1),  using  29  2),  and  could  even  be 
called  a  pushout  “up  to  standardization" . 

29.8.  Iterated  extensions.  Combinatorial  morpbisms  can  be  composed  m 
some  cases.  Specifically,  A  —  A{X]I\[,  6,  is  a  combinatorial  morphism,  Y  is  a  set 
disjoint  from  X,  and  for  each  t  €  PrV  ,  tst  is  a  sitninri  congruence  on  A\X]IY[,  6, , 
then,  up  to  isomorphism,  each  is  a  family  {tfu}  of  congruences  on  A  such  that 
for  all  s  €  Pf  Jf  and  I  e  Pf  V ,  and  so  the  composite  i*  A-*  AIXUY]/ Hi,  9(i . 
The  relations  between  the  appropriate  (equivalence  classes  of)  monotone  functions  can 
be  deduced  from  the  following  proposition,  whose  straightforward  but  tedious  proof  we 
omit. 

Proposition.  Suppose  that  A  — •  A\X]I  S,  is  a  eombinttonsi  morphism  and 
Y  IS  a  set  disjoint  from  X  Then  there  is  an  isomorphism 

(A[x]/n,^.m=^ixuY]/n,.ff.. 

which  taltes,  going  left  to  right,  a  monotone  function  m  .  PtY"  —  A[X]I\[,  $,  to  the 
equivalence  class  m/  d, ,  where  m  .  P((X  U  K)  —  .d  is  given  by 

rh(s  U I)  =  m(l)(s),  (a  €  PfX,  t  6  PtV) 

and  which  Ukes  an  equivalence  class  n/  Hei  ot monotone  functions  Pi(i>f  U  y)  —  d 

to  the  monotone  function  PfV  —  A[X\I  given  by  t  «  fi(f )/  fj,  d, ,  where 

d(t)(s)  =  n(sui)  (sePrAr.tePty). 


29.9,  The  connection  with  &ee  meets.  Using  this  notion  of  combinatorial 
morphism,  we  can  now  show  a  connection  between  free  meets  and  universal  monos,  as 
studied  in  Chapter  7  and  the  first  part  of  this  chapter. 

Theorem.  Let  g  :  A A[X]/ H,  be  a  combinatorial  morphism.  Then, 

(a)  y  IS  mono  if  and  only  if  =  0,  and 

(b)  if  the  family  {d,}  has  a  free  meet  in  N(d[dl])  that  is  equal  to  0,  then  g  is  a 
universal  mono 

CoroUuy.  Every  hnitely  generated  combinatorial  extension  is  universal. 

In  Theorem  30.3  below,  we  show  that  every  finitely  generated  extension  is  combi¬ 
natorial,  hence,  by  this  result,  universal 

Proof  (a)  This  follows  easily  from  the  equivalences 


j(o)  =  s(i) 


iff  m,  (n,9.)m» 
iff  V«  mo(5)  0,  m((<) 
iff  Vi  o9g6 
Iff  a(A,9.)h 
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(b)  Assume  {»,}  has  free  meet  0,  let  /  •  A  —  fl  be  s  frame  morphism,  and  let 
/  =  (N(/[X]))(n,  e.)  By  the  remarks  at  the  end  of  29.7,  the  standardization  of  6 
IS  whet®  K  =  (N(/(-V!)M«.)  for  each  s  But,  since  {?,}  has  a  free  meet,  we 
therefore  have 

A,  K  -  (N(/[X]))(A,  e.)  =  (N(/i;f])K0)  =  o 

Thus,  by  part  (a),  the  morphism  B  —  B[X\l^  is  mono  But  since  «  <  0.  ®'>  •  'his 
morphism  factors  through  B  —  B[X]/e.  proving  that  the  latter  is  mono,  as  required 
For  the  Coroiiary,  we  simply  note  that  if  X  is  finite,  then  P; A"  is  finite,  and  every 
finite  set  has  a  free  meet 


30.  Finitely  generated  combinatorial  morphisms 

30.1.  In  this  last  section,  we  look  at  finitely  generated  extensions  A[A]  (A' 
finite),  for  which  as  we  prove  below,  all  congruences  are  standard  This  clears  up  the 
problem  with  pushouts  (cf  29  7)  and  makes  it  possible  to  characterize,  for  example, 
when  finitely  generated  (combinatorial)  morphisms  are  epi  and  when  they  are  tegular 

For  definiteness,  we  fix  a  positive  integer  n  and  take  A  =  il={0, 

Thus  the  variables  s,t,  now  range  over  subsets  of  n,  etc. 

30.2.  Finite  extraction  congruences.  Recall  (4  2)  that  for  any  elements 
a,z,p  ofa  distributive  lattice. 

oAzsoAp  and  oVisoVy  imply  »  =  !/  (J) 

The  next  result,  which  implies  (as  is  proved  in  the  Theorem  that  follows  it)  that  any 
finite  polynomial  may  be  recovered  from  its  extracted  coefficients,  is  a  generalization 
of  this 

[.eiiima.  let  C  be  sny  finite  subset  of  a  distributtve  lattice  A  Tien  for  atiy 
A,  if  I  for  every  $cC.  then  i  =  p 

Note  that  we  recover  (l)  as  the  special  esse  G  =  {a} 

Proof.  The  proof  is  by  induction  on  the  size  of  C  C  A,  using  (1)  for  the  induction 
step  First  note  that  the  case  G  =  0  is  trivial,  since  the  hypothesii  reduces  to  r  =  p 
m  this  case 

For  the  induction  step,  suppose  the  I/emma  is  true  for  all  sets  of  CMdinality  n,  let 
C  have  n  t  1  elements,  and  suppoK  that  z  and  p  are  such  that  z  9{t,  C\i)  y  for 
every  s  C  G,  Choose  an  element  j  6  G  and  write  G  =  C'  U  {j) ,  so  that  G'  has  n 
elements  Then,  an  inspection  of  the  definition  of  fi(-,  —)  as  given  by  the  left  equation 
of  29.6(1)  reve^  that  for  every  s'  C  G', 

{zAj,pAp)e«(s',C'\s')  iff  (z,p)€6(s'u{p),GV(s'uW))  (2) 

Similarly,  the  tight  equation  of  29.5(1)  shows  that  for  every  s'  C  G' , 

(zV«,pVa)€fi(s',G'\s')  Iff  {z.p)6  j(s'.G\i')  (3) 
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But  the  right  sides  of  (2)  and  (3)  are  true  by  out  assumption  on  z  and  y ,  and  so  the 
left  sides  of  (2)  and  (3)  hold  for  every  s'  C  C  By  the  induction  hypothesis,  therefore, 
z  A  y  =  y  A  j  and  z  V  j  =  y  V  y  But  then  i  =  y  by  (1),  and  so  the  theorem  follows 
by  induction 

30.3.  Theorem.  Suppose  that  /  A  B  is  a  frame  morphism,  ■)  n  —•  B 
IS  a  mapping,  and  f  v4[n)  —  B  is  the  unique  extension  of  /  with  7(”>i)  =  7(0  for 
all  i  =  1, ,  n  For  every  s  6  PfA' ,  let  6,  denote  the  congruence  9(7(s),  -){X  \  s)) , 
Then 

k«7=  n /■*(«.)•  (1) 

»Cn 

Corollary.  Every  congruence  on  Alnj  ts  standard. 

Proof  For  an\  m  fi  €  .4[n] ,  w«  have 

(mn)en. /-'(«,)  Iff  Vs  m(s)(r‘(ffi))n(s) 
iff  Vs  /(m(s))  S,  /(n(s)) 
iff  Vs  llm)e,f{n),  (2) 

the  last  equivalence  followin|_from  Proposition  29.6(b)  But  the  sUtement  in  (2)  is 
equivalent  by  the  Lemma  to  /(m)  =  7(0)  »o<i  *•">*  to  (m,n)  €  I<er7,  completing  the 
proof  of  the  Theorem. 

To  prove  the  Corollary,  let  d  be  a  congruence  on  j4[nJ,  let  •  j4[ii]  —  >4[iT)/d  be 
the  natural  map,  and  considetjhe  morphism  /  =  l|t  o  A  :  v4  ->  Af)i]/d.  Then,  the 
unique  e.vteasion  7  of  /  with  7(mi)  =  m,/9  for  all  i'€  is  just  7=  Ht.  with  kernel 
0.  Therefore,  by  the  Theorem,  0  is  standard— and,  incidentally, 

«.=/-'(«.)  (sCS)  (3) 


30.4.  Colcemel  pairs.  Since  all  congruences  on  finitely  generated  free  exten¬ 
sions  ate  standard,  it  follows  that  the  outer  rectangle  of  diagram  29.7(1)  is  a  pushout 
when  X  s  n  We  use  this  to  give  a  description  of  the  cokernel  pair  of  a  finitely 
generated  (combinatorial)  morphism. 

Lemma.  Let  f  .  A  ~  A[nJ/n,  be  a  combinatorial  morphism  Then  the 
following  diagram  is  a  pushout 

A — — w  .<(!!]/ n.^. 

I  1' 

Aiji\in.«>  -r-  A^JX[„(0,y0,), 


fflm/n.S.KsUI)  =  m(s)/(fl,  V  d,), 
Mm/n,«,)(sUt)  =  m(<)/(d,Vd,)- 


(sCff,  ic2n\n) 
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Proof  Let  ^  be  a  congruence  on  A  with  natural  map  A  AfO  Then 
since  pushouts  of  quotients  of  A  correspond  to  joins  of  congruences,  we  have  (up  to 
isomorphism  over  A)  (Nl|#)(t.'»)  =  V  for  all  congruences  v  on  A  We  conclude 
therefore  from  29  7(1)  that 


A  — ’—^A\n]l^,6, 

«.]  j*  t(m/n.».)W  =  m(j)/n,(5V«.), 

-4/9  — /IIS]/ n, («''«.). 

IS  a  pushout.  Thus,  (M/)(d)  =  ^  remains  to  establish  the  formulas  for  g 

and  h  By  29  7(1),  g  is  given  by 

9(ni/  ri-  0-  )(* )  =  /(«>(»))/  n.  <(«.  V  9, ) 

But  f{m{a))  is  the  equivalence  class  containing  the  constant  function  ,  and  so, 
using  the  isomorphisms  of  Proposition  39  8,  the  formula  for  g  follows  The  formula  for 
k  is  similar. 

30.S.  Dominions,  epis.  and  regular  monos.  The  dominion  of  a  morphism 
/ :  X  -•  B  is  by  definition  the  equalizer  of  its  cokemel  pair  Thus,  in  our  case,  it  may 
be  taken  to  be  the  subframe  0  of  B  consisting  of  precisely  those  elements  b  such  that 
j(i)  =  A(i)  for  every  two  morphisms  g,h:B->C  that  agree  on  -4  Thus,  /  is  epi  iff 
its  dominion  is  all  of  B 

Another  way  of  defining  the  dominion  of  /  is  as  the  smallest  subframe  of  D  of  B 
containing  A  such  that  the  inclusion  D  -•  B  is  a  regular  mono.  Thus,  /  is  a  regular 
mono  iff  its  dominion  is  A 

We  are  now  in  a  position  to  state  the  following  result,  which  uses  the  description  of 
cokernel  pairs  in  Lemma  30  4  to  characterize  finitely  generated  epis  and  regular  monos 
in  terms  of  their  associated  family  of  congruences 

Tbeorem.  It  f  A  —  A[H]/  H,  9»  is  a  combiottomi  morphism,  then  we  hive  the 
following 

(a)  The  dominion  of  J  is  equal  to 

{m/ fj,  9,  :  m(s)  (9,  V 9,)  m(f )  for  all  s, f  C  S) 

(b)  /  IS  epi  if  and  only  if  9,  V  9i  =  I  whenenrer  sjit 

(c)  /  is  a  regular  mono  if  and  only  if  it  satisfies  the  following  “sheaf- like"  condition  ■ 
whenever  m  6  A[9fl  is  such  that  m(s)  (9,  V  9,)  m(()  for  all  s,t  CH,  then  there  exists 
a  unique  a  E  A  such  that  m(s)  9,  u  for  all  a  C  n 

Proof  Part  (a)  is  an  obvious  translatioD  of  the  definition  using  Lemma  30.4 
For  (b),  note  that  if  9,  V  9,  =  1  whenever  s  f.  then  every  m  e  Al^fj  satisfies 
the  condition  in  part  (a)  for  m/n,9»  to  be  in  the  dominion  of  /  Hence,  /  is  epi. 
Conversely,  suppose  that  /  is  epi,  and  let  s  and  t  be  different  subsets  of  H;  we  may 
assume  that  s  jf  t  Then  m  =  9, ,  has  m(s)  =  I  and  mft)  —  0,  and  so  since  /  is  epi, 
we  conclude  from  part  (a)  that  1  =  m(s)  (9,  V 9,)  m(f)  =  0.  Thus  9,  v  9,  =  1  This 


ADA289360 


Chapter  9 

CONCLUSION  AND  PROBLEMS 


The  goal  of  my  research  has  been  show  how  a  single  construction,  the  assembly 
tower  construction,  can  be  used  to  illuminate  a  variety  of  aspects  of  frame  theory  and 
lead  to  solutions  of  some  interesting  problems  I  don't  want  to  claim  that  have  achieved 
this  goal  in  its  entirety,  but  I  do  hope  to  have  proven  that  such  an  investigation  is  both 
viable  and  worthwhile  and  to  have  laid  a  foundation  for  further  investigation  along 
these  lines. 

In  this  rest  of  this  chapter.  I  want  to  discuss  some  possible  continuations  of  the 
work  described  in  this  thesis  I  start  bv  mentioning  some  general  directions  and  then 
proceed  to  discuss  specific  problems  arising  from  the  research  described  in  particular 
chapters. 

Construetiveness,  In  describing  the  set-theoretic  foundations  for  the  work  described 
in  this  thesis,  I  assumed  a  set  theory  containing  the  Axiom  of  Choice.  This  was 
necessary  in  order  to  use  the  method  of  n-frsmes.  For  example,  the  result  (12  4)  that 
every  frame  colimit  becomes  a  a-frame  colimit  for  large  enough  a  is  an  unavoidable 
application  of  the  Axiom  of  Choice,  since  we  must  be  able  to  choose,  for  any  frame  A  ,• 
a  (regular)  cardinal  a  with  a  >  |A| ,  and  this  implies  that  A  can  be  well-ordered 

However,  since  the  conclusions  I  drew  using  this  method— for  example  that  /  is  a 
universal  mono  iff  /  is  ei-mono  for  all  o  (28  5)— seem  to  have  a  constructive  meaning. 
It  becomes  interesting  to  ask  whether  some  other  methods  would  yield  the  same  results 
constructively 

SeparaCioD  Conditions,  One  feature  of  the  work  described  in  this  thesis  is  that  it 
concerns  arbitrary  frames  I  have  not,  as  is  typical  in  topology,  assumed  any  extra 
conditions  on  the  “spaces"  I  have  been  studying.  On  the  other  band,  one  would  expect 
that  extra  conditions  (regularity,  compactness,  etc )  would  lead  to  better  theorems, 
and  I  have  only  begun  investigating  this  possibility 

Foundations.  This  work  touches  on  some  interesting  foundational  questions  It 
clearly  becomes  more  convenient  when  we  can  work  inside  an  inaccessible  cardinal,  or 
use  algebras  with  proper  classes  of  elements,  and  although  all  of  theee  devices  proved 
in  the  end  to  be  unnecessary,  one  would  like  to  have  a  better  understanding  of  just 
when  such  extra  assumptions  are  harmless.  For  example,  in  collecting  algebra- classes 
into  classes,  I  needed  to  be  sure  that  they  were  codahle  as  sets  (see  footnotes  1  and  2 
in  Section  9),  although  this  requirement  didn’t  seem  to  have  anything  to  do  with  the 
matter  at  hand. 

Extensions]  Operators.  There  is  still  much  to  be  said  here  about  the  relationship 
between  extensional  o.'erators  and  lopos  theory  (cf.,  9  23)  For  example,  what  is  the 
best  way  to  formulate  the  “uniformity”  property  of  extensional  operators’  Can  one  use 
extensional  operators  to  construct  toposes  from  Heyting  algebras’  Does  our  hard-won 
formula  for  joins  of  nuclei  (23  4(1))  follow  from  a  result  about  unions  in  toposes? 
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The  Reflection  Problem.  The  original  motivation  of  the  assembly  tower  construc¬ 
tion  was  to  get  at  Boolean  reflections  of  frames,  when  they  exist.  Although  a  solution 
Co  the  problem  of  characteritmg  the  reflective  frames  would  probably  not  be  of  much 
use  in  itself,  it  seems  nevertheless  to  requite  a  new  insight  into  the  category  of  frames 
One  can  hope  therefore  chat  further  research  on  this  particular  problem  will  lead  to 
results  of  a  more  wide-spread  interest. 


Universal  Monos.  Although  I  chatacterised  umversal  monos  /  ■  A  B  in  terms  of 
the  assembly  tower  (28  5).  the  form  of  this  characterization  is  quite  similar  to  that  of 
the  “solution”  to  the  reflection  problem  afforded  by  the  assembly  tower  mentioned  in 
1.11  One  would  like,  in  other  words,  a  mote  intrinsic  description — one  given  in  terms 
of  A  and  B  alone. 

Another  observation  to  be  made  here  is  that  the  main  results  for  universal  monos  do 
not  require  many  of  the  properties  of  the  category  of  frames,  mainly  just  the  existence 
of  a  lunibclosed  subcategory  like  cBa  (reflectiveness  is  not  necessary,  of  course)  and 
an  assembly  construction  I  already  have  some  partial  results  in  this  direction,  and  it 
would  be  interesting  to  see  how  far  they  can  be  pushed 
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